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In this paper, we prove new results related to the nonexistence criteria for eventually
positive solutions of certain even order neutral differential inequality with distributed
deviating arguments.
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1 Introduction

In order to make this paper self-contained, we introduce the following definition.
Definition 1: The function f(t) is said to be eventually zero if there exists a
sufficiently large ¢, such that f(¢) = 0 holds for ¢ > ¢t,,.
This paper is concerned with nonexistence conditions of eventually positive solutions
of the even order neutral differential inequality with distributed deviating arguments

b
[w(t)+0(t)$(t—7)](")+/ p(t,€) f(zlg(t,§)])do(§) <0, > to, (1)

a

in which 7 > 0 is a constant, n is an even positive integer; ¢(t) € C(I,R), 0 < ¢(t) < 1,
and p(t,§) € C(I x J, Ry) is not eventually zero on any I, x J, I = [tg,0), J = [a,b],
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I, = [ty,00), t, > to, Ry = [0,00). Furthermore, we assume that g(¢,£) € C(I x J, R)
is nondecreasing with respect to ¢ and &, respectively, %g(t,a) exists, g(t,£) < t for
§€J,and tlimignefj{g(t,&)} =o0; f(z) € C(R, R), and zf(x) > 0 (z # 0); 0(£) € (J, R)

is nondecreasing; integral of inequality (1) is in Lebesgue-Stieltjes sense.

Recently, Li and Cui [1] have obtained some results dealing with a class of even order
neutral differential inequalities with applications. On the other hand, Liu and Fu [2]
have studied nonlinear differential inequality with distributed deviating arguments and
their applications. These authors provided some results on nonexistence conditions of
eventually positive solutions of inequality (1). For example,

Theorem A:(See [1]) If 0 < ¢(t) < 1, and

t b
A/ﬁ@@nwmmmwww:m

then inequality (1) has no eventually positive solutions.
Theorem B:(See ([2]) Assume that f(—x) = —f(z), z € (0,00), and
(z)

——=>X z€(0,00), forsome constant A > 0. (2)
x

If there exists a monotonically increasing function o(t) € C'(I,(0,00)) such that

t b
/uw@/pQOﬂ—m@@ww@—Awmm:m

to a

for any number A > 0, then inequality (1) has no eventually positive solutions.

The purpose of this paper is to obtain two new results related to the nonexistence
criteria for eventually positive solutions of inequality (1). In the established nonexistence
criteria, there is a general class of function H(t,s) as the parameter function. By
choosing a different function H(t, s), we are able to derive some useful corollaries.

Definition 2: The solution z(t) € C™ (I, R) of inequality (1) is said to be even-
tually positive if there exists a sufficiently large positive number T" > ¢y such that the
inequality x(¢) > 0 holds for t > T.

To develop the nonexistence criteria of eventually positive solutions of inequality
(1), we first need the following Lemmas:

Lemma 1: (See [1]) Assume that 2(t) is an eventually positive solution of inequality
(1). Let

y(t) = a(t) + c(t)a(t — 7). (3)

Then there exists a t1 > to such that
y(t) >0, y'(t) >0, y" V() >0 and y™(t) <0, >t
Lemma 2: (See [3]) Let 2™ (t) € C(I,Ry). If 2" (t) is eventually of one sign for
all large t, and (™ (t) x z(*=D(t) < 0 for t; > to, then there exists a constant § € (0,1)

such that for sufficiently large t, there exists a constant My > 0 satisfying

[/ (£/2)] = Mot *Jul" " (2)].
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2 Main Results

The following theorems provide sufficient conditions leading to nonexistence of eventu-
ally positive solutions for inequality (1).

Theorem 1: Assume that the condition of Theorem B holds, and there exist func-
tions H(t,s) € C'(D; R), h(t,s) € C(D; R), with D = {(t,s)|t > s > to} satisfying

(Hl) H(t,t) =0,t2>ty; H(t,s) >0,t>s2>ty;
(HQ) Ht/(tas) Z 07 Hs/(t,S) S O: and _Hsl(t75) = h(tas) V H(t75)7 (ta S) €D.

If

t b
fim s H(tl,to) / H(t, 5) / p(s,){1 - clg(s, £)]}do(€)ds = o, (4)
and
. 1 t hQ(t,s)
nSp e o) / (s a)g ) )

then inequality (1) has no eventually positive solutions.

Proof: Assume to the contrary that x(t) is an eventually positive solution of in-
equality (1). Then from lim, .., infec;{g(¢,&)} = oo, there exists a t; > t¢ such that
xz(t) > 0, z(t —7) > 0 and z[g(t,€)] > 0 for ¢ > ¢; and £ € J. From (2) and (3),
inequality (1) can be written as

o
Y%

b
Y (1) + / p(t. ) f(zlg(t,©)))do () (6)

Y

y () + A/ p(t, E{ylg(t, )] = clg(t, §))x[g(t, §) — 7]}do(£).

