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A random map is a discrete-time dynamical system in which one of a number of transfor-
mations is randomly selected and applied at each iteration of the process. In this paper,
we study random maps. The main result provides a necessary and sufficient condition for
the existence of absolutely continuous invariant measure for a random map with constant
probabilities and position-dependent probabilities.

1. Introduction

Random dynamical systems provide a useful framework for modeling and analyzing var-
ious physical, social, and economic phenomena. A random dynamical system of special
interest is a random map where the process switches from one map to another according
to fixed probabilities [5] or, more generally, position-dependent probabilities [1, 3, 4].
The existence and properties of invariant measures for random maps reflect their long-
term behavior and play an important role in understanding their chaotic nature.

It is well known that ifa map 7:1 — I, I = [0,1], is piecewise expanding, then it pos-
sesses an absolutely continuous invariant measure (ACIM) [2]. This result can be general-
ized to random maps where the condition of piecewise expanding is replaced by an aver-
age expanding condition where the weighting coefficients are the probabilities of switch-
ing [3, 4, 5]. Such results have been generalized in [1]. There are a number of interesting
examples which do not fall into the average expanding condition for which the conditions
of this paper may present a possible approach.

Consider the following simple random maps on I:

(x+1)
2 b

T1(x) = ’25 T2(x) = (1.1)
with constant probabilities p; and p,. 7; has an attracting fixed point at 0, while 7, has
an attracting fixed point at 1. Thus, neither 7; nor 7, has an ACIM, yet any random
map based on these two maps has Lebesgue measure as its unique ACIM. This shows
that a random map does not necessarily inherit the properties of the underlying maps.
Consider now an expanding map 7, on I and the logistic map 7, on I. Both maps have
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an ACIM, but the “average expanding” sufficiency condition for existence of an ACIM for
the random map based on 7; and 7 fails since 7, has regions of arbitrarily small slope.
Hence, in general, we cannot conclude that even such a simple random map admits an
ACIM.

The foregoing suggests the need for results that can establish existence of an ACIM
directly for random maps. To this end we generalize a theorem of Straube [7], which
provides a necessary and sufficient condition for existence of an ACIM of a nonsingular
map, to random maps. We consider both random maps with constant probabilities and
random maps with position-dependent probabilities.

In Section 2, we present the notation and summarize the results that we will need in
the sequel. In Section 3, we prove the main result.

2. Preliminaries

Let (X,9%,1) be a measure space, where A is an underlying measure and let 74 : X — X, k =
1,2,...,K be nonsingular transformations. A random map T with constant probabilities
is defined as

T= {T1>72>~--:TK3P1>P2>-~-)PK}a (21)
where {p1, p2,..., px} is a set of constant probabilities. For any x € X, T(x) = 1;(x) with

probability px and for any nonnegative integer N, TV (x) = 74 © Tgy , © * - - © Tk, (x) with
probability H?’:l Pk;- A T-invariant measure satisfies the following condition [6]:

W(E) =

M=

pru(z ' (E)), (2.2)

k=1

for any E € %.
A position-dependent random map T is defined as

T= {Tl,Tz,.. TR P1 (x),pz(x),. .. ,pK(x)}, (2.3)

where {p(x), p2(x),...,px(x)} is a set of position-dependent probabilities, that is,
25:1 pr(x) =1, for any x € X, T(x) = 1x(x) with probability pi(x) and for any nonnega-
tive integer N, TN (x) = 14, © Tk,_, © - + - © Tg, (x) with probability

Pry (TkN—l Ot 0Tk (x))Pqu (Tkaz O O0T (X)) © Pl (x) (2'4)

In [2], it was proved that a T-invariant measure y is given by

WEB= [ psduo), (3)

for any measurable set E € 9.
We now recall some definitions and results from [6, 7] which will be used to prove our
main results in Section 3.
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Definition 2.1. A set function ¢ : B — R is finitely additive measure if
(i) —o0o < P(E) < oo, for all E € B;
(i) ¢(D) = 0;
(iii) suppeg [9(E)| < 005
(iv) ¢(E1 U E;) = ¢(E1) + ¢(E,), for all Ey, E; € B such that E; N E, = O.
Definition 2.2. A finitely additive positive measure y is purely additive measure if every
countably additive measure v = 0, v < y is identically zero.

