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The Poélya-Aeppli process as a generalization of the homogeneous Poisson process is de-
fined. We consider the risk model in which the counting process is the Pélya-Aeppli pro-
cess. It is called a Pdlya-Aeppli risk model. The problem of finding the ruin probability
and the Cramér-Lundberg approximation is studied. The Cramér condition and the
Lundberg exponent are defined. Finally, the comparison between the Pélya-Aeppli risk
model and the corresponding classical risk model is given.

1. Introduction

The standard model of an insurance company, called risk process {X(t), t = 0}, defined
on the complete probability space (Q, %, P), is given by

N(1) 0
X(t)=ct— > Z, (Z=0)- (1.1)
k=1 1

Here c is a positive real constant representing the gross risk premium rate. The sequence
{Zk} ., of mutually independent and identically distributed random variables (r.v.s)
with common distribution function F, F(0) = 0, and mean value g is independent of
the counting process N(t), t = 0. The process N(t) is interpreted as the number of claims
on the company during the interval [0, t].

In the classical risk model, the process N(¢) is a stationary Poisson counting process;
see for instance Grandell [4]. In this case, the aggregate claim amounting up to time ¢
is given by the compound Poisson process S(t) = Efi(lt ) Z;. If the number of claims N (f)
forms a renewal counting process, the model (1.1) is called a renewal risk model. There
are many directions in which the classical risk model and the renewal model are gener-
alized in order to become a reasonably realistic description. Dickson [2] studied a gen-
eralization of the renewal model, assuming that claims occur as an Erlang process, and
extended several classical results. References are given in Asmussen [1] and Rolski et al.
[9]. Our interest is in the generalization of the counting process N(¢). In [7, 8], a new
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family of discrete probability distributions is introduced. The classical Poisson, negative
binomial, binomial, and logarithmic distributions are generalized by adding a new pa-
rameter p € [0,1). The generalized distributions are called inflated-parameter distribu-
tions according to the interpretation of the parameter p. The new family of distributions
is called inflated-parameter generalized power series distributions (IGPSD). In the case of
p = 0, the IGPSD becomes the family of generalized power series distributions (GPSD) or
the classical discrete distributions. A natural question is: what will be the corresponding
generalization of the classical risk model?

We give useful interpretation of the model. Suppose that any insurance policy pro-
duces two types of claims named “success” with probability 1 — p and “failure” with
probability p. Define the r.v. N to equal the number of trials until the ith successive claim
appears. The r.v. N is negative binomial distributed with parameters 1 — p and i. The
probability mass function of N is given by

P(N=k) = (I;C:I.)pki(l—p)i, k=ii+1,.... (1.2)

i
The r.v. N, given by (1.2), can be represented as a sum N = X; + - - - + X;, where {X,
j =1,2,...} are independent identically Ge; (1 — p)-distributed r.vs. The parameter i in
(1.2) represents the number of geometrically distributed r.v’s. If we suppose that i is an
outcome of the r.v. Y, independent of {Xj, j = 1,2,...}, and Y has the GPSD, then N
has the IGPSD; see [8]. In particular, if Y has the Poisson distribution with parameter
A (Po()), N has the inflated-parameter Poisson distribution (IPo(A,p)). The IPo(A,p)
distribution coincides with the Pdlya-Aeppli distribution (see [5]) and has the following
probability mass function:

et n=0,

e‘Ai (n— 1) 7[/\(1 .—P)] p”_i, n=12,.... (1.3)

j— !
S\i—1 i!

P(N=mn)=

In the next section, we will define the Pélya-Aeppli process in order to describe the ag-
gregate claim amount process as a compound Pélya-Aeppli process. Section 3 deals with
the risk model in the case of Pdlya-Aeppli counting process. The ruin probability in two
cases, ordinary and stationary, is studied. In Section 4, the Cramér-Lundberg approxima-
tion is given. A comparison between the Pélya-Aeppli risk model and the corresponding
classical risk model is given in Section 5.

