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It is known that if a predictable nondecreasing process generates a bounded potential,
then its final value satisfies the Garsia inequality. We prove the converse, that is, a ran-
dom variable satisfying the Garsia inequality generates a bounded potential. We also pro-
pose some useful relations between the Garsia inequality and the Cramer conditions, and
different ways how to construct a potential.

1. Introduction

Let (Q,%,P) be a complete probability space and let {F;, t = 0} be a filtration satisfying
the standard conditions: %, contains P zero sets of o-field %, , C F, C F, 0 <s <,
Fs = Niss Fr. Also, let {X;, Fy, t >0} be the potential with the Doob-Meyer decomposi-
tion of the form

Xy =M; - Ay (1.1)

where M, is a martingale, A, is nondecreasing integrable right-continuous predictable
process, Ag = 0. Let A :=lim;_ o A;. It follows from (1.1) that X; also admits the decom-
position

Xt:E(AOO_At|9:t)> (1-2)

and we say that the process A; generates the potential X;. Garsia [2] established that in the
case when X; is bounded, that is, 0 < X; < ¢y, the random variable (r.v.) £ := A, satisfies
the Garsia inequality

EG(&) < coEg(&), (1.3)

where ¢ = ¢(t) : Ry — R, is any nondecreasing nonnegative function, G(t) = Iy g(u)du.
In particular, with g(¢) = t"~!, n > 1, we obtain from the Garsia inequality that & satisfies
the Cramer conditions, that is, E§" < ¢ff - nl, n > 1.
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98 What random variable generates a bounded potential?

Our aim is to investigate what sort of potential can be generated by a r.v. that satisfies
the Garsia inequality or the Cramer conditions.

The paper is organized as follows. Section 2 contains relations between the Garsia in-
equality and the Cramer conditions on the one side, and the properties of the distribution
function (d.f.) of corresponding r.v. on the other side. Example 2.6 demonstrates that the
Garsia inequality and the Cramer conditions are not equivalent. In Section 3 we prove
that any r.v. satisfying the Garsia inequality predictably generates a nontrivial bounded
potential (corresponding definitions are provided in this section). In Section 4 we trans-
form some r.v. in such a way that the resulting r.v. predictably generates a bounded po-
tential.

2. The asymptotic properties of a distribution function corresponding to a random
variable that satisfies the Garsia inequality or the Cramer conditions

Throughout the paper, £ is a nonnegative unbounded integrable r.v. with the d.f. F:(x) =
P{& < x}. Note that the integral L:o(l — F:(u))du exists and is positive for any x > 0, E§ =
fow(l — Fr(u))du, and 1 — F¢(x) is a left-continuous function.

Denote

-1

A= 0-F@)( [ 0-F)d) = EE-x1g=0)" @

Lemma 2.1. (1) The positive, left-continuous function A defined by (2.1) also satisfies the
relations

1= Fel) = B Awexp] - [ Awdul, 22)
J:A(u)du =—In (J: (1— Fe(u))du - (Ef)*), (2.3)
Jow’l(”)d“ - (2.4)

(2) Let the function A satisfy representation (2.2). Then it is unique, positive, left-continuous,
and satisfies (2.1), (2.3), and (2.4).

Proof (1) Let A be defined by (2.1). Denote Q(x) := [ (1 — F¢(u))du. Then [y A(u)du =
fQ ) (du/u) = In(Q(0)/Q(x)), yielding (2.3) and also E& - M(x)exp{— [; Mu)du} = EE -
A(x) (Q(x)/Q(0)) = Mx)Q(x) = 1 — Fe(x), that is (2.2). Evidently, Q(c0) = 0 and there-
fore f;° A(u)du = In(Q(0)/0) = co.

(2) Let the function A be defined by (2.2). Denote A(x) := f Au)du, and obtain from
(2.2) that

J: (1= Fe(u)du) = EE - J:exp{ - Auw) A (w)du
=E¢- (1—exp{—A(x)}).