TaEOREM 2.3 [7]. Let ¢ be finitely additive (positive) measure. Then ¢ has a unique rep-
resentation ¢ = ¢, + ¢,, where ¢, is countably additive (¢. = 0) and ¢, is purely additive

(¢p = 0).

LEmMMA 2.4 [7]. If u is a finitely additive positive measure on B, then y. is the greatest
measure among countably additive measures v with 0 < v < p.

TueOREM 2.5 [7]. Let ¢ be a finitely additive positive measure on a o-algebra B and let
v be a countably additive positive measure on %B. Then, there exists a decreasing sequence
{En}u=1 of elements of B such that lim,_. v(E,) = 0 and ¢(E,) = ¢(X).

THEOREM 2.6 [6]. Let (X,B,A) be a measure space with normalized measure A, and let
f:X — X be a nonsingular transformation. Then, the following conditions are equivalent:
(i) there exists an f-invariant normalized measure y which is absolutely continuous
with respect to A;
(ii) there exists § >0, and a,0 < a < 1 such that

ME) <8 = supA(f *(E))<a, Eec%B. (2.6)
keN

3. Existence of absolutely continuous invariant measures

In this section, we prove necessary and sufficient conditions for existence of an absolutely
continuous invariant measure for random maps. For notational convenience, we consider
K =2, that is, we consider only two transformations 71, 7. The proofs for larger number
of maps are analogous. We first consider random maps with constant probabilities, then
random maps with position-dependent probabilities.

TueoreM 3.1. Let (X,%B,A) be a measure space with normalized measure A and let 7;: X —
X, i = 1,2 be nonsingular transformations. Consider the random map T = {11,T2; p1, 2}
with constant probabilities py,p,. Then, there exists a normalized absolutely continuous
(w.r.t. A) T-invariant measure p if and only if there exists § >0 and 0 < a < 1 such that
for any measurable set E and any positive integer k, A(E) < & implies

piA(z7 (E)) + paA (15 (E)) < o
PIMT2(E)) + prpaA(15 17 H(E)) + prpoA (7 15 H(E)) + pIA (15 H(E)) < s
(3.1)
> pipic Pkt (E) < a

(11512583 5ee05ik )
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To prove this theorem, we first prove the following two lemmas.

LemMa 3.2. Let (X,%B,A) be a probability measure space and let y be absolutely continuous
with respect to A, = f - A, for f an LY(X, B, ) function. Then, there exists a constant M > 0
and a measurable set Ay such that u(A¢) < 1/10 and f < M on X \ A,.

Proof. Consider the following sets:
B,={xeX:in<f(x)<n+1}, n=0,1,... (3.2)

Clearly, {B,} are disjoint measurable sets and X = Uj>_(B, and 1 = u(X) = >, u(B,).
Thus, there exists an M > 0 such that >, 4(By,) < 1/10. Let Ag = U,,_»; Bs. Then on
X\ U,y Bn f(x) <M. |

For any measure ¢, any integer k, and any measurable set E, define

Af(E) = > papi- e pad(m Tyt (E)). (33)

(1158253 50.051k)

It can be easily shown that A} and A are normalized measures and A} are measures
absolutely continuous with respect to A7.

LemMa 3.3. Let M be the constant from the previous lemma and let § be such that M§ +
1/10 < 1/4. Then, for any n > 1, and any measurable set A, AL(A) < 8 = A4(A) < 1/4.

