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For the initial value problem #'x'(t) = at + bix(t) + bax(qit) + bst"x'(q2t) + ¢(t,x(¢),
x(q1t),x" (£),x"(q2t)), x(0) = 0, where r > 1, 0 < g; < 1, i € {1,2}, we find a nonempty
set of continuously differentiable solutions x : (0,p] — R, each of which possesses nice
asymptotic properties when ¢ — +0.

1. Introduction

In this paper, we will consider singular initial value problems for a class of functional
differential equations (FDEs). This problem has received very little attention in the litera-
ture to date; we refer the reader to [2, 3, 5, 7] where the question of solvability (in various
spaces) and the number of solutions have been discussed. We remark that, even now, the
asymptotic properties of solutions of FDEs are only partially understood. Our approach
to this problem is essentially different from others known in the literature. In particu-
lar, we use qualitative methods [1, 7, 8] together with standard fixed point theorems [6].
Our technique leads to the existence of continuously differentiable solutions with nice
asymptotic properties.

2. Main result

Consider the initial value problem

t'x'(t) = at + bix(£) + bax(q1t) + bst'x’ (qat)

+o(tx(t),x(qit),x"(),x (qat) )
x(0) =0, (2.2)

(2.1)

where t € (0,7) is a real variable, x : (0,7) — R is a real unknown function, r, a, b;, b,
bs, q1, q2 are constants, r > 1,b; #0,0< ¢; < 1,i € {1,2},and ¢ : 9 — R is a continuous
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function; here

@D = {(t>)/1yy2>y3,}/4) e (O)T)r |)/1 | <it,
17 . (2.3)
ly2l <oty |ys| <oat'™", [ya| <wa(qat) "}

In what follows, we will assume that the following conditions are satisfied:

L@(t,y1, 92, y3, y4) = @(5,¥1, 2, ¥3, ) |
Shlt=sl, (61,92, ¥3.y4) €Dy (8, Y1592, Y3, y4) €D, 0<pu<t, 0<u<s,
lo(t,y1,92,y3,y1) — 9(t,21,22,23,24) |
SLO(n-zl+ |-zl +t |y -z + | ya—zl),
(Ly1 Y293, 04) €D, (t,21,22,23,24) €D,
(2.4)

where [; : (0,7) — (0,+0) is a continuous nonincreasing function, l, : (0,7) — (0,+) is
a continuous nondecreasing function, lim;_o L (¢) = 0, and

lal <v | b1 +baqu |, (2.5)
@ |ba| < |br|(1=2]bs]q;"). (2.6)

Further, we will assume that
lo(t,ctyequtsc.c) | <tB(r), te(0,1), (2.7)

where ¢ = —a(by + byq1)7!, f:(0,7) — (0,+00) is a continuously differentiable function
and, moreover,

limp(n =0,  lime'(B0) =L, lim B ()(B1) " =L,
0< i<+, i€ {1,2}.

(2.8)

Definition 2.1. For any p € (0,7), a continuously differentiable function x : (0,p] — R is
said to be p-solution of problem (2.1), (2.2) if

(1) (t,x(t),x(q1t),x' (t),x" (g2t)) € D for all t € (0,p];

(2) x identically satisfies the differential equation (2.1) for all ¢ € (0, p].

We denote by U(p, M) the set of all continuously differentiable functions u: (0,p] — R
such that |u(t) — ct| < Mtp(t), t € (0,p]; here p, M are (positive) constants, p < 7.
The main result of this paper is the following theorem.

TaEOREM 2.2. There exist constants p, M such that

(a) if by >0, then problem (2.1), (2.2) possesses an infinite set of p-solutions x : (0,p] —
R, each of which belongs to WU(p, M). Moreover, for any constant « which satisfies the
condition |a — cp| < Mpf(p), there exists at least one p-solution x, € WU(p, M) such
that x,(p) = &
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(b) if by <0, then problem (2.1), (2.2) possesses at least one p-solution x : (0,p] — R
which belongs to W(p, M).