(2.5)
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Since E& = [;°(1 — Fe(u))du, we obtain from (2.5) that E¢ - exp{—A(x)} = [, (1 —
Fi(u))du. Therefore, from (2.2),

[

1 Fe(x) = A(x) - J (1 - Fe(w))du (2.6)

and, also, E§exp{—A(o0)} = 0. Hence A(o0) = co. We establish (2.1) and (2.4). Relation
(2.3) follows from (2.1) (see part (1) of the proof). O

Tueorem 2.2. Let & be a nonnegative unbounded integrable r.v. The following assertions are
equivalent:

(i) r.v. & satisfies Garsia inequality (1.3);
(ii) for any x > 0, M(x) = ¢; ', where A is defined by (2.1).

Remark 2.3. 1t follows from (2.1) that (ii) is equivalent to

(iii) supx>0E(€ —x|&=x) <.

Proof. (1) Let r.v. & satisfy Garsia inequality (1.3). Then, in particular, E€ < ¢y. Consider
a nonnegatlve nondecreasing function g such that Eg(§) < co. Then,

0 < coEg(§) —EG(§)

~ f: <g(0) ; f dg(v))Fg(du)

J J ( °>+J dg( V))dT’Ff(du) (2.7)

— (co— EE)g(0) + LH (co(l ~ Fe(w)) - Lw (1- Fg(v))dv) dg(u).

The integrand on the right-hand side of (2.7) is left-continuous. So, if (2.7) holds for any
nonnegative nondecreasing g with Eg(£) < oo, then obviously this integrand is nonnega-
tive, that is,

co(1—Fe(u)) — Loo (1—Fe(v))dv=0 foreachu=>0. (2.8)

Inequality (2.8), by Lemma 2.1, is equivalent to A(u) > ¢y', u > 0.

(2) Let A(x) = ¢;!, x = 0. From A(0) = (E¢)~!, we obtain E < co. From the latter and
relation (2.1), we deduce that the right-hand side of (2.7) is nonnegative for any nonneg-
ative nondecreasing g, and for such g with Eg(&) < oo, it equals coEg(§) — EG(£). Thus we
arrive at the Garsia inequality. O

Remark 2.4. If we consider F¢(x) = P{¢ < x}, that is, right-continuous F:(x), and & has
no atom at zero, the proof of Theorem 2.2 will be the same. But if § has an atom at zero
and F¢(x) is right-continuous, then we must consider A(x) with some additional term,
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namely,

[eY]

-1
M) 1= (1= Fe(x) + P{E = 0}T{x = 0}) (J (1 —Fg(u))du)

x (2.9)
— (E¢-x1E=x) "

To avoid these technical difficulties, we therefore consider left-continuous functions.

THEOREM 2.5. Let & be the same as in Theorem 2.2. The following assertions are equivalent:

(iv) the r.v. & satisfies the Cramer conditions;
(v) lim,_. . (1/x) o Mu)du > 0, where A is defined by (2.1).

Proof. Itis well known (see [3]) that the Cramer conditions hold if and only if there exists
an r >0 such that Eexp{ré} < co. In turn, the last inequality is equivalent to

1 — Fe(x) < cexp{-rx}, x=0, (2.10)

for some 0 < r < co and 0 < ¢ < oo, since Eexp{ré} > fxm expiru}dFs(u) = exp{rx}(l —
Fe(x)), and Eexp{ré} = 1 +7[, (1 — Fr(u)) exp{ruldu, 7 € (0,r).
By the same arguments, we obtain that (2.10) is equivalent to

Jw(l—Fg(u))dusceXp{—rx}, x>0, (2.11)

for some 0 < r < 0 and 0 < ¢ < oo, From relation (2.3), we deduce that the Cramer condi-
tions are equivalent to the inequality

J Mu)du=>rx+c, x>0, (2.12)
0

for some r >0, ¢; € R, that is, equivalent to (v). O

As mentioned above, the Cramer conditions follow from the Garsia inequality. The
next example demonstrates that the converse is not true.

Example 2.6. There exists an integrable nonnegative r.v. £ satisfying the Cramer condi-
tions but not the Garsia inequality. The idea is the following. If we choose a nonneg-
ative left-continuous function A(x) such that InA(x) — [y A(u)du decreases to —oo, and
fgxl(u)du > rx+cy, x = 0, for some r >0, ¢; € R, but lim,__,A(x) = 0, then the right-
hand side of (2.2) will be a tail of some d.f. Fr(x). This d.f. will satisfy the Cramer con-
ditions by Theorem 2.5, but the Garsia inequality will not hold by assumption (ii) of
Theorem 2.2.