2. The Pélya-Aeppli process

The IPo(A,p) distribution is a generalization of the classical Po()) distribution. In this
section, we will define the corresponding generalization of the Poisson process.

We consider the sequence T1,T5,... of nonnegative, mutually independent r.v’s and
the corresponding renewal process

n
Si=> Tk, n=12,..,8=0. (2.1)
k=1
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The process S, can be interpreted as a sequence of renewal epochs. T is the time until the
first renewal epoch and { T}, are the interarrival times.

Let N(t) =sup{n =0, S, < t},t > 0, be the number of renewals occurring up to time ¢.
The distribution of N(¢) is related to that of S, and for any ¢ > 0 and n > 0, the following
probability relation holds:

P(N(t)=n) =P(S, <t) =P(Sps1 <t), n=0,1,2,.... (2.2)

We will suppose that N(t) is described by the IPo(At,p) distribution (or Pélya-Aeppli
distribution), with mean function (A/(1 — p))t, that is,

e—M

P(N(t) =n) = Atz<1_1>l;mt]lp”_i, n=12,.... (23

i!

We denote by LSx(s) = [, e *dFx(x) the Laplace-Stieltjes transform (LST) of any
r.v. X with distribution functlon Fx(x). Let pu(t) = P(N(t) = n).
For the next considerations, we need the following result.

LEMMA 2.1. The LST of p,(t) is given by

A
00 __A’ n:(),
LSpn(t)(s)zj estdp, () =1 ST .
0 1-p)—= Ao [p+(1—p)L] n=1,2
stAs+A s+ ’ v

(2.4)

Now we will show that the renewal process is characterized by the fact that T is expo-
nentially distributed and { T, T3,...} are identically distributed. Moreover, T is zero with
probability p, and with probability 1 — p, exponentially distributed with parameter A. This
means that the probability density functions and the mean values are the following:

fry=de™, t=0,  ETi=1, (2.5)
fr,(£) = pSo(t) + (1 = p)Ae ™™, t=>0, ET, = 1%’), (2.6)
where
80(1) = {1’ =0 27)
0, otherwise.

The process S, is called a delayed renewal process with a delay T).

THEOREM 2.2. There exists exactly one renewal process such that the number of renewals up
to time t has the Pélya-Aeppli distribution (2.3). In this case, the time until the first renewal
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epoch T\ is exponentially distributed with parameter A. The interarrival times T, Ts,... are
zero with probability p, and with probability 1 — p, exponentially distributed with parame-
ter A.

Proof. To prove the theorem, it suffices to show that the LST of the r.v. S, is as follows:

LS (s)—i[ - )Lrl (2.8)
= salP Pssxd '
We will prove it by induction using the relations (2.2). For n = 0, (2.2) becomes
P(N(t)=0)=1-P(T; <t) =1-Fr,(t), (2.9)

where Fr, (t) is the distribution function of T;. On the other hand, from (2.3), it follows
that

P(N(t) =0) = e, (2.10)

Combining (2.9) and (2.10) gives that Fr, () = 1 — e~ *, that is, the r.v. T} is exponentially
distributed with parameter A and LST A/(s + ).
Now from (2.2), for n = 1, we get

P(N(t)=1)=P(S; <t) —P(S; <t). (2.11)
Taking the LST leads to

N

A
(1- P)m 1 LSs, (s) — LSs, (s). (2.12)

After some algebra, we arrive at

A A
1110 = 2 [pr1-p 25 |, (2.13)

which means that T; is independent of T;. Moreover, T; is an exponentially distributed
r.v. with parameter A and mass at zero equal to p. The probability density function of T,
is given by (2.6).

Suppose now that for any n > 2, the LST of S,, is given by (2.8). Taking the LST in (2.2),
we get

0

LSs, . (s) = j e dP (S < 1)
’ (2.14)

= Jme—sfdp(sn <t)-— Jme‘“dpn(t)-
0 0
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Applying Lemma 2.1, one can show that the LST of the renewal process S+ is equal to

LSs,,, (s) = %[;ﬁ%l—p)ﬁ] ) (2.15)

This proves the theorem. U

Remark 2.3. In the case of p = 0, the LST (2.8) becomes the LST of Gamma (#,A) (or Er-
lang (n)) distributed r.v. This case coincides with the usual homogeneous Poisson process.