Proof. Let M and A be as in the previous lemma. We have

A(A) = > pipn e pip(Ttt TN (A)
(11512513 50e0sin)
= 2 ppn o p(rn T (A N AY)
(i1,02,03500050n)
+ > Papn Pt (A N (X A))
(i1582513 52 05in)
1 o -
< Z PiPir * - 'Pinﬁ"' z pilpiz"'pinM/l(TillTizl"'Tinl(A))

(1151251350010 (i1,258350.050n)

1 A 1 1
< E +MAn(A) < E +Md < Z
(3.4)
O
Proof of Theorem 3.1. Suppose
2
wE)=> pu(r7"(E)), E€B, uX)=1, pu<i (3.5)

i=1

We want to prove that there exist § >0, 0 < a < 1 such that for any E € % and for any
positive integer k,

ME) <8 = A}E) < . (3.6)
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Suppose not. Then, for any «, 0 < a < 1, there exists E € % and there exists a positive
integer 1y such that

ME) <& = A} (E) >a, (3.7)

where E € 9.

Choose 6 > 0 such that M6 + 1/10 < 1/4, where M is the constant of Lemma 3.2. Let
1y be the index corresponding to § in formula (3.6). Then by Lemma 3.2, we have, for
AeB,

MA) <8 = p(A) < i;
. (3.8)
Al (A) <8 = Ay (A) < +
Let « = 1 — /2. Then,
A} (X\E)=1-A} (E)<1-1+8=0. (3.9)
From our choice of §, we get
A (X \E) < i. (3.10)
Since y is invariant, we have
y(X\E)zAﬁO(X\E)<i. (3.11)
Thus,
= u(X) = pB) +p(X\E) < £+, (3.12)

a contradiction.
Conversely, suppose that there exists § >0 and 0 < a < 1 such that for any measurable
set E and any positive integer k, A(E) < § implies

PIA(TH(E)) + poA (1 1(E)) < a5
PIMTTE)) + prpad (w317 ' (B) + pupad (3 ' 03 (B)) + p3M (132 (E)) < o5
(3.13)
> pipi e pid(r it N (E)) <

(115823 50.051k)

We want to show that there exists a measure g such that u(E) = 37, piu(t; '(E)), E € B,
u(X)=1land yu <A
Consider the measures A, defined by

n—1
M(E)i= - 5 ML(E), E€®. (3.14)
k=0
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It can be shown that for all n, A, are normalized measures. Moreover, if A(E) = 0, then
An(E) = ME) + piA(7; ' (E)) + p2A (7, ' (E))
I (B) + pipaA(ry 1 (B)) + pupad (7' (B)) + oA (2 ()
Tt Z DPipi, - 'pinA(TiTlTigl e 'TiZI(E)) =0,

(11582513 500051n)

3.15)

by nonsingularity of 7; and 7,. Hence A, < A. We imbed A, in the dual space Lo, (A)* of
Lo (1) in the following way:

a(f) = jX Fdh  feLub). (3.16)

For every n,

9D = ||| <171 [ dha =11 (3.17)

Hence, for each #, [|g,|l < 1. Thus, the A, can be thought of as elements of the unit ball
of Lo (A)*. This unit ball is weak*-compact by Alaoglu’s theorem [7]. Let v be a cluster
point in the weak*-topology of L (1)* of the sequence (1) 1.

Define a set function y on % by

u(E) = v(xe)- (3.18)

We claim that g is finitely additive, bounded and it vanishes on sets of A-measure zero:
w(D) =v(xz) = v(0) = 0, since v is a linear functional. For any E € &,

W(E) = v(xz) = limgn, (xz) = limJ d\,, = lim A, (E)
§— 00 5= )| §— 00

= (3.19)
=lim — > A}(E) 20,
§—00 nS k=0
since Ai is a measure. Thus,
0<u(E)=uX)= Slig}/lns(X) =1. (3.20)

Now,

#(UE’) = !ijg/ln,» (UE) = slijng\ns (E;)
; i-1 i1

(3.21)

Let A(E) = 0. Then y(E) = lim,_ A, (E) = 0, because A, < A. Hence, y is finitely addi-
tive, bounded, and it vanishes on sets of A-measure zero.
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@ is T-invariant:

ns—1
H(B) = lim A, (B) = lim - " Al
s 120
= A (E)+AA(E)+ + AL _(E)

. (3.22)
—Slgp.o " ME) + piA(7; ' (E)) + p2A(7; ' (E))
+--t Z Di pi, * - 'Pinrl/\(TzTITi;l o 'Ti;sll(E))]'
(11582513 5-0ing—1)
On the other hand,