From Lemma 1, y/(t) > 0 and y(t) > x(t), t > t1, hence ylg(t,€)] > ylg(t,&) — 7] >
z[g(t,&) — 7]. Thus

b
y ™ () + A/ p(t, {1 — clg(t. Olylg(t,€)ldo () <0, >t (7)
Furthermore, in view of g(¢,¢) being nondecreasing with respect to &, we have
b
Y0+ Mot [ PO - ot ONda© 0, 12t ()
Let
_ "
2(t) = T (9)

Then z(t) > 0. Since 4g(t,a) exists, we obtain y'[g(t,a)] = Z—Z%g(t,a). Furthermore,

from Lemma 1, (™) () < 0, and in view of g(t, £) being nondecreasing with respect to £,
g(t, &) <t for € € J, we obtain y(™ =V (t) <y~ Vig(t,a)] < y("_l)[@]. Thus, from
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Lemma 2, we have

J(t) = y" (1) _ly(n_l)(t)y/[g(ga)]g/(t,a)
y[—g(g’“)] 2 yz[g(téa ]
(10)
(n)
y(t My
- y[g(—g(a?} -5 9" (ta)g (t,a)(0),

Furthermore, from y'(¢) > 0 and (8), for ¢ > t2, we obtain

b
A0 <2 [ 001 - clg(t Oo©) - g Pl ()20 (1)

Integrating by parts for any ¢t > T > t;, and using the properties (H;) and (Hs), we

have
/Hts/ 1 —c[g(s,&)]}do(€)ds
/Hts ds——/Hts“sa 19/ (5, a)22(s)ds
/Htsdz /Hts "2(s,a)g'(s,a)z*(s)ds

=H(t,T)z /hts z(s)ds

=H(t,T)z(T)— %/T {\/M(;H(t,s)g"—2(s,a)g’(s,a)z(s)

2
h(t, s) s 4 /t h2(t, s) ds
T

\/M99n72(5a a)g/(sa a)

which implies that

¢ b h2(t,s)
/| [AH(t,@ | s, 01 = lats Nn(€) — gty s | ds

< D) 5 [ [V ) a)g (s,

2
h(t, s) ds
VMg 2(s,a)g' (s, a)] ’ (12)

Furthermore, in view of (Hz), for t; > tg, we have H(t,t1) < H(t,t9). Thus

b 2(t. s
/ l)\H (t,s / p(s, {1 —clg(s, §)]}do(§) — 2Meg”i12((z7a)9/(3 a)
< H(t,t1)z(t1) < H(t, to)z(t1)

—
U
)
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1 t b h%(t, s)
m/t [AH(t S)/ p(S,f){l - C[g(S,f)]}dO’(f) - 2Mgg"*2(s,a)g’(s,a) ds

_ HO [/ /] [AHts p(s,E){1 — clg(s, )]} do(€)

K, 5)
oMy (s, )9 (s, >]d$

(
1 b
< s+ [ s - date.lan(es

tq1 b
<t + / / p(s, €){1 — clg(s, )] }do (€)ds. (13)

to a

It follows from (13) that

msup 7 / AH (1 / p(s,6){1 - clg(s, €)]}do (€)

< H?iigp tto / l)\H (8, {1 — clg(s,]}do(§)
B2(1, 5)
zMegn (s,0)g (5 Jd
CR(Ls)

i sup H(t to) / 2 a)g )

< ) / / )1 — clg(s, &) }do(€)ds
t h2(t, s)
+11£Yiigp H(t,to) /to g 2(57a)g/(57a)d$

< oo,

which contradicts (4). Therefore, the proof of Theorem 1 is complete.

Remark 1: From Theorem 1, we can establish various sufficient conditions by means
of the choices of parameter function H (¢, s). For example, choosing H (¢, s) (t—s)m™ 1
t > s > tg, in which m > 2 is an integer, we obtain h(t, s) = (m—1)(t—s) "2 T t> s> to
From Theorem 1, we have

Corollary 1: If there exists an integer m > 2 such that

t b
tmswp oy [ 0=9m [ a0 - s, Oo©ds =0, (14)
t m — 2 — s m—3
liﬁsogp tm{l / (9”21()5 S)g’(s) ) ds < o0, (15)

then inequality (1) has no eventually positive solutions.

If

li
o Ht o) Jy

b
H(t ) / p(5,6){1 — clg(s.€)|}do(€)ds < 0, (16)
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we have the following result:

Theorem 2: Assume that the conditions of Theorem 1 and (16) hold. If H|(t,s) is
nondecreasing, and there exists a function ¢(t) € C(I, R) satisfying

t—o0 H(t7 tO)

3 h2(t, s)
2M99n72(55 a)g/(sa a)

t b
liminf;/ l/\H(tvs)/ p(s, {1 = clg(s, ) }do(§)

} ds > p(u),u > to, (17)

t

tliglo m . H(t> S)gn_2(87 a)g/(sv a)goi(s)ds = 00, 90+(8) = Isnzagf{w(s)v 0}7 (18)

then inequality (1) has no eventually positive solutions.