Remark 2.4. We note that the probability distribution function of T is given by
Fr,(t) =1-(1-p)e™, t=0. (2.16)

That family of distributions has a jump at zero, that is, P(T, = 0) = p.

Remark 2.5. It is easy to see that the exponential distribution function of the delay, Fr, (t),
and the distribution function Fr, (t) satisfy the following relation:

1 t
Fr,(£) = ETZL [1 = Fr, ()] du. (2.17)

In this case, the delayed renewal counting process is the only stationary renewal pro-
cess; see [6]. From the renewal theory, it is known that under condition (2.17), the de-
layed renewal counting process has stationary increments; see for instance Rolski et al. [9,
Theorem 6.1.8].

We proved the theorem using the LST and basic relation (2.2). The converse theorem
is also true.

THEOREM 2.6. Suppose that the interarrival times { Ty} k=2 of the stationary renewal process
are equal to zero with probability p, and with probability 1 — p, exponentially distributed
with parameter A. Then the number of renewals up to time t has the Pélya-Aeppli distribu-
tion.

Now we can define the inflated-parameter Poisson process, or the Pélya-Aeppli pro-
cess.

Definition 2.7. A counting process {N(¢), t = 0} is said to be a Pélya-Aeppli process if

(a) it starts at zero, N(0) = 0;
(b) it has independent, stationary increments;
(c) for each t >0, N(t) is Pélya-Aeppli distributed.

The Polya-Aeppli process is a time-homogeneous process. In the case of p = 0, it
becomes a homogeneous Poisson process. So, we have a homogeneous process with an
additional parameter. The additional parameter p has an interpretation as a correlation
coefficient; see [8].
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3. The Pdlya-Aeppli risk model

We consider the risk process X, defined by (1.1), where N(t) is the Pdlya-Aeppli pro-
cess independent of the claim sizes {Z;}} ;. We will call this process a Pélya-Aeppli risk
process.

The relative safety loading 0 is defined by

c=p) =M _c(l=p)

o= A Au

1, (3.1)

and in the case of positive safety loading 6 > 0, ¢ > Au/(1 — p).
The survival probability, or nonruin probability ®(u), of a company having initial cap-
ital u is given by

O(u) = P{ian(t) > —u}. (3.2)

t=0

The ruin probability is defined by the equality ¥(u) = 1 — ®(u). We suppose that u > 0.

The occurrence of the claims in the risk process (1.1) is described by a delayed renewal
counting process. We will study the ruin probability in two cases following the renewal
arguments described by Feller [3] and Grandell [4].

3.1. The ordinary case. We suppose that the first claim has occurred and the subsequent
claims occur as an ordinary renewal process. The interoccurrence times Ty, k = 1,2,...,
are exponentially distributed with mass at zero equal to p and probability density function
given by (2.6). The claim sizes Z,,Z,,... are independent and identically distributed r.v’s
with common distribution function F(x) with F(0) = 0 and mean value y. Let

X

Fi(x) = 1J [1-F(2)]dz (3.3)

pJo

be the integrated tail distribution. We define the function
H(z) = pF(z) + %uFl(z) (3.4)
and note that
H(OO)=pF(m)+%J0m[lfF(z)]dz=p+/%‘u<1. (3.5)

If we denote by ®°(u) and ¥°(u) the nonruin and ruin probabilities, respectively, in
the ordinary case, then the following result holds.