Proof. We can choose constants Q and M (cf. (2.6)) so that

2|61 <Q< g5 b5 (|br] — i | b)),

- (2.9)
M> (1 (b= Del L+ 1) (61| = g1 |2 - Qlbalgs)

Next, we choose p such that
0<p< 121219;),-, (2.10)

where all the p; are defined below (we choose p small enough, M and Q large enough so
that the choice of Q, M, and p ensures the validity of all the reasoning given below).

Let % be the space of continuously differentiable functions x : [0,p] — R with the
norm

llxllgy = max (|x(t)| +|x'(£)]). (2.11)
te[0,p]

Let U = 9B be such that for every element u € U, u: [0,p] — R satisfies the inequalities

|u(t) _ Ctr+1 | < MtHl/j(t),

(2.12)
|u/(£) = (r+1)ct"| <QMtB(t), te<(0,p],

and u(0) = 0, ¥’ (0) = 0; moreover,

Ve>0, VueW, V€ [0,p], i€{1,2}:|th—t| <d(e)= |u'(t1)-u' ()] <e

(2.13)

where 8(¢) = e(8B(t;))!; here B(t,) = I (t;) +t;7, t, is a constant such that ¢, € (0,p),
and if t € (0, 1], then the following inequalities are satisfied:

£

£
< — r < .
QM1tp(t) < 33’ (1+7)|clt" < 3

(2.14)

It is easy to see that AU is a closed, bounded, and convex set. Moreover, U is a compact set
(use the Arzela theorem).
There exists a (small enough) p; > 0 such that if p < p;, then

(bu)t " u(git) (ut) " (O —ru() 0 (qat) (2t) " —rulgat) (2t) ') €D
(2.15)

forallu € U, t € (0,p].
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Let x = yt~", where y: (0,7) — R is a new unknown function. Then we obtain the
following initial value problem:

Y (t)=at+biy(t)t "+ ry(t)t_1 +byy(qit) (qlt)fr
+b3q;"y (qot) —rbsqy" 'ty (qat)
+o(LyOr T y(@t) (@) "y (O =y, (2.16)

Y (@t) (@) "= ry(aat) (g2t) "),
y(0) =0.

Now we will consider the initial value problem

Y (t) = at+ b1yt +ryOt " +bou(git) (qit)
+b3qy ' (qat) — rbsgy "'t u(qat)

TN 2.17
+ (p(t,u(t)t”,u(qlt) (qut) " (1)t (2.17)
—ru(t "L (qat) (q2) " = ru(qat) (@20) "),
y(0) =0, (2.18)
where u € AU is an arbitrary but fixed function. Let
Do ={(t,y):t€(0,p], y eR}. (2.19)

In %y, for (2.17), conditions for the existence and uniqueness theorem [4] and conditions
for the continuous dependence of the initial data theorem [4] are fulfilled.
Now we denote

O = {(t,y):t€(0,p], |y —ct™ | = M B(1)},
Dy ={(t,y):t€0,p], |y —ct™™| <Mt B(1)}, (2.20)
H={(t,y):t=p, y—cp™ | <Mp"™'B(p)}.

Let the function A; : @y — [0,400) be defined by the equality
Ailty) = (y=ct™) (ep() (221)

and let a; : 9y — R be the derivative of the function A;. Using (2.17), we have

ar(t,y) = 2(¢B() 7 (b = (14 B (O (B(1) ) ) (y = ct*1)’

(2.22)
+(y—ct™ A (D),



Ravi P. Agarwal etal. 265

where

8100 ] < M8 (g ]+ 12 IO DAL ) i 0y =0

(2.23)

| bs
9

There exists a (small enough) p, >0 (see our choice of M at the beginning of the proof)
such that if p < p,, then

|AL(t) | < MEHB(E) by ], te(0,p]. (2.24)
Since Mt™1B(t) = |y — ct™!| when (t,y) € @y, it is easy to see that
signa; (¢, y) = signb; when (t,y) € O;. (2.25)

(1) Let by > 0 and therefore a,(t, y) > 0 when (¢,y) € ®,. We prove that the integral
curve of (2.17) which intersects @, at an arbitrary point (y, yo) for sufficiently small
[t —tol (t < p)lies in D), if t < ¢, and lies outside of By if t > to. In fact, let P(fy,x;) be an
arbitrary point belonging to @, and let Jp : (¢, yp(t)) be the integral curve of (2.17) which
passes through the point P. Then

