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We find a Stroock formula in the setting of generalized chaos expansion introduced by
Nualart and Schoutens for a certain class of Lévy processes, using a Malliavin-type deriva-
tive based on the chaotic approach. As applications, we get the chaotic decomposition of
the local time of a simple Lévy process as well as the chaotic expansion of the price of a
financial asset and of the price of a European call option. We also study the behavior of the
tracking error in the discrete delta neutral hedging under both the equivalent martingale
measure and the historical probability.

1. Introduction

In general, a Lévy process has not the chaotic representation property (say CRP for brevi-
ty) but Nualart and Schoutens have developed in [8] a kind of generalized CRP for a large
class of Lévy processes. This work enabled to define a Malliavin-type derivative using
the chaotic approach in a recent paper of Léon ef al. [6]. The main goal of the present
article is to get a Stroock formula in this setting. This formula gives the kernels of the
chaotic decomposition of smooth random variables as functionals of the underlying Lévy
process. For a complete survey on Lévy processes, we refer to [2, 14].

We apply this formula to obtain the chaos decomposition of some functionals of sim-
ple Lévy processes. These processes are the sum of a Wiener process and m independent
Poisson processes. As it is pointed by the name, they are easy to handle and very useful
for doing simulations since they approximate the square integrable compound Poisson
process in the L2(Q x [0, T]) sense (see [6]). In particular, they approximate the process
given by the sum of jumps with size greater than € > 0.

In this paper, firstly, we obtain the decomposition of the local time L(#,x) defined as
the density of the occupation measure. Secondly, taking account that these simple Lévy
processes have been studied in [6] for pricing and hedging options in financial markets
driven by such processes, we apply the Stroock formula to obtain the chaos expansion of
an asset price as well as the price of a European call option based on this asset. The chaotic
approach enable us to study the asymptotic behavior of the variance, since the terms of
the chaotic expansion are orthogonal and in particular uncorrelated, and this is useful in
practical hedging.
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The paper is organized as follows. The second section is devoted to recall some defini-
tions and results related to Lévy chaotic calculus as well as to give some new remarks. In
the third section, we get the Stroock formula. The fourth section is devoted to apply it in
order to obtain the chaotic expansion of the local time of a simple Lévy process. Finally,
the last three sections discuss chaotic expansions for the price of a financial asset and the
price of a European call option, in a simple jump-diffusion model as well as the asymp-
totic behavior of the variance of the tracking error for discrete delta neutral hedging with
respect to the mesh of the subdivision and under both the equivalent martingale measure
and the historical probability.

2. Basic elements of Lévy chaotic calculus

2.1. The Teugels martingales family associated to a Lévy process. Let X = {X;:t > 0}
be a real-valued Lévy process defined on a complete probability space (Q, %, P). Hence-
forth, we always assume that we are using the cadlag version. Let {&; : t > 0} be the nat-
ural filtration of X completed with the P-null sets of &. We also assume that the Lévy
measure v of X satisfies the following condition: there exist ¢ > 0 and § > 0 such that

[ 95l y(dx) < +o0, @2.1)
(—&6)°

where (—¢,¢)¢ stands for the complement of the interval (—e¢,¢). This implies that X; has
moments of all orders and that the polynomials are dense in L*(R,P o X;!) (see [8]).
Define

xV=x, x"=> (ax), iz2 (2.2)
We have the following.
(i) The processes X0 = {Xt(’) :t=0},i=1,2,..., are Lévy processes that jump at the
same points as X.

(i) E[X"] = m;t, where m; = E[X;] and m; = 15, xiv(dx), i = 2.
Now define

Yt(i) :Xt(i) —m; t, i= 1,2,.... (23)

(iii) The processes Y = (Yt >0} are martingales. The predictable quadratic co-
variation process of YV and Y/ is given by

<Y(l),Y(J)>t = mi+j t, i,j > 2. (2.4)

Now, we introduce the so-called Teugels’s martingales,
- i .
HY =Y a;v?, i=1.2,.., (2.5)
j=1

where the constants a;,; are chosen in such a way that a;; = 1 and the martingales H, i =
1,2,... are strongly orthogonal, that means, for i # j, the process H? H/) is a martingale.
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In particular, since (H®,H(1), is a predictable process such that HH — (H®, H!),
is a martingale, we have that

<H(i)’H(j)>t =0, i+ j. (2.6)

Moreover, we have the following.
(iv) The processes {H" :t> 0} are martingales with predictable quadratic variation
process given by

