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We prove an existence and uniqueness theorem for a class of Itd-Skorohod stochastic
equations. As an application, we introduce a Black-Scholes market model where the price
of the risky asset follows a nonadapted equation.

1. Introduction

The introduction of the anticipating (or Skorohod) integral in [8] and of the anticipat-
ing stochastic calculus in [7] has opened the question of solving anticipating stochastic
differential equations. In general, the existence and uniqueness of the solution for these
equations is not known. The difficulty of solving such equations is due to the fact that the
classical method of Picard iterations cannot be applied because the mean square formula
for the Skorohod integral involves the Malliavin derivation in a such way that we cannot
find “closed” formulas. Only in few particular cases do some results exist; see, for exam-
ple, [1, 2, 3]. We have recently proved in [9] that the set of Skorohod integrals coincides
with a set of integrals of It6 type. In the present work, using this correspondence between
Skorohod integrals and It6-Skorohod integrals, we introduce a class of anticipating equa-
tions (called Itd-Skorohod equations) that can be solved using standard techniques. As an
application, we introduce a market model where the price of the risky asset follows such
an equation with a random initial condition (the price at the transaction time). We prove
that our model is complete and has no arbitrage opportunities and we derive a Black-
Scholes formula when the initial price of the risky asset is given by a standard normal
random variable.

We organized the paper as follows. Section 2 contains some preliminaries on the an-
ticipating stochastic calculus. In Section 3, we define the class of Ito-Skorohod equations
and we prove the existence and uniqueness of the solution. In Section 4, we introduce a
market model with price dynamics following an It6-Skorohod equation and we obtain a
Black-Scholes option valuation formula and the expression of the replicant portfolio.
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2. Preliminaries

We start with some elements of the Malliavin calculus. We refer to [6] for a complete
presentation of this topic. Let (W (t)):c[0,1] be a standard Wiener process on the canonical
Wiener space (Q,F, P) and let (F;):c[o,1] be the filtration generated by W. A functional of
the Brownian motion of the form

F:f(W(tl)’-">W(tn))’ (2-1)

with #1,...,t, € [0,1] and f € C;°(R"), is called a smooth random variable and this class
is denoted by &. The Malliavin derivative is defined on & as

o

Xi

<

DF =) == (W(t),.... W(ta)) 1101 (), t€[0,1], (2.2)
i=1

Q

if F has the form (2.1). The operator D is closable and can be extended to the closure of
& with respect to the seminorm

k
IENL, = EIFIP + > E|[DYF||y 01, (2.3)
j=1

where D% denotes the ith iterated derivative. The adjoint of D is denoted by & and is
called the Skorohod integral. That is, § is defined on its domain

1
Dom(8) = {u e 12([0,1] x Q)/'EJ wD,Fds| < CIIFIILz(Q)} (2.4)
0
and is given by the duality relationship
1
E(Fo(u)) = ]EJ wD.Fds, ueDom(d),Fe. (2.5)
0
Recall that the variance of the Skorohod integral is
1 1l
E(6%(u)) = EJ uid(xﬂEJ J DptaDytsdacdp. (26)
0 0 Jo

By L7, we denote the set L?([0,1];D5?), for k > 1 and p > 2, and we note that L7 is a
subset of the domain of 8. The following version of the Ocone-Clark formula was given
in [7]:

t

F = E(F/Fioe) +J E(DoF/Fian)dW(a), for F € D2, 2.7)

N
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We will need the integration-by-parts formula
Fo() = 8(Fu)+ | - DiFuds (2.8)
(0,1]

if all above terms are defined. Recall also that if F is a random variable, Malliavin differ-
entiable, and measurable with respect to a o-algebra F4, A € B(R), then

DF =0, onA°xQ. (2.9)