A (to, yp(t)) = M?, ay (to, yp(to)) > 0. (2.26)
Therefore, if t; € (0,p), then there exists § > 0 such that
sign (A1 (t,yp(t)) — A1 (to,yp(to))) =sign(t—ty), |t—to| <6, (2.27)
or

sign (|yp(t) — et (1 B(1)) ! —M) =sign (t—ty), |t—to| <. (2.28)

But this means that (¢, yp(¢)) lies in 9, if t € (t, — 8,1t) and (t, yp(t)) lies outside of @ if
t € (to,to +6). If ty = p, then there exists § > 0 such that

A (t,yp(t) <Ai(p,yp(p)), te(p—35,p), (2.29)

or
|yp(t) —ct™ 1| (£718() " <M, te(p—d.p), (2.30)

and this means that (¢, yp(t)) lies in 9, t € (p — J,p). It follows from this that each of the
integral curves of (2.17) which intersect H remains in %), for all t € (0,p]. We consider
an arbitrary point G(p, yg) € H and let J,, : (t, y,(t)) be the integral curve of (2.17) such
that y,(p) = yg. It is easy to see that

[yu(t) —ct™ | <METB(), e (0,p], (2.31)
Yult) = (r+ et | < (2] [ +wa () MEB(1),  lim ws () = 0. (2.32)
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There exists a (small enough) ps > 0 such that if p < p3 (see our choice of Q at the begin-
ning of the proof), then

|y;(t) —(r+1)ct"| < QM1B(t), te(0,p]. (2.33)
Now we set
yu(0) =0, ¥,(0) = 0. (2.34)

Now we will prove that condition (2.13) is fulfilled. Let ¢ > 0 be given. We consider arbi-
trary points t; € [0,p], i € {1,2}. We have the following.
(a) If t; € [0, 1], i € {1,2}, then, in view of (2.14), (2.33),

|yu(t) = yu() | < 1yi(t) = A+r)etl | + (141t + |y, () — A +r)cts |
+(1+7)lclty <QMuB(H) + (1 +7)lclt] (2.35)

4
+QMbB(H) +(1+1)lclt; < 33£<§<s.

(b) If t; € [te,p], i € {1,2}, and |t — t2] < &(¢), then it is easy to see that there exists a
(small enough) ps > 0 such that if p < p4, then

lyu(t) = yu(t) | <L(t)[u (t) —u'(£) |

L , (2.36)
+ (63| +L(t) gy " [w (q2t1) — ' (q212) | +B(te) [t1 — t2].
Moreover, there exists a (small enough) ps > 0 such that if p < ps, then
1 9%
L(t) < 3’ L(t) < S te€ (0,p]. (2.37)
In addition to this, it follows from (2.6) that
1
[bslgx" < 5. (2.38)
Therefore,
4 r 1 4
lyu(t) = yu(t2) | < §| 1) —u' () |
(2.39)
5
+g| U (o) — v/ (q2t2) | +B(te) |t — t2|.
By assumption, |u'(t;) — u'(f,)| < e. Moreover, since g,t; € [0,p], i € {1,2}, and
gt — qat2| = g2 |1 — B2 ] < q20(e) < 8(e), (2.40)
we have, at the same time, |t/ (q211) — 1’ (q212)| < €. Thus,
’ ’ & 5¢ 7€
|yu(t1)_yu(t2)| <§+§+B(tg)6(£)=§<£. (2.41)
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(c) If t; € [0,t], t2 € [te,p], Or Vice versa, and |t — 2] < 8(¢), then we have #;, t, be-
longing to [0, %], t., t belonging to [, p], and [t — £, < |t — 1] < 5(e).
Therefore, in view of (2.35) and (2.41),