Three conditions mentioned above will be satisfied if the function A is a solution of
the boundary value problem

N (x) +A%(x) = Mx)p(x), x>0, AM0) = %, (2.13)

where ¢(x) = X2 0 I12n20+1) (%).
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The corresponding d.f. F¢(x) can be calculated from (2.2) as

X

1= Fe(x) = BE-2(0) - exp | | (@A) -2(ndy) |

0+

e Lol L

whence the Cramer conditions hold.
The solution of (2.13) on the intervals [21n,2n+ 1) and [2n+ 1,21+ 2) equals

() = A2n)e (A(2n)e?" + (1 —A(2n))e*) ', x € [2n,2n+1),
T ACr+D)(2n+1) A2+ D) +1-A2n+1)x) ", x € [2n+1,2n+2),
(2.15)

supposing that A € C(R;). Evidently, A(x) increases on [2n+ 1,21+ 2), and decreases on
[2n,2n+ 1), n = 0. The values of A(2n + 1) at the points x, = 2n+ 1 of a local minimum
can be estimated from the relations A(1) = (1 +2¢)" ' < 1/6; A2n+1) = (1 + ((A(2n))~! -
De) ', A(2n) = A(2n - 1)(1 = A(2n — 1))~!, whence A(2n+1) = (1 + (A2n —1))7! —
2)e)~!. Suppose that A(2n — 1) < 1/(n+5) (itis true for n = 1), then A(2n+1) < (1 + (n+
3)e)~! < 1/(n+6). It means that A(2n+ 1) — 0, n — o0, and lim, ., A(x) < lim, ., A(2n+
1) = 0, so the Garsia inequality does not hold.

THEOREM 2.7. Let nonnegative unbounded r.v. & satisfy the Cramer conditions. Then
limy_ o A(x) > 0.

Proof. Choose an r > 0 such that
Eexp{r&} < co. (2.16)

Then from (2.2) and Raikov theorem (see [3]), forany 0 < 7 < r, (1 — Fs(x)) exp{7x} — 0,
x — o0, and

Eexp {7&} = FLOO exp {7x} (1 — Fe(x))dx

= FI: exp {Fx— Lx/l(u)du}/\(x)dx - E¢. =17

Suppose that A(x) — 0, x — co. Choose any ¢ € (0,7). Then there exists xo > 0 such that
A(x) < g, for x > x(, whence

J: exp {n _ J:A(u)du})t(x)dx
> exp { J:CU (r— A(u))du} . ro exp {(r — &) (x — xp) }A(x)dx (2.18)

0

> exp SL J:Co (r- /\(u))du} . :)L(x)dx = o,
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Relations (2.17) and (2.18) contradict (2.16). So our assumption is false, whence the
proof follows. U

The next example demonstrates that the inequality lim, .. A(x) > 0 is not equivalent
to the Cramer conditions.

Example 2.8. Denote

_(n=1)n(2n-1) N (n—1)n

Xy 1= ’
(n+1) 6(2 1) n( : 1) Y
n+1)n(2n+ nin —

Py 1= ‘ + 5 , n=1.

LetA(O) = 17
L Xn<X=Y
) = %ﬁ 1 (2.20)

ﬁ+ﬁ(x_)’n)a Yn X = Xpyp, 12 1

Then limy_ o A(x) = limy, .o A(Xp11) = limy, .o (14 1//0) = 1.

Denote y(x) := A’ (x) — A2(x). Then y(x) < 1/n — (1/+/(n))?* = 0 and A has only nega-
tive jumps. Therefore, A(x) exp{— fox AMu)du} is nonincreasing. It means that 1 — F¢(x) is
considered as the left-hand side of (2.1), with E{ = 1 being nonincreasing. Moreover, for
Xp <X < Xpe1, 1= 2,

1 =1 k
— - —k+ -+ k)
ol -Z (e}
(2.21)
1 o,k N
<1-Fr(x) < (ﬁ+l>eXP{_g<ﬁk +§+ )}

From the right-hand side of (2.21), 1 — F¢(x) < exp{—(2/5)(n — 1)*?}, and from the left-
hand side of (2.21),

l—Fg(x)>\/Lﬁexp{—g(n+l)5/2}, Xp <X < Xpr1. (2.22)

Evidently, x,, > (n — 1)3/3, x,+1 < (5/6)(n+1)3. So, for sufficiently large x,

2(/6 \'3 2
1—Fg(x)5exp<l—§<<§x> —2) }Nexp{—(xx%} (2.23)
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for some constant a > 0. Therefore £ is integrable r.v. On the other hand,
1—Fe(x) > ((3x)" + 1)71/2exp{ - g((3x)1/3 + 2)5/2} ~Bx Voexp{—yx}  (2.24)

for some constants f3,y > 0. It means that Eexp{ré} = co for any r > 0; so £ does not
satisfy the Cramer conditions.
3. What random variable generates a bounded potential?