(HD,HDY, = g;t, (2.7)
where

qi = Z ai,jQi,j Miyj + tllg,l a’. (2.8)
oj =Ly

2.2. Iterated integrals and a generalized CRP. Let £, = {(t;,...,t,) ER1:0<t; < <
-+ - < t,} be the positive simplex of R". Given f € L*(Z,), we will denote by ],S“’“‘””)(f)
the iterated integral of f with respect to H(",..., H):

JGiin) (£) = J: U(:_ . (J:_f(tl,...,tn)dH(“)(t1)> .. .dH(infl)(tn_l))dHun)(tn).
(2.9)

We remark that all these integrals are well defined since all the processes H”) for i > 1
are martingales with respect to the filtration {F; : t = 0}. Remark also that these iterated
integrals are not the usual multiple stochastic integrals.

As a consequence of the strong orthogonality of the family of Teugels martingales, we
have the following proposition.

ProposITION 2.1. Let f and g belong to L*(2,). Then

qi, " " 'qinj f(tl)'--)tn)g(tl,...,tn)dtl . 'dtn)
(il,...,in) (]1 ----- ]m) _ E”
EES O @1 =1 ifn= mand (iesia) = o),

0, otherwise.
(2.10)

Finally, we recall the chaotic representation property of the square integrable random
variables, one of the main results in [8] (see also [6]).

ProrosiTioN 2.2. Let F € L>(Q, %, P). Then F has a unique representation of the form

F=E[F]+ > Z],Si' """ W (fiin)s (2.11)

n=1ip,..,in

where f;
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2.3. Derivative operators

Definition 2.3. Let f € L*(Z,). Set
0) i X n N
Dz( )]r(lu,...,zn)(f) = Z l{ik=e}],gll’i"”k ..... in) (f( co b .)12%)([)(.)>, (2.12)
k=1 k-1
where

SOE) = {(tyee s tirensty) €EZp1:0< b < - <tp <t<t <. <t} (2.13)

and i means that the ith index is omitted.

Observe that if k # k', then = (1) n £ (1) = @.
Now, we define the spaces of the random variables that are differentiable in the ¢th
direction. For this, we define the following subset of L?(Q):

o) n
(01»2 = {F e L2(Q) : Z Z Z 1{ik=€}qi1 - /q\l'k - qi"
n=lip,.,ink=1

(2.14)

Definition 2.4. Given F € D¥2 we define the derivative of F in the £th direction as the
element of L?(Q X R) given by

o n o .
DOF — SY Y 1 gy s m)(ﬁl ..... (et ')lz‘f)(z)('))' (2.15)

n=1iy,.,ink=1
Observe that, as in the classical situation for Gaussian processes, D12 is dense in
L*(Q), since the elements of L(Q) with a finite chaotic expansion are in D©12,
Set D(®)1:2 = M,y D12, Define also for r > 1,
D©2 = {F e L*(Q) : DYt F e [*([0,00) x Q)} (2.16)
and D® = NreN NeeNr |D)(€),,2‘

2.4. Simple Lévy processes. A simple Lévy process is given by

X;=oWi+a N+ - +a,N™, t=>0, (2.17)

where {W;:t > 0} is a standard Brownian motion, {N/ : t > 0}, j=1,...,m, are inde-
pendent Poisson processes of parameters Ay, ...,A,,, respectively, ¢ > 0 and a,...,q,, are
different nonnull numbers. The Lévy measure of X is v = Z;”:l)lj&xj and satisfies the
condition (2.1) of [8] for the validity of the chaotic representation property.
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Observe that
XV =X = oW+ Z a; N7,
j=1

. m . .
X" =3 (AX) =Y ai N/, iz2,

O<s<t j=1

(2.18)

because the independence of two Poisson processes adapted to the same filtration implies
that they do not jump at the same time (see [2]).
Since

YO = X9 — i, =1, (2.19)

we have

+ Zocl (N} -
= (2.20)
Y,” Z(x (N] - i=2.