We define, for k > 1 and p > 2, the sets of processes

t
AP = {X — (X e poupp X = J ud Wi, u € Lk»P},
0 (2.10)

t

Nkp {y = (V) repoup Vi = J

E[vy/Fsc|dWs, v € IL"’P}.
0

We will refer to the elements of N*? as Itd-Skorohod integral processes and to the ele-
ments of 5P as Skorohod integral processes. It has been proved in [9] that for sufficiently
regular integrands, the two classes coincide. As a consequence, to study Skorohod inte-
gral processes, it suffices to study Ito-Skorohod integral processes, which have two inter-
esting properties. Firstly, note that the integral Y; = f(f Elua/Fian:1dW, exists even for
u € L*([0,1] x Q) and has similarities to a classical It6 integral. Observe, by (2.6), that
this integral is an “isometry”:

t 2 t
]E(J E[ua/m,ﬂc]dwﬁ) _E j (E[tta/Fiore]) e (2.11)
0 0

Secondly, if we define, for every A < t, Yf = IOA Eluta/Fraq:1dWy, then the process (YN
is an F() sjc-martingale and we have

lim YtA =Y, as.andinL?. (2.12)
A=t A<t

We will now define the stochastic integral with respect to Ito-Skorohod integral processes.

Definition 2.1. Letu,v € L*([0,1] X Q) be adapted processes and consider more Y; = Y, +
fot E[tta/F(as1c |dWe + [y E[Ve/Fas)c ]da. By definition, for any adapted square integrable
process X,

t t
jxdes;: J XY, (2.13)
0 0

where

A A
E[MQ/F[a,t]c]dWa‘FJ E[Va/F[a,t]c]d(x (214)

Y3=Y0+J
0

0

and the integral on the right-hand side of (2.13) is understood in the semimartingale
sense.
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3. It6-Skorohod stochastic equations

In this section, we state and prove an existence and uniqueness theorem for a class of
anticipating stochastic differential equations using the method of Picard iterations. It is
known that in the anticipating stochastic calculus, this method cannot be applied because
the formula of the mean square of the Skorohod integral involves the Malliavin deriva-
tive and one cannot find “closed” formulas. We define here a new class of anticipating
equations, located “between” It6 and Skorohod equations, that can be solved by classical
techniques. Consider the following stochastic differential equation:

t
Xt=Z+J-

t
o (5, E(X/Fis.00) ) dW,s +J b(s,X.)ds. (3.1)
0 0

Note that the stochastic integral above is a Skorohod integral since the integrand is not
adapted and the initial condition is anticipating. The solution will also be anticipating.
In what follows, the coefficients o(¢,x),b(t,x) : [0,1] X R — R are given and satisfy the
following standard conditions.

(H1) (Measurability): ¢ and b are jointly measurable in (¢,x) € [0,1] X R.

(H2) (Lipschitz condition): there exists a D > 0 such that for all t € [0,1] and x € R,

|o(t,x) —o(t,y)| + | b(t,x) — b(t,y)| <Dlx—yl. (3.2)

(H3) (Linear growth condition): there exists a C > 0 such that for all t € [0,1] and
x€eR,

la(t,x)|*+ | b(t,x)|* < C2(1+|x]?). (3.3)

We also make a hypothesis concerning the initial value Z.
(H4) Z is a random variable with E|Z|? < .

A square integrable process that satisfies a.s. (3.1) is called a solution of (3.1). For given
coefficients o and b, any solution X will depend on the initial value Z. We will say that the
solution is unique if, for every t € [0,1], P(X} = X?) = 1 for any two solutions X! and X
with the same initial condition.

We start by proving the existence and the uniqueness of the solution of (3.1).

THEOREM 3.1. Under assumptions (H1), (H2), (H3), and (H4), stochastic equation (3.1)
has a unique solution X, on [0, 1] with

sup E|X;|” < oo. (3.4)

0<t<l

Proof. Throughout this proof, K will denote a generic constant depending only on D and
E|Z|%. We consider the usual Picard iterations Xt(o) = Z and

t
XD :Z’LJ O.(S,E(Xs(n)/F[s)t]c))dWS-FJ b(s,X")ds. (3.5)
0

t
0
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We first prove the existence of the solution. We have, from (2.6), (H3), and Holder’s
inequalities, that

2

) t 2 t
E|x —Xf")) sZEH 0 (s, E(Z/Fisy¢))dWs +2EU b(s,Z)ds
0 0

t t
SZEJ |a(s,E(Z/IF[5,t]u))|2ds+2tEJ |b(s,2)|*ds
0 0

(3.6)
t t
< 2C2EJ (1+ |E(Z/Fioe) |2>ds+2tC2EJ (1+1Z1%)ds
0 0
<Kt
Using the same arguments and condition (H4), we obtain
I 2 t 2
E|X X" < 2| [ (0l EX /Bl - o (B i) )dw,
t 2
+2B| [ (b X) ~bls X0 ds
0
t
< mj (0 (s E(X®/Fro)) — o (s E(XOD/Freq))ds (B.7)
0

t
+2UE j (b(s,X™) — b(s,X("1)) ds
0

t
<2D*(1 +t)J E|X® — XD |%gs.
0

By induction, one can show that there exists K > 0 such that forall t € [0,1] and n > 1,

2 (Kt)nﬂ

(n+1) (n)
E|X - X, < .
! ! (n+1)!