Definition 3.1. A r.v. £ is said to generate a bounded potential if there exists a filtra-
tion {Gy, t = 0} on (Q, %, P) that satisfies the standard conditions, and a bounded right-
continuous G;-adapted potential X; that admits the expansion (compare with (1.2))

X = E(Aw — A(Gy), (3.1)

with a G;-adapted nondecreasing integrable process A; such that A, = ¢.
Definition 3.1 means, in particular, that & is G -adapted.

Definition 3.2. A r.v. £ is said to generate a nontrivial bounded potential if the potential
X; in expansion (3.1) can be chosen in such a way that P{X; >0} >0 for any t > 0.

Definition 3.3. A r.v. & is said to predictably generate a bounded potential if the process
A, in expansion (3.1) can be chosen to be G;-predictable.

Note that for a given X;, the predictable process in (3.1) is unique.
Denote Gy the family of all IP zero sets of %.

LemMA 3.4. Any integrable r.v. & generates a bounded potential.

Proof. Choose any ty >0andset A, = EI{t > ty}, G, = Gy v Qfor t < ty, Gy = F for t > t,.
Then A = &, E(Aw — A¢|G;) =0 for t > ty and E(Aw — A¢|G;) = E€ for t < ty. So, X; =
E&I{t < ty} is a bounded potential. (Note that X; is trivial in terms of Definition 3.2.)

a

THEOREM 3.5. Let a r.v. & satisfy Cramer conditions. Then & generates a nontrivial bounded
potential.

Proof. According to Theorem 2.7 we can choose some ¢ >0 and a sequence 7 = {t,, n >
0}, to = 0, t, 1 oo such that [;” (1 — Fe(u))du(1 — F(t,)) ' <c.

Define

Go, 0<t<t,

Gti=
d{ént, 1<k<n}, t,<t<tun,

(3.2)

0, 0<t<t,

AtI:
ENtyy by <t<ty,

where n > 1. Then G; satisfies the standard conditions, A; is a G;-adapted nonnega-
tive nondecreasing right-continuous process, and A« = &. Now, let X; := E(Aw — A¢|Gy).
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Since for any k < m and a < ty, the event {{ Atfx < a} = {E<anfy} = E ANt <anty}),
we have that G, = 0 {é A t,} if t, < t < t,1. Therefore, for t, <t < t,y1,

Xi=E(E-Enty|Enty)

- | - ) dR (1 - Fiw) 1> 1) 53
= Joo (1= Fe(u))du(1 —Fg(u))_ll{f >t} <c{&>t,} <c

We conclude that the potential X; is bounded and P{X; >0} >P{& > t,} >0,t, <t < tys1;
so X; is nontrivial. O

THEOREM 3.6. Let a r.v. & satisfy the Garsia inequality. Then & predictably generates a non-
trivial potential.

Proof. Let Gy = 0{& A's, s < t}. Analogously to the proof of Theorem 3.5, we can establish
that G; = a{& A t}. Also, let Ay := & A t, A = £. According to Theorem 2.2 and represen-
tation (2.1),

Xi = E(Aw — Al Gy) = EE~EAEADIE >t} = (A1) ' T{E> 1) <o, (3.4)

Evidently, P{X; >0} >0, t >0, and A; is continuous. Therefore, it is a predictable process
and the proof follows. O

Remark 3.7. The o-fields G; participating in the proof of Theorem 3.6 were considered
by Dellacherie [1], where the dual predictable projection of the process A = I}t [ with
respect to {G;, t = 0} was constructed.

The next example demonstrates that the same r.v. & can generate rather different po-
tentials with respect to the same filtration {Gy, t = 0}.