Then, the martingales Y@, i > 1, are linear combinations of W,,N} — At,...,N/™ — A,.t.
Since the martingales H"” are linear combinations of Y1,..., Y it follows that H(®
are also linear combinations of W;, ﬁ},. .. ,ITI[”, where ﬁt] = th -1 ;it. Therefore, we have
a CRP in terms of the iterated integrals with respect to W, ZCI},...,ZTI[”. Recall also that
by [6, Proposition 1.10], H? = 0, for i > m + 2. Furthermore, since we are assuming
that ay,...,q, are different, there is one and only one way to express Y(1,..., Y("*D ag
linear combinations of Wt,ﬁtl,. .. ,Z\N]{" since the uniqueness of the CRP in terms of the
w,, NL,...,N™. '

To unify the notations, we will write Go(t) = W; and G;(t) = ﬁt] for j =1,...,m. Also,
we will denote by Ly f) the iterated integral of f with respect to Gj,,...,G;,:

e

") = J J J *F (e t)dGa (1) - -dGy (tar) dGy (). (221)

Thus, we have also the chaotic representation property in terms of the G;’s.

ProposITION 2.5. Let F € L>(Q, %,P). Then F has a representation of the form

F1+i > LI (fii)s (2.22)

n=1 0<iy,...iy<m

where f;, i, € L*(Z,).

.....

In this setting, we recall a result of Léon et al. [6] which says that is possible to compute
the derivatives in the directions W,N,...,N™,..., following the classical rules on each
space. Recall that in Poisson setting the derivative is a difference operator (see [10]).
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We use the space Q = Qp X Q1 X - - - X Q, where Q is the canonical space of the
Wiener process and Q;, i = 1,...,m, are, respectively, the canonical spaces of Poisson pro-
cesses N, i = 1,...,m, that are the spaces of all possible paths of Poisson’s.

Remark 2.6. If we iterate the derivative with respect to the Poisson’s i and j (i < j), we
obtain

Di D/ F = F(wo,...,w;+ 8py..r @)+ 8y i)
—F(a)g,...,a),',...,a)j+8t,,...,wm) (2.23)

— F(w@o,..., Wi +81,5..0» @5, ) + F(wos..., ).

Observe that D}, D} F = D/ D} F, but this equality is not true in general if we only inter-
change the superindexes or the subindexes. If the iteration is done with respect to the
same direction i > 1, we obtain that Df’l‘;jfitsF, denoted by D};SF where J; = {t,...,}, is
equal to X ;. (— 1) *B)F(wo,...,w;i + theB 84>...,wm) where we have used the conven-
tion >, co 0, = 0.

Remark 2.7. Tt is clear that DY Di F = Di, DY F for all i > 1. We want to compute D;"i"F
for iy,...,i, € {0,1,...,m}. To do this, we define I = {j,i; = s} and J; = {t;,j € I} for
s €1{0,1,...,m}. Then ks = #I; will be the order of derivation with respect to G;, and
hence zfio ki =nand UZ,J; = {t1,...,t,}. Therefore,

Dy F =Dy DR - DR, (2.24)

.....

with the convention that D;:O is the identity, and we get

D" F = %kﬂ[ > (_1)21”1(1@(#Bf))F(wo,w1+ D e Omt D 8@.)}.
BiCJi,1<i<m tjEB] tjEBm

(2.25)

Remark 2.8. If F = f (Wt,ﬁtl,...,ﬁtm), where f is a smooth function, its derivative DIF
fori > 1and s < t is the difference f(W,,N/,...,N{ +1,...,N/") = f(W,,N/,...,N™). So
in general

i15ein 0,ko 41,k M,km
Dti ~~~~~ tn = ]0 ODII e -D]m F
= ?o)ko|: (_1)"—k0—2£1ji
0<ji<kj,l<i<m
m ki m
i O . 7 .
<] (j. F(Wo N+ i, N +Jm)] [ 1100 (2.26)
i=1 ! i=1
— (_l)ﬂ*kO*me:lji

m ki akof ~ ) o ) m
<[] ( ) i (Wo R+ N 4 i) [Tt
Ji) ox; i=0
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Remark 2.9. 1f there’s only one Poisson process and no Brownian part, different authors
as Léon et al. [7] and Privault [12] have used the iterated derivatives to find the chaotic
decomposition of functionals of the d first jump times of the process. In the present
article, we consider different Poisson processes and a Brownian part. Moreover, we are
not restricted to a specified finite number of jump times.

3. Stroock formula for Lévy processes

The aim of this section is to derive a Stroock formula for functionals of a Lévy process
belonging to D*. First we deal with the case that F is an element of a specific chaos and
finally we will extend the result to F in D*.

We start with the following lemma.

LemMA 3.1. IfF = Ji i"(f), then

]n
D ..... F = Z 6ja(1),i1 e aja(n),inf(ta(lb“"tﬁ(ﬂ))l{ta(1)<"'<ta(n)}’ (3.1)
oeP{1,..,n}

where P{1,...,n} is the set of permutations of {1,...,n}.