ProOPOSITION 3.1. The nonruin function ®°(u) satisfies the integral equation
') = 0+ | O(u-2)dH (), w0, (3.6)
0

where H(z) is defined by (3.4).
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Proof. Suppose that the first claim occurs at epoch s. For no ruin to occur according to
the renewal argument, we get

t+cs

O(t) = Jw [pdo+ (1 —p)/le*)‘s] (¢t + cs — z)dE(z)ds
0- 0

t+cs

t 0o
- pJ OOt - 2)dF(2) + (1 —p)J re | @(t+es—2)dF(2)ds, t=0.
0— 0— 0

Change of variables and differentiation leads to

A
¢

[(I)O(t) - % Lt dO(t — z)dF(z)],
(3.8)

DY (t) = pd°(0)F'(t) +p Li @Y (t—2)dF(2) +

where @Y (¢) is the derivative of ®°(¢). Integrating (3.8) in ¢ over [0,u] and performing
integration by parts, one gets

@%(u) = @°(0) +p :7 ®(u—2z)dF(z) + % Lu O°(u—2)[1 - F(2)]dz, (3.9)

which is just (3.6). U

COROLLARY 3.2. The ruin probability Y°(u) satisfies the following integral equation:
W) = H() — HOu) + | ¥u-2)dH (@), u=0, (3.10)
0

Proof. Equation (3.10) follows directly from (3.6). O

Since H(o0) < 1, (3.6) and (3.10) are defective renewal equations.
Recalling that H(o0) = p + A/c and ®°(o0) = 1, in the case of positive safety loading,
we conclude that

@"(0) = 1= H(e2) = (1 =p)] 1 o |

Cc(1-p) (3.11)

Po(0)=1-®°%0) = H().
Define Lgo(s) to be the Laplace transform (LT) of ®°(u). Taking the LT of (3.6), we get

0
Loo(s) = — 20

= LS, oT (3.12)

where LSy (s) is the LST of H(u). Using the standard properties of the transforms and
their inversions leads to

(oY)

®O(u) = (1-H()) > H*(u), u=0, (3.13)
n=0
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where H*"(u) means the nth convolution of H (1) with itself. The same result can be de-
rived by using the fact that renewal equation (3.6) has a unique solution; see for instance
[9, Lemma 6.1.2].

Now we define

Hi(u) = g((i)) plj;l;)/c (3.14)
which is a proper probability distribution. For the nonruin probability, we have
@%(u) = [1 - H()] i [H(eo)]"H{" (1), u=0, (3.15)
n=0
and for the ruin probability,
() = [1- ()] 3 [H(e)]"H "), >0, (3.16)

n=1

where H, (1) = 1 — H, (u).
In the above formula, we recognize a version of the Pollaczeck-Khinchin formula (or
Beekman convolution formula); see [9].

According the definition of the relative safety loading (3.1), the following relations
hold:

0
1—H(°°)=(1—p)#09, H() = 111;. (3.17)
So,
0
Yo(u) = 1—p)1+92<11++;> Hi"(u), u=0. (3.18)

In the case of p = 0, Hy(u) = H(u) = G(u) and (3.18) coincides with the ruin proba-
bility of the classical risk model.

Example 3.3. We consider the case of exponentially distributed claim sizes, that is, F(u) =
l—e %t u>0, ¢ > 0. In this case, the integrated tail distribution F;(u) is exponential also
and H(u) = (p+Au/c)[1 — e “#]. So, Hy(u) = 1 — e %,

Taking into account that the nth convolution of H; () is an Erlang (#, 1/u) distribution
with distribution function

Hi"(u) =1 - *“/ﬂz ”/” : (3.19)
j=0

relation (3.15) leads to

(3.20)

DO(u) =1 fH(OO)exp{ — iwu}
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The ruin probability in terms of the relative safety loading is given by

o, 1+6p SL 1-p 6 }
Yo(u) = Y exp P 1+9 (3.21)

If p = 0, the result coincides with the example of Grandell [4, pages 5-6] related to the
ruin probability for the classical risk model. The example is to be continued.

3.2. The stationary case. According to the arguments described by Grandell [4], if ©°(u)
and ¥°(u) are nonruin and ruin probabilities, respectively, in the ordinary case, then in
the stationary case, we have the following result.