Example 3.8. Let {P;, t > 0} be a homogeneous Poisson process with the intensity Ao,
0(x) = expi—Aix}, do,A; > 0. Define & := [, O(u)P,du = A" [, 6(u)dP,. Then E¢ =
Ao fooo ub(u)du = )Lo)tfz.

Also, let G, = 0{P;, 0 <s < t}. If we put A? := fot O(u)P,du, A := &, then the process
A, is predictable, and the potential X? := E(A% — A?|G;) = P, [,” O(u)du = A{'0(¢)P; is
nontrivial and unbounded for any t > 0. With A} := A7 [y 8(u)dP,, AL = &, A} is not pre-
dictable, and the potential X} := E(AL — A}|G;) = AoA;" [ O(w)du = AoA;'6(¢) is non-
trivial and bounded.

4. Some additional results

The next theorem states that in the case when lim,_ A(x) >0, an integrable r.v. £ can be
transformed into a r.v. y(x) that predictably generates a bounded potential. Note that in
this case we can choose the sequence 7 = {t,, n > 0}, ty =0, t, 1 o such that

AMt,) = ¢ >0, 6n::ilgg(tn—t,,_1) > 0. (4.1)
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THEOREM 4.1. Let limy_o A(x) > 0, let w{t,, n > 0} be chosen as in (4.1). Denote by y:
Ry — Ry an increasing piece-wise linear function such that y(t,) = n.
Then w(&) predictably generates a nontrivial bounded potential.

Proof. The d.f. of the r.v. y(&) equals Fy, (x) = P{y(&) < x} = P{& < y~!(x)}. Therefore,

| 0= Fydu- 1= Ry )
- [0 Rty ) du (1 - Ee(n) (42)
= [ 0= Fetwn)y G- (1~ Fe() ™

Furthermore, for t € (t,_1,t,),

YO = W(ta) =y () (b= tuc) " = (ta—tar) " <80 (4.3)
We obtain from (4.2) and (4.3) that there exists ¢; >0 such that (Ay(n))": (1
Fy(u))du(1 — Fy(n))~! < c;. Note that x(1 — F(x)) = x(1 — Fe(y " (x))) = ‘1(x)(1
Fe(y™'(x))) - (x(y~'(x))™1), and y~'(x)(1 = Fe(y1(x))) = 0, x — oo, x(y~'(x))7' <
(n+1)/y~t(n)=(n+ 1)/tn <(m+1)/dn<chrn<t<n+l.
It means that [ udFy(u) = [ (1 = Fy(u))du < oo, that is, y is integrable.
Now, let Gy = a{y (&) A n}, n<t<n+l,and
0, 0<t<2,
At = (4.4)
{1//(5)/\(11—1), n<t<n+l.
Then A; is G;-predictable, A, = w(&), and for any ¢ > 0,
thz E(Aoo—At|Gt) (4 S)
=E(y@& -y Anly@an)+ () Aan—y@Ar(n-1) <a+l 'D

The next result demonstrates that an integrable r.v. & with limy— o A(x) >0 generates
an “almost bounded” potential.

THEOREM 4.2. Let limy .o A(x) > 0. Then for any & > 0, the r.v. & predictably generates a
nontrivial potential that is bounded on the set R\ B where m(B) < ¢ (m(-) is a Lebesgue
measure on R).

Proof. Consider G; := 0{& A t,}, t, — &/2" < t < ty41 — &/2""1, and A, being the same
as in the proof of Theorem 3.5. Then A; is G;-predictable. Furthermore, X; := E(A«
AG) =E(E—Ent |Ent,) <cfort, <t<tpy —e/2". O
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Remark 4.3. Let the r.v. £ be such that 0 = lim, , A(x) < lim,— o A(x). Consider G, and
A; from the proof of Theorem 3.5 and construct the compensator (dual predictable pro-
jection) A} of A;. Evidently,

I
M:

A} E( Aty —Entia|Ent)
k=1
=ZJ" (x =ty 1) dFe(x) (1 = Fe(ty1))  TE >ty 1}, by < E< by (4.6)
k=1"tn=1
n t
A= [ et )R - Felta ) HE> i}

1Yt

=~
Il

Since A; — AT is a G;-martingale, we obtain that
XtI:E(Aoo—At|Gt) :E(AZO—A;”Gt) <c. (47)
The last relation means that A7, satisfies the Garsia inequality.
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