(3.8)

Relation (3.8) and standard arguments imply the convergence, in L>(Q), of the successive
approximations X" to a limit X; defined by X; = Z+ 3% (X" — x").

To prove that X is a solution, we take the L?>(Q)-limit in (3.5) as n — c0. Obviously,

t 2
25| [ (0B i) — o (5 E(/Fluar)) AW,
0

t
SKJ E|X™ - X,|*ds — - 0, (3.9)
0
E

t 2 t
j (b(s, X)) — b(s,X,))ds SKJ E| X = X, | ds — 0 0.
0 0
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The uniqueness of the solution is given by Gronwall’s lemma since for any two solutions
X, Y with the same initial condition and for every t € [0, 1], we have

t
E|Xt—Y,|25KJE|XS—YS|2ds. (3.10)
0
Concerning bound (3.4), we will only note that standard techniques apply (see, e.g., [4]).
O
Remark 3.2. We define the following stochastic differential equation:

t t
Xt = ]E(Z/th) + J O(S,]E(XS/F[S’t]E ) )dWS + J b(S,]E(XS/F[S,t]C) ) dS. (31 1)

0 0

Following the lines of the proof of Theorem 3.1, one can show that (3.11) admits a unique
solution X with sup,_,_; E|X;|? < co.

In the particular case of linear coefficients, one can explicitly obtain the solution of
(3.11).

COROLLARY 3.3. Let 0,b € R and X, € L*(Q). Consider the equation
t

Xt = E(X()/Ftc) +J

t
OB (Xo/F(s.¢) AW, +J bE (Xy/F sy ) ds. (3.12)
0 0

Then the unique solution of (3.12) is given by
X; = E(Xo/Fyc )" Wet b=/t (3.13)

Proof. Denote M, = e?Wrt(b=0*/2)t Then M; satisfies the equation

t t
M, = 1+J oMW, +j bM.ds, (3.14)
0 0

and using (2.8) and (2.9), we obtain

Xt = ]E(X()/Ftc)Mt
t

= E(Xo/Fs) + I

t
0E(Xo/Fe) Md W + j bE (Xo/Fy ) Mds
0 0

t t
= ]E (X()/F[s,t]c ) + J UE (]E (X()/]Fgc )MS/]F[S,t]” ) dWS + J bE (E (XO/FSIJ )MS/]F[S,I]C ) dS
0 0
t t
~ E(X/Fe) + | OB(X/Fia)dW,+ | BE(X/Fluip)ds
0 0
(3.15)
O
4. Black-Scholes model driven by It6-Skorohod stochastic differential equations

We introduce, in this section, a market model with price dynamics following an It6-
Skorohod stochastic equation. As usual, we will consider two assets on the probability
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space (Q,F,P,(IFy)teio,1): the safe investment A = (A¢)icqo,1] satisfying A, = 1+ rfOtAsds

and the risky asset S = (S;)¢c[0,1] with price dynamics following the stochastic differential
equation

t t
S = E(So/Fr) +J OB (S,/Fiere) W, +I B (So/Fios1c)ds. (4.1)
0 0

Clearly, A; = e and Corollary 3.3 implies that
Sy = E(So/Fye) e Witb=o*/2)t, (4.2)
The value of the portfolio at the instant ¢ is defined by
Vi = hiA¢ + HiSp, (4.3)
where the components h,H € L?>([0,1] x Q) are adapted to the Brownian filtration and

represent the quantities of the safe asset and the risky asset at the instant .
We say that the portfolio (hs, Hy)ic[o,1] i self-financing if

t t
Vi = E(Vo/Fe) +J hedA, +J H.ds., (4.4)
0 0

where the differential dS is understood in the sense of Definition 2.1.