ProrosiTiON 3.4. The nonruin probability ®(u) and the ruin probability ¥ (u) in the sta-
tionary case satisfy the integral representations

O(u) = B0) + J (4 —2)(1 - F(2))dz, (3.22)

c(l

A Uu (1—F(Z))dz+L \yo(u—z)(l—F(z))dz]. (3.23)

c(1-p)

Y(u) =

Since ®(c0) = ®%(o0) = 1 when ¢ > Ap/(1 — p), we have

—H(eo) . M
®(0) = 41_/) =1 o (3.24)

Taking the LP of (3.22) and applying (3.12), we have

D0) ©°(0)

Lo(s) = s Tei-p) LSk, (s) - LSnG)]’ (3.25)
Again, the standard properties of the transforms lead to
H 00
LSo(s) = LA H®) =Py g 011 - Heo)] S [LS0(9)]" (3.26)
1- P 1- P n=0
So, the ruin probability in the stationary case is given by
H(co)—pT - >
P(u) = %pp A+ B+ [1 - H@) S [HE) @ |, 6.27)
n=1

where H, (1) = 1 — H; (1) and F;(u) = 1 — Fi(u).
In terms of the relative safety loading, the ruin probability is given by

Y(u) =

_ (1-p)8 S (146p\" -,
Trghw+ 5= ;( 1+6) Hi"(u). (3.28)
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Example 3.5. Again, consider the case in which the claim amount distribution is expo-
nential with mean value y. Applying the argument of Example 3.3 to the ruin probability
(3.27) yields

H(oo) — -
Y(u) = M exp{ — i@o)u}, (3.29)
l-p u
and in terms of the relative safety loading,
S P L }
Y(u) = 1+eexp{ P 1+0u . (3.30)

In the case of p = 0, (3.30) coincides with that of Grandell [4, Example 6, page 69].

4. The Cramér-Lundberg approximation

4.1. The ordinary case. We return to the defective integral equation (3.10) for the ruin
probability in the ordinary case. Assume that there exists a constant R > 0 such that

| eran -1, (4.1)
0

where H(z) is given by (3.4), and denote h(R) = [, e®?dF(z) — 1. Relation (4.1) is known
as the Cramér condition. The constant R, if it exists, is called adjustment coefficient or
Lundberg exponent. For any functions f(x) and f,(x), we write f;(x) ~ f2(x) for x —

if lime—.o (f1(x)/ fa(x)) = L.

THEOREM 4.1. Let, for the Pélya-Aeppli risk model, the Cramér condition (4.1) holds and
h'(R) < . Then

00 ubA(p, 6,R,p) “Ru
W~ e R R - u(1+0)° 42
where A(p,0,R,p) = (1 = [1 —u(1+0)R]p)/(1 —p).
Proof. Multiplying (3.10) by e yields
ROPO () = R4 (H (o) — H(w)) + J RUDYO (4 _ 2)eRedH (z). (4.3)
0

It follows from the definition of R that integral equation (4.3) is a renewal equation.
The mean value of the probability distribution, given by

G(t) = JteRZdH(z), (4.4)
0
is
YR A Ny TP
L 2 dH() = 2 (1 i ARp)h ® - it R (4.5)
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Since
[ R (are0) - Ha))de = L) L A2 A, (4.6)
0 R R
by the key renewal theorem, we have
\I/O(M)N (1+(C//\)RP)((1_P)(C/A)_:u) e—Ru. (4.7)

(1+(c/M)Rp) "I (R) = (1= p)(c/A)
Taking into account that ¢/A = (1 +0)/(1 — p), we get the Cramér-Lundberg approx-

imation in terms of the relative safety loading given by (4.2). O

If p=0, A(4,0,R,0) = 1 and (4.2) coincides with the Cramér-Lundberg approxima-
tion for the classical risk model [4, page 7].