7€

lyi(t) = yu(t) | < lyu(t) = yi(te) | + [y (te) = yiu(t2) | < §+§ =e (242

This completes the proof of y, € . O

(2) Let by < 0 and therefore a; (t, y) < 0 when (¢, y) € ®;. Similarly, as in the case b; >0,
it can be proved that if an integral curve of (2.17) intersects ®; at an arbitrary point
(to> yo), then for sufficiently small [t —#| (t < p), the curve indicated lies in 9; if t > 1,
and it lies outside of 9, if t < t,. It follows that at least one of the integral curves of (2.17)
which intersect H is defined for all ¢t € (0,p] and lies in 9 if t € (0,p]. In fact, if an
integral curve of (2.17) intersects @1, then it has to intersect H. Let the mapping y : ®; —
H be defined in the following way: the point y(P) € H is assigned to the point P € ®;
if both of these points belong to a common integral curve of (2.17). We denote y(®;) =
{y(P): P € ®}. The set H\y(®;) is a nonempty one (H is a closed set, but y(®;) is a
nonclosed set since y(®;) is the image of the nonclosed set ®@). Let ], : (¢, y,(t)) be an
integral curve of (2.17) such that (p, y,(p)) € H\y(®;). Then J, : (t, y,(t)) cannot have
common points with ®,. Therefore, J, : (£, y,(t)) is defined for all t € (0,p] and it lies in
9, if t € (0,p]. As in the case b; > 0, we can prove that the inequalities (2.31), (2.33) are
fulfilled, and we can introduce notation (2.34) and prove that condition (2.13) is fulfilled.
Thus, y, € U.

Now we will prove in the case b; < 0 that if  — +0, then all integral curves of (2.17)
leave the set @\ {(0,0)}, with one exception, J, : (t, y,(t)). Let by < 0; we denote

D, (v)
Dy (v)

{(t,y):t€0,p], |y —yu(t)| =9t B(t)(=InD)},
{(ty):te0,p], |y—yu®)] <™ B(1)(~Int)},

(2.43)

where v is a parameter, v € (0,1]. Let the function A, : 9y — [0,+c0) be defined by the
equality

2

As(ty) = (y = yu() (£ B() (= Int))

and let a; : 9¢ — R be the derivative of the function A,. Using (2.17), we have

(2.44)

ay(t,y) = 2( B(1)(—Int) 7 (y = yu(0)* (b — £ (1+ 1B (D (B(1) "+ (Int)™1)).
(2.45)

There exists a (small enough) ps > 0 such that if p < pg, then ay(t, y) < 0 when (¢, y) €
Do, y # yu(t). In particular, a;(t, y) < 0 when (¢, y) € ®,(v) for any v € (0, 1]. Therefore,
for any v € (0, 1], an integral curve of (2.17) which intersects ®,(v) in an arbitrary point
(to, o), for sufficiently small [£ — £y (t < p), lies in D, (v) if t >ty and lies outside of @, (v)
if t < to (the proof is similar to the one for @;). Let Py (£, y«) € %,\{(0,0)}, Vi F Yults).
Then there exists v, € (0,1] such that Py € ®,(vx). As above, the integral curve of (2.17)

Js 1 (t, ¥« (t)), which passes through Py, lies outside of @, (v ) if t € (¢_, ¢4 ), where (£_,ty)
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is the left maximal existence interval for the solution y«. On the other hand, if (¢,y) €
%1\{(0,0)}, then

[y =yu@] <y —ct™ | + [ yu() = ct™ | <2ME*'B(E) < vit ™ B(1)(=1Int)  (2.46)

if t € (0,tx%), where f4« € (0,p) and ty is small enough. Thus, if (¢,y) € %,\{(0,0)}
and t € (0,t44), then (£, y) € Da(v4). Let t* = min{ty, ty« }. As above, the integral curve
Js : (8, y«(t)) lies outside of @;\{(0,0)} if t € (t_,#*) and we have proved our statement.

Now we can introduce an operator T: U — U by (Tu)(t) = y,(t). We prove that T:
U — AU is a continuous operator. Let u; € U, i € {1,2}, be arbitrary functions and let
Tu; = yi, i € {1,2}. lf ug = up, then y; = y,. Let [lug — wzllgy = d, d > 0. We will investigate
the behavior of the integral curves of the differential equation

Y (1) = at+biyO)t " +ry(Ot " + b (qut) (qut)
+b3qy 1) (q2t) — b3yt (qat)
+g0(t,u1(t)t*’,u1 (qt) (qut) uy ()t
—run (01 (qat) (92t) " = 1 (qat) (qat) ).