Remark 4.1. Note that Definition 2.1 can be used although the initial value depends on ¢
because, by the Ocone-Clark formula (2.7), we can write

t
E(SO/F[C) = SO - J E(DSSO/F[S)t]c)dWS. (45)
0
In other words, the self-financing condition (4.4) can be written as

t t
Vl‘ = E(V()/]Fta) + J hsrersds — J HSE(DSSO/F[S)t]c)dWS
0 0
t t (4.6)
+ J HSUE(SS/F[S,t]c)dWS + J bHSE(SS/]F[S’t]c)dS.
0 0

In the following, we will denote by S; = e™"*S; the discounted risky asset price. A nec-
essary and sufficient condition for the portfolio, to be self-financing, is given in the next
result.

PROPOSITION 4.2. Assume that h,H € L*([0,1] X Q) and let the process V be given by (4.3).
Denote V; = e V,.Then the portfolio is self-financing if and only if

t
Vi = E(Vo/Fy) + J H,dS, foreveryt e [0,1]. (4.7)
0
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Proof. Suppose that V satisfies (4.4). Define, for every A € [0,¢],

A A
V/‘,t = ]E(Vo/]Ftv.) + J hsre”ds — I HSE(DSS()/IF[S’t]C)dWS
0 0
A 1 (48)
+ J HoE(So/F i) AW, + J bHE (S/Fis ) ds.
0 0

It is not difficult to check that V) ; = E(Vy/Fy4¢).
We can write Itd’s formula for e ™V, since, for fixed t, the process (Vi ¢)ico, is a
F[)¢c-semimartingale. It holds, taking the limit (a.s. or in L?) as A — , that

t

t
Vl‘ = E(V()/]Fta) +J eirshsrersds - I eirSHsE(DSSO/]F[S,t]E)dWS
0 0

t t t
+ J e SoHE(Ss/Fisye) dWs + J e "bHE(Sy/Fgsc)ds + J Vii(—re ™)ds
0 0 0
, (4.9)
= B(Vo/Fy) - | e P HE(DSo/ i) dW,
0

t t
; J e " GHE(S/Fise)dW, + J e (b — 1) HE(Sy/Fios1c) ds.
0 0

On the other hand, writing It&’s formula for e=™S, ; with

A

A
S,\,[ = E(SO/Ftc) +J O-E(SS/F[SJ]C)dWS +J bE(SS/F[S’t]c)dS = E(SA/F[AJ]C), (410)
0

0

we get

t t
§ = E(So/Fye) + J eSO (S,/F o) AW, + I e (b= NE(SS/Fl)ds.  (411)

0 0
Identity (4.7) follows from (4.9) and the above equation using Definition 2.1. The proof
of the necessary part is not more difficult. O

Let T be the exercise time. In the classical Black-Scholes settings, to prove the nonexis-
tence of arbitrage, it suffices to exhibit a probability measure equivalent to P under which
the discounted price S is a martingale. In our case, we have the following.

PrOPOSITION 4.3. The unique probability measure P equivalent to P under which the pro-
cess Si/E(So/F <) is a martingale is given by the Radon-Nikodym derivative
dp r—u 1(r—u)?

ap P Wt

T P-as. (4.12)

Under probability P, the process W, = W+ ((b — r)/0)t is a standard Brownian motion and
the discounted price S satisfies the equation

t

gt = ]E(SO/Ftc) + J UE(SS/F[S’t]C)dWS. (413)
0
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Proof. Denote Z; = S,/E(So/Fyc) = e " e?Wit(b=0*/2)t Tt is well known that there exist the
unique probability P and the Brownian motion W as above and it holds that Z, = 1 +
fot 0Z,dW,. Taking into account that the natural filtrations of W and W coincide, we get

t t

ok (SQ/FtC)ZSdWS = E(SQ/IF#) +J oE (SS/F[s,t]f) dWS

0
(4.14)
0

St = E(S()/]Fﬂ)zt = E(SO/Fr:) +J
0

Remark 4.4. Note that, by Corollary 3.3, we have S; = E(So/F)e?Vi=(@*/2t Also, an im-
mediate consequence of Propositions 4.2 and 4.3 is the fact that the market is complete
and has no arbitrage opportunities.