Zp# "'(E)) = pua(r ' (B)) + pops (13 (E))
1 ns—1 1ns—l
—Pl}ggn— Z A (T H(B)) + polim = 37 Ay (73 (E))
k=0
= lim - [pli (r71(E)) + pM(172(E)) + pol (73 ' H(E)) +

+ Z Dii Piy  * * Piy ( Ti) 1Ti;1 ety (T;I(E)))}

Ing—1
(i1512,135000sing—1)

+p2{/1(T21(E)) + piA (i H(E)) + poA (15 2(E)) + (3.23)

+ Z pipi, " - 'pins—l ( 1117'-1;1 te Tinsll(Tz_l(E)))}]

(1151258350 5Ing 1)
‘}132” [mm (E)) + pid(ei*(E)) + prpod(zy 1 H(B)) + - - -
+ P Z PisPiy * * Py ( 111‘[1;1 T, (T;I(E)))

Ing—1
(11512583 50005ing 1)

+ poM(13 1(E)) + papid (7', H(E)) + p3A(3 2 (E)) +

(1512513 yeesing 1)

+p2 > piPucPin (,,lrizl---riﬂfl(rz“(E)))]-

Clearly,

w(E) => piu(r7 ' (E)). (3.24)



140  ACIMs for random maps

Thus, we have shown that g is a finitely additive T-invariant measure. By Theorem 2.3, u
has a unique representation

P= e+ fhp, (3.25)

where pi. is countably additive and y, > 0 and y, is purely additive and y, > 0. We claim
that y. # 0. Suppose y. = 0. Then by Theorem 2.5 there exists a decreasing sequence
{En}u=1 of elements of B such that lim, .. A(E,) = 0 and y(E,) = u(X) = 1. Thus, there
exists an integer n such that for all n > ng, A(E,) < § and, as a consequence of our hy-
pothesis, we have, for all k,

A} (E,) < (3.26)
Hence
M(En) <a, k=1,2,3,.... (3.27)
Thus, u(E,) = lim,_« g,,(E4) < « < 1, a contradiction. Now,

u(E) = pru(rH(E)) + pop(1, 1 (E))
= puipe (11 (B)) +pp (771 (B)) } + podpse (751 (E)) +pp (731 (E)) } (3.28)
= [pipc(t7(E)) + papte (13 ' (E)) } + { praap (7171 (E)) + paptp (731 (E)) }.

Clearly m : B — R, defined by

m(E) = ppc (17 ' (E)) + paue (171 (E)), (3.29)

is a countably additive measure, and m < y. Thus, by Lemma 2.4, we have m < y. and
hence

E .uc(E) - m(E) = ,uc(E) - {plﬂc(Tfl(E)) +P2#c(T{1(E))} (330)

is a positive measure. But this measure has total mass zero. Hence, it is a zero measure.
Thus y, is T-invariant. Because y vanishes on sets of A-measure zero and 0 < y. <y,
we have y, < A. Finally, y(E) = p.(E)/p.(X) is normalized, T-invariant, and absolutely
continuous with respect to A. (]

We now state the analogous result for position-dependent random maps.

THEOREM 3.4. Let (X,B,A) be a measure space with normalized measure A and let 7;: X —
X, i = 1,2 be nonsingular transformations. Consider the random map T = {11,7T2; p1,p2}
with position-dependent probabilities py, p,. Then there exists a normalized absolutely con-
tinuous (w.r.t. A) T-invariant measure y if and only if there exists 6 >0 and 0 < a < 1 such
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that for any measurable set E and any positive integer k, M(E) < § implies

J p1(x)dA+ J pa(x)dA < a;
7' (E) 5 '(E)

[ pp@eds | | p@pn@)a
17 2(E) (E)

T

o] p@pEEds | p@pne)dce 63

7, 2(E

Z J(,1 -1 o Pil (X)Piz (Ti1 (x)) .. 'pik(Til Tjy* v Tik,l(x))dA <a
(i1 insizit) © Tt T " T (E)
Proof. The proof is analogous to the proof of Theorem 3.1. 0
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