(2.47)

(It is obvious that y; : (0,p] — R is the solution of (2.47).) We introduce the following
notations:

®; = {(ty):t € (0,p], |y— ()| =yd (£4'B(1)' "},

v ( 47+l I-v (2.48)
D3 = {(t,y):t€(0p), [y—ya(t)| <yd” (£ B(1) '}
where v = (r+2)7%, y = 3b1["L2M) 7 (1ba| + 1) + 1.
Let the function Az : 9y — [0,+0c0) be defined by the equality
As(ty) = (y = 3 0)) () (2.49)

and let a3 : 9y — R be the derivative of the function As. Using (2.47), we have

as(t,y) = 28 B0) T (b4 (= 1401 47)
— (1=t OBE) ")) (y - 3a(D)’

+(y = na(D)As(1)),
(2.50)

and there exists a (small enough) p; > 0 such that if p < p7, then

| As(8)| < @M)' (b | +1)d” (£+7B(t)) '
| N (2.51)
|y —y2(t)| when (t,y) € @,
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since
lur (1) — ua(£) | < d” (Mt B(1)) ',
[ (qit) — o (qit) | <d"(2M(git) " Blqi)) ', i€ (1,23,
|ui (5) = up(H)| < d”(2QMB(1))" 7, (22
|11 (g21) = u3(gat) | <d(2QMatB(qat)) " € (0,p)
and the constant y is large enough.
There exists a (small enough) pg > 0 such that if p < pg, then
signas(t,y) = signb; when (t,y) € ©s. (2.53)

(1) Let by > 0 and therefore as(t,y) >0 when (t,y) € ®3. Then an integral curve of
(2.47) which intersects @3 in an arbitrary point (o, yo), for sufficiently small [t — £;]
(t < p), lies in D3 if t < ty and lies outside of s if t > ty. (The proof is similar to the
one for @ in the case by > 0.) In addition, y,(p) = y2(p) = ys. Thus, if t decreases from
t =p to t =0, then the integral curve of (2.47), J : (t, y1(t)), lies in 93 for all ¢ € (0,p]
because this integral curve cannot intersect ®3. We have

(1 B(1))' Y, te(0,p],

<y
< (|bl|+}’tr 1)y+(2M)1 v |b2| _|_1 1+r)(1—v)—r(/))(t))l—vd,,
(2.54)

[y1(8) = y2(1) |
[y1(t) = y5(0) |

Here 1-v>0, (1+7)(1—v)—r=(r+2)"! > 0. Thus, there exists a (small enough)
p9 >0 such that if p < pg, then

H- ()] <d’, te(0,p]. (2.55)

(2) Let by < 0 and therefore as(t, y) <0 when (t,y) € ®3. Then an integral curve of
(2.47) which intersects @3 in an arbitrary point (ty, yo), for sufficiently small [t — #;]
(t < p), lies in D3 if ¢ >ty and lies outside of %5 if t < ty. (The proof is similar to the
one for @; in the case by < 0.) In addition,

| y1(8) = y2 ()| < | yr(6) = et |+ | yat) — ™V | <2ME () < yd” (£ B(1))
(2.56)

when t € (0,¢(d)], where t(d) € (0,p) is small enough. Therefore, if t € (0,£(d)], then the

integral curve of (2.47), ] : (t, y1(¢)), lies in @3. As above, if ¢ increases from t = t(d) to

t = p, then the integral curve of (2.47), J : (t, y1(t)), cannot intersect @3 and therefore this

curve lies in 93 for all t € (0, p]. Further, we can get (2.54) and (2.55) as in the case b; > 0.
Thus, if |17 — wzllgy = d < 8(¢) = (¢/2)V”, then

max (131 = @) |+ [y1() = y5@0) )
e (2.57)

=lly1=22llgy = [[Twr = Tua[lgy < 5 <&

[\
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The reasoning given above does not depend on the choice of ¢ >0 and u; € U, i €
{1,2}. Therefore T: U — AU is the continuous operator. To complete the proof of the
theorem, it suffices to apply the Schauder fixed point theorem to the operator T: U — U.
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