Consider Vi = (Sy — K)* the payoff function of the European call option with exercise
time T and strike price K. Denote by E the expectation with respect to P and by D the
Malliavin derivative with respect to W. By formulas (4.7) and (4.13), we have

t t
Vt = E( V()/]Ftt) — J() HS]E(DSS()/F[S,[]E)(){WS + JO O-HSE(SS/F[SJ]C ) dWS (4.15)
Taking the conditional expectation with respect to the o-algebra F;, we obtain
t t
B(V/F,) = E(Vo) - j HE(D.So/F.)dW, +j GHE(S./F.)dW.. (4.16)
0 0

Therefore, the process (E(Vt/Ft))[g[O)l] is a martingale and, for every t < T, it holds that
]E(Vt/Ft) = IE(VT/Ft) or

E(V/F,) = E(e " T V/F,). (4.17)

We have the following option valuation Black-Scholes formula.

PrOPOSITION 4.5. Assume that the terminal value is given by Vi = f(Sr) with f(x) =
(x — K)" and the initial price of the risky asset is S = W1 + ¢, where c is a positive constant.
Then

- _ St )
E(V/F) = G(t 7o) (4.18)

where

1
2n(1—=T)

X [x(J e /=Ty 4 C)N(dl)du> —Ke1(T-1 I e‘”z/(l_T)N(dz)du]
R R

G(t,x) =
(4.19)
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with

In (K/x(u+c)) + (r+0%/2)(T - t)
oVT—t ’ (4.20)
dy=dr(x,u)=dy —ovT — t,

di =di(x,u) =

and N(d) = (1/v/27) [*, e=*"2dx.

Proof. Using the fact that the increments of the Wiener process are independent on dis-
joint intervals, the Markov property and (4.17) imply that

E(Vi/Fy) =E[e ™0 £ (Sr)/F:]
:E[e—r(T t)f( oW+(r— 02/2)t]E(SO/]FT) U(WT—Wt)+(r—o'2/2)(T—t))] (421)
S
where
G(t,x) = e "TIR[ f (xE(So/Fpc)e?Wr=Wotr=0*/2)(T-0)y ] (4.22)

Since E(So/Fr<) = W1 — Wt + ¢, by the joint normal distribution of (W, — Wy, W — W),

1
G(t,x) = ———
%)= =T
XJ e—lﬂ/Z(l—T)( e (I-0 Jf(x(u_l_C)eav+(rfaz/2)(T7t))e—vz/Z(Tft)dv>du
R V2r(T —t) Jr .

(4.23)

We refer to classical arguments (see [5]) to get

271((T—t J F(x(u+o)e ov(r—02/2)(T— D) —VT-1) g, ot
=x(u+c)N(d(x,u)) = Ke " TIN (da(x,u)),

where d, d, are given by (4.20) and the conclusion follows. O

Since the market is complete, every bounded contingent claim is attainable. There-
fore, it is of importance to find the expression of the replicant portfolio. This is given in
Proposition 4.6.

ProrosiTiON 4.6. Under the hypothesis of Proposition 4.5 and denoting g(t,x) =
e ""G(t,e"'x), the replicant portfolio is given by

~ -1 ~
S og St
H=|co—t— 1 Sy " a—
f (“’ E(So/Fr) ) 08x< IE(SO/]FF)>
_ St >_ St
hf_G<t’ W, — Wi+c "E(So/Fg)

(4.25)
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Proof. Denote M; = S;/I(Sy/F;c). We utilize the classical procedure to determine the un-
known quantities & and H. We have that

]E(Vt/]Ft) = e_”]E(Vt/IFt) = e_”G(t, L)

R (So/Fre
] (So/Fe) (4.26)
—rt rt t —rt rt
= > =/a s\ = > M
e G(t e E(SO/EC)> e ""G(t,e"" M;)
with G a C® function on [0, T) x R. Writing It6’s formula for g(¢, M;), we obtain
' og _
(6, M,) = g(0,Mo) +J 028 (1, M,) M ATV,
0o Ox
™ | g (4.27)
2 4 2202
+ L o (u,M,)du+ 5 Jo 52 (u,M,))0* M. du.
Note first that the bounded variation part is zero. On the other hand, by (4.7),
t t
E(V/F,) =E(Vy) - J H,E(D,Sy/F;) +J oH,E(Sy/F)dW,. (4.28)
0 0
By (4.27) and (4.28), the natural candidate for H satisfies o(dg/0x)(s,M;)M; =
oH,E(Sy/F,) and since E(S,/F;) = E(S;) M, we obtain relation (4.25). O
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