Proof. First remark that, in the sum, only one term is different from zero. To prove the
lemma, we use induction on #.
For n = 2, we have

([ | ronman® ()an® ) )
t .
= b1 (0 dH® (1) + 83 [ ) ()

1
= [ S ) (2)AH (1) 8,5 [ (i) o) () (),
(3.2)

and applying now the operator th , we get
JZDZ: (3"2(f)) = 81,0y f (t1502) 11e, 17 (82) + 85,0, 850 f (25 11) 110,11 (£2). (3.3)
Hence, if t; < t5, we have
. 1 rr— ) .
i pi (L JO f(rl,rz)dH(“)(rl)dH(’Z)(r2)> =8 0nnf (). (3.4)

Therefore, the formula (3.1) is satisfied for n = 2.
Besides,

Dl (i (£)) = D (- (D (i (£))))

) P (3.5)
= Dg; . D,{]zz |: Z (S,‘kﬁ];ll:'l"lkw’l" (f( RS ST ’)IZ(k)(tl)('))]'
k=1

n
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and the induction hypothesis yields

)

n
= Z 6ikj1 Z 6j1(2),i1 t lajr(kfl),ik,l 6j1(k+l),ik+| e 8jr<n>,m
k=1 T€P{1,...ky. o} (3.6)

X f(tr(Z))- .. )tT(kfl))tl)tT(k+l))- .. )tT(n))1{t1(2)<---<t1(k,|)<t|<l‘1(k+1)---<l‘r(y,)}

= Z 6]'0(]»:‘1 o 'Sjnw),inf(tﬂ(l)’--->t0(n))l{tom<“'<fa<n)}'

oeP{1,..,n}
O
Remark 3.2. If t; < - - - < t,, we get the following equality:
DL T (F)) = 8+ G f (F15 ). (3.7)
Now, we apply Lemma 3.1 to obtain the Stroock formula.
TaEOREM 3.3. Let F be in D™ with chaotic expansion
F=E[F]+> > Ju=b(fi i) (3.8)
n=1 0<i,...,iy<m
Then
Firein (F132-st0) = E[DT70 F], (3.9)

where t; < - - - < t,,.

Proof. As the iterated derivatives of order n of elements belonging to chaos of order less
than » are zero and applying the above lemma, we get

DI = fi i (tyee o ty) + My, with fy < -+ - < £y, (3.10)

where M, is a sum of variables in chaos of order greater than or equal to n. Taking the
expectation, we obtain the desired formula. O

4. Chaos expansion of the local time of a simple Lévy process

The aim of this section is to apply the Stroock formula to find the chaotic decomposition
of the local time of a simple Lévy process.
We denote by H,, the nth Hermite polynomial defined by

forn > 1 and Hy(x) = 1.
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We define the local time L(t,x) of a Lévy process X as the density of the occupation
measure

mi(A) = Lt 1a(X.)ds, AcB(R). (4.2)

It is well known that this density L(¢,x) exists and is a nondecreasing function of ¢ and
the measure L(dt,x) is concentrated on the level set {s: X; = x}. Moreover, Barlow [1]
shows that L(¢,x) has an almost surely jointly continuous version.

It is well known also that we can write

Lit,x) = J(: 8 (X,)ds. (4.3)

To apply the Stroock formula, we consider

¢(£,X) J pe(Xs — x)ds, (4.4)

where p, is the centered Gaussian kernel with variance ¢ > 0. The classical idea of approx-
imating the Dirac distribution §, by p, has been used to calculate the chaotic decompo-
sition of the local time in the case of the Brownian motion by Nualart and Vives [11] and
for the fractional Brownian motion by Coutin et al. [3] and Eddahbi ez al. [4].

Before stating precise results of this section, we prove some technical lemmas.

LemMa 4.1. Let F = p (oW, + X7 a;Ni — x). Then

Dy F
m ki m k: ” m - n
- Z Z ( ]) (—1)”_k0‘2j=1€10k0pgk°) (aWS + Z o;N! + ol — x) 1_[ 104 (%)
i=1£;=0 j=1 ¢ i=1 r=1
(4.5)
where ki =#{j:i; =i},i=0,1,...,m.
Proof. We only apply Remark 2.8 of Section 2. O
LeEmMA 4.2. Set g,(y) = Hy(y) exp(—y2/2). Then
(n) RS T G O L 1! ( a )
E[pe” (oW —a)] (s0? +£)(n+1)/2 \/Egn Jsortel) (4.6)
Proof. As pE") (x) = (1/0”+1)p£732 (x/0), we have
1
[ (oWs—a)) = i€ |l (Wi )| (@)
Interchanging the derivative operator and the expectation, and using
P(n) \/_-p‘;/2 n(ﬁ): E[Pe(ws_a)] :Ps+s(a)> (48)

we get the formula of the lemma. O
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LemMa 4.3. Forall s >0 and for all n = 0,