Proof: Assume to the contrary that x(¢) is an eventually positive solution of in-
equality (1). Then from the proof of Theorem 1, there exists a t; > ¢y such that

0 < ) [ PO - ot o) - g Ha)g kRO, (19)

Thus

t b
3 [ ) [ o600 = clats. O doe)ds

— | H(t,s)Z'(s)ds — % H(t,s)g" 2(s,a)g (s, a)z*(s)ds

tl tl

IN

— H(tt)(t) - / A 8)2()ds
_% /t1 H(t,s)g" %(s,a)g'(s,a)z>(s)ds (20)

and

t

b
N Hs) / p(5,€){1 — clg(s,€)]}dor (€)ds

ty

IN

H(t,t1)z(t1) — %/t {\/Mgg”_Q(s,a)g’(s,a)H(t,s)z(s)

2
h(t,s) ds
205,09 5.0) }

t 2
h*(t
+/ _2( 5 ; ds
t1 21L4997L (Sa a)g (Sa (1)

< H(t,t1)z(t1)+/t 2Megnh2((z,z))g/(s a)ds. (21)
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Furthermore, for ¢ > u > ¢y, we have

1 t b h%(t, s)
H(t,to) /u lAH(tv S)/a p(S,f){l - c[g(s,f)]}da(f) - 2Mgg"*2(8, a)gl(s, a) ds
H(t,u)
< H(t7t0)z(u). (22)

From (17) and (Hs), we conclude that

t b
o < g | [Afi(tvs>j£ (5,61~ (5,6 o (€)
B h2(t, s) .
2M9g”2(s,a)g’(s,a)] d
H(t,u)
< e < <) (23)
which implies that
22 () < 2 (). (24)
Let
o(t) = H(t i) \/ s)h(t, s)
w(t) = tto / MG " %(s,a)g (s,a)2%(s)ds.

Then, from (20), we find

t b
ot ) < s~ g [ 0.5) [ pls.){1—clots, Obdr(e)ds. (25

It follows from (17) that

1 t b
lmint s [ A (18) [ (5,1 =l dr(€)as = otu).

Furthermore, we obtain

1 t b
fimsp g7 [ A () [ p(e, )1 cly(o, o (€)ds

t—o0 H
1 t h2(t, s)
— lim inf ! ds > o(t1). 26
Pt H(t,to) /tl 2Mygn—2(s,a)g' (s, a) s 2 p(t) (26)

It turns out from (26) and (16)

lim inf 1 /t h2(t, 5) ds < oo
t—oo H(t,to) J;, 2Mag™=2(s,a)g'(s,a) '
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Thus, there exists a sequence {¢,}3° in [t1,00) such that lim,,_, t, = oo that satisfies

1 tn h?(tn, s)
li ! ) 2
ol H{(t,,to) /1 2Mgg"*2(s,a)g’(s,a)ds < (27)

Result (27) implies that

1iirisolip{v(t) +w(t)}

t b
< 2(n) ~limint H(l = [ ) [ pe 00 = ot oo )i

< a(ty) — plt) = M. (28)
Then, for any sufficiently large n, we have

v(ty) + w(ty) < My, (29)
where M7 > M, M and M; are constant. According to the definition of w(t), we have

- [ A A = B ) 2 ) .12 o).

Since H{(t, s) is nondecreasing and (Hz) holds, we have w’(t) > 0, thus, w(t) is increas-
ing, and 75lim w(t) =l exists, where [ is finite or infinite. In the case of lim w(t,) = oo.

n— oo

Consequently, it follows from (29) that

lim v(t,) = —o0, (30)
and
’U(tn) M1
w(tn) w(tn)
Thus, for any 0 < € < 1 and sufficiently large n, we have
v(ty)
—-1<0. 31
w(tn) <e < (31)

On the other hand, by using the Schwartz inequality, for ¢ > 1, we obtain

b 2
0 < v2(tn)=¥{ t \/H(tn,s)h(tn,s)z(s)ds}

H2(tn7t0)
1 tn M,
< N _H n—2 / 2
< {H (tn, to) / (tn,s)g" %(s,a)d (s,a)z (S)ds}

{ tn,to / Vg >S)< )ds}

| e
H(tnatO) t1 Magn 2(Sva)g (S,CL)

ds.

Then,
v2(t,) 1 tn 2h%(tp, s)
T w(tn) T H(tn,to) Ji, Mog"=3(s,a)g'(s,a)

A\
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It follows from (27) that

2
tn
Oghmv( )<oo. (33)
n— o0 w(t”)
In view of (31), we obtain
v(ty) .V (tn)

A () e W () =

and then,

I o T 9 1
b w(tn) | mete  w(ty) i v(ta) lim 7S

which contradicts (33). Thus, we have hm w(t) =1 < co. Furthermore, according to
(24), we conclude that

2
< Jlim i) ), H(t, 5)g" *(s,a)g'(s,a)2*(s)ds = 7 Jim w(t) < oo, (34)

which implies that

: 1 ! n—2 / 2
lim m/ H(t,s)g" “(s,a)g'(s,a)¢%(s)ds

- i L+ [ a2 ead o o

< H(t,s) "2(s,a)g (s, a)p(s)ds + Ml lim w(t) < oo.

to g t—oo

The latter contradicts (18). Therefore, the proof of Theorem 2 is complete.
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