Example 4.2. 1f we take F(x) = 1 — exp(—x/u), then h(R) = yR/(1 — uR). The constant R
is a positive solution of the equation

CRo) R (1))
<1+ARP>1—[4R_(1 p))LR, (4.8)
that is,
_l=pf( M _1-p 0
k= (1 C(l—P)>_ po1+6 (49

and A(4,0,R,p) = 1+ 0p.
So, the Cramér-Lundberg approximation is exact when the claims are exponentially
distributed and given by

1+6p
YO(u) ~ —e R 4.10
()~ e (4.10)
4.2. The stationary case. We write integral representation (3.23) for the ruin probability
in the stationary case in the following equivalent form:
Ay

Y = s At - | wou-2afia)| (4.11)

Taking into account the Cramér-Lundberg approximation in the ordinary case, we
have

W(u) ~ (L=p)(e/) — e R (4.12)

(1+(c/MRp)*H (R) = (1= p)(c/A)

and in terms of the relative safety loading,

Me e—Ru

Y0 ~ (4.13)
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In the case of p = 0, asymptotic relation (4.13) coincides with the Cramér-Lundberg
approximation in the classical risk model.

Example 4.3. Again, in the case of exponentially distributed claim sizes, the Cramér-

Lundberg approximation is exact and is given by

W(u) ~ 1Jlr e, (4.14)

where R is a positive solution of (4.8).

5. Comparison of ruins

The value of the Lundberg exponent is a measure of the dangerousness of the risk busi-
ness. Relative to this measure, the ordinary and the stationary cases are equally dangerous;
see [4, page 70].

We will compare the Pélya-Aeppli risk model with the corresponding classical model.
According to the definition given by De Vylder and Goovaerts [2], corresponding risk
models are models with the same claim size distribution, the same expected number of
claims in any time interval [0, ], the same security loading, and the same initial risk re-
serve. The classical risk model corresponding to the Pélya-Aeppli risk model has a Poisson
counting process with intensity A/(1 — p) and a relative safety loading given by (3.1). The
interarrival times are exponentially distributed with parameter A/(1 — p). Now we need
the following lemma [4].

LemMA 5.1. Let T' and T? be two r.v.s representing the interarrival times of two risk models.
Let Ry and R, be the corresponding Lundberg exponents. If LSy1(s) < LSt2(s) for all s >0,
then Ry = R,.

Let T9 and T be two r.vs representing the interarrival times of the corresponding
classical risk model and the Pélya-Aeppli risk model. Then

M(1-p)

A
m, LSr(s)=p+(1—-p)— (5.1)

LSTcl(S) = S+A.

Itis easy to see that LSta(s) <LSr(s), s >0. Applying Lemma 5.1, it follows that R > R,
where R is the Lundberg exponent for the classical model. This means that the Pélya-
Aeppli risk model is more dangerous than the corresponding classical model.

The comparison of the exact ruin probabilities depends on the claim size distribu-
tion. We can compare analytically the particular cases of exponentially distributed claim
sizes. At first, we compare the ruin probability of the stationary case (3.30) with the ruin
probability of the corresponding classical risk model given by

W) = —— ex {— i—u} (5.2)

W(u) = Yo(u). (5.3)
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On the other hand, the comparison between (3.21) and (3.30) states that for all u > 0,
YO(u) = W(u). (5.4)

So, in the case of exponentially distributed claim sizes, the most dangerous is the ordinary
case and the less dangerous is the classical risk model.

Comparing the ruin probabilities, it is natural to mention the difference between the
Pélya-Aeppli risk model and the classical model in the case of p = 0. It suffices to compare
the ruin probability in the stationary case (3.30) and the corresponding ruin probability,

1 OG-0 u}, (5.5)

v, _ - _
{Pio}(u) 1+ 9{p=0} exp{ ul+ 9{p=0}

in the case of p = 0. From (3.1), it follows that
0ip-0} = 0. (5.6)
Then for all u > 0, we have
Wm0 (1) < (1), (5.7)

In this case, again the Polya-Aeppli risk model is more dangerous than the classical risk
model.

It is useful to analyze the differences between the ruin probabilities even in the particu-
lar cases. The distributions of the interarrival times of the corresponding models have the
same expected values. In the Pélya-Aeppli risk model, we have P(T, = 0) = p >0, that is,
the probability that the claims arrive simultaneously is not equal to zero. This can cause
the ruin and the ruin probability is greater.
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