£l (oW, )] = or (") (<) 49

Proof. We apply Lemma 4.2 and the inequality |g,(y)| < ((2"2)/v/rn)[((n+1)/2)
(see [4]). O

Then, we can prove the following proposition.

PROPOSITION 4.4. The chaos expansion of Lo(t,x) = [y ps(c W+ 3 aiNi — x)ds is
m

1_[ kj oo (_l)nfko*Z;n:lej 7k0'

. fj V21

- > ¢ e*As
xS ... et
z mz Jtlv---vzn (50.2+€)(ku+1)/2
) (xm Eia(n—Astg)
e NeZET: 5|

weo=3 s w3

n=0 0<iy,...,iy<m

(4.10)
where A = > Ai.

Proof. We apply the Stroock formula to p.(c W+ X", a;Ni — x) and use Lemma 4.1 for
the expression of the iterated derivative and Lemma 4.2 for the expectation with respect
to the Wiener part. Besides, we calculate the expectation with respect to the Poisson parts.

O

Remark 4.5. Note that the kernels depend only on ko, ki,..., k. Hence, it is the same for
all sets of indexes iy,...,i, that derive to eqqal ko,kl,...,km. Observe also that although

as we will see in the next example:

Ny

1 rup— 1
J J dW,,dN,, =J Wi,—dN,, = > Wr, (4.11)
0JO 0

i=1

where T;,i € N, are the jump times of Poisson. But

1 Uu—
J J AN, AW,
0Jo

1
=J N,,_dW,,
0

= [Nl—(Wl - WTN1)+ (Nl— - 1)(WTN1 - WTN171) +- (WTz - WTI)]
N
=WiN- - > Wr.
i=1
(4.12)
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In order to establish the chaotic expansion of the local time of a simple Lévy process
we state the following lemma (see [11]).

LEMMA 4.6. Let {F;} .0 be a family of square integrable random variables with the expan-
sions

Fe=E[F]+ 20 2 T (i), (4.13)

where f£ ; belongs to L*([0,00)").
Assume that
(1) f£ . converges in L*([0,00)"), when € goes to zero, to some symmetric function
i1 peeesi & & 4

le eLz([O 00)" )

~~~~~~~~~~

,,,,

Then we can prove the following proposition.
ProprosITION 4.7. Foreach x € R and t € [0, T)], the random variables
Jps<0W +ZocN )ds (4.14)
i=1

converge to L(t,x) in L?>(Q) as ¢ tends to zero. Furthermore, with A = 3! | A;, the local time
L(t,x) has the following chaotic decomposition:

00 m ki m k
D=3 s e 33 ([1(F))e
n=0 0=<ijyip<m =1¢=0 \j=1 \"J

e—/ls

t
\/ﬁ Z yZoLV---vtn (s02)ko+1)/2
m (Ajs)rj x—ijlaj(rj—)tjerEj)
x]l:[l ! n NG ds |.

X( 1)71 k() Z'",Z,

(4.15)

Remark 4.8. Note that Lemma 4.6, simultaneously, proves that the local time is in L?(Q)
and gives its chaotic expansion.

Proof. We must check the two hypotheses of Lemma 4.6. We start with (ii). By Lemma
4.1, we have

|E[Dy 2 Le(,0)] |
k o0 ) r
m m - m (A‘S)]
< As J ko
<2 Zon< )Zo ,mz-ojnv---wne ]nl e’ (4.16)

X Eyw P(k0)<‘7w +Z¢x] —Ajs+¢; ) )]nl[o,s](tr)ds)
r=1

j=1



222 A Stroock formula for Lévy processes and applications

and by Lemma 4.3, and since

e A)’
Asnz s

j=1rj=0

the right-hand side of (4.16) is bounded by

EE5 I, st

LV Vi, ((50-2)/2

3 2n7(k0/2) +(1/2) r<k0+l)J ds
= o 5 fveovg, Skt

where we have used the identity

Therefore,

2
fireo 2 _ 2kt ko + 1\ ( ds
D] = Gt (57) ([, w0

Then

.....

2
3 22"*k0+1r<ko+1 ZJ y"dy Jskoﬂ)/zds
(2mo)? 2 o (n—1)!
221’1 ko+1 n 11[() unv] )d)’
(zﬂa)zr ”J (n=1)}(u k“”dudv

- 22n ko T(k°+1>zf (et /Zva (ot 1/2) 3,
0

2

22n ko 2 tﬂ*koJrl

n‘ﬂ02 2n — k0+1n ko+1

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)
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Therefore,

- oy 2
> Z |E[D L 60,

n=0 0<iq,.,iy<m
- i i t2kot1 (ko + 1) 5 (4t)”’k“ 1 1
B =0 7'[0‘2k() 2 P —nkk k '2n—k0+1n k0+1
- i 2kot1 (ko +1 )2 (4mt)r—kotl 1
a =0 7TO')2k0 2 (n—k0+1)!2n—k0+1

i 2kt <k0+1>2 et — 1
P m(mo)?k! 2 ko+1~
(4.22)

where we have used the facts that the bound of each term of the series depends only on
kO)klw-- )km)

1 r
S - (4.23)
[SEREREY *Ed T hme '

and2n—ko+1>ko+1.
By Stirling formula,

2kot1 ko+1\*
2k + 1) ( 02 ) ~cky®?, for kg large. (4.24)

%2 and the corre-

Hence, the general term of the right-hand side of (4.22) behaves as ck;
sponding series is convergent.

Note that in our setting go = - - - = g,» = 1, because we do not work with the H?’s but
use directly the Wiener and Poisson processes.

Now, it remains to check Lemma 4.6 (i). We have

1 fiesiy = fi
Ilyeees in 1150y In
= 1.l
seensly

Itis clear that f; ; convergesto f; ., pointwise and using the dominated convergence
theorem, we see easily that condition (i) holds.

Finally, we will show, following standard arguments, that the limit of J; p.(a W, +
S a;Ni — x)ds, denoted by A, is the local time L(t,x). The above estimates are uniform
in x € R. Therefore, we can conclude that the convergence of [§ pe(cW; + 37 a;Ni —
x)ds to A holds in L?(Q X R, P ® p), for any finite measure u. As a consequence, for any
continuous function g in R with compact support, we have that

JR ( J De (oWs + z aNi - ) ds) g(x)dx (4.26)

i=1

2

(.1 (4.25)

,,,,,,
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converges in L?(Q) to [ A¥g(x)dx. But, this expression also converges to

Ltg(OWs + iaiﬁj) ds. (4.27)
i=1
Hence,
J Afg(x)dx = J g(aW +ZaN>ds, (4.28)
i=1
which implies that Af = L(¢,x). O

5. Chaos expansion of the price of a financial asset

In this section, we will use the Stroock formula to get the chaotic decomposmon of the as-

set price S; driven by the Lévy process Xt pt+ oW+ Z 0 a]Nt , where Nt yj=1,...,m,
are independent compensated Poisson processes with parameters Ajs j=1,...,m. This
means that S; satisfies the stochastic differential equation

ds, = S,_dX,, So = So, (5.1)

with solution

2 m m i
S; =soexp{<y— %)t—Z(xiAit+0W,}n (1+a) Ni

i=1 i=1 (52)

= spexp (ct+ oW+ Z,B,N;) ,

i=1
where ¢ =y —02/2 = X" a;A; and B; = log(1 + ;) for i = 1,...,m with the condition
> —1 to guarantee the positivity of the price (see [13]).

Remark 5.1. 1f T is a jump time of the Poisson process N/, the relative jump (S; — S;—)/S,
is equal to «; and the absolute jump log(S;) —log(S;-) of the log price process log(S;)

isﬁj.

Now we compute the iterated derivatives of S; and we obtain

DY St =S, (5.3)
fors; <---<sg <t
m i £ 4
D!S; =soexp(—a*t/2+oW;) [] (1 +0c,-)N‘{(1 o)V = (14 )™ } = apSt,
i=1,j#¢
(5.4)

fors<t,and

Dfl’kz Sg = oc/St, (55)
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for € = 1,...,m. Consequently,

Diin§y = o‘ko(x mStnl{s,<t}a (5.6)

=

m .
Ni
E[Dkrkn,] = o - adpsoeEy [exp (oW [ [ Exg [ (14 06)™ | [T Lioeser
i=1 k=1

m n
= akooclf1 - akmsoetexp (02t/2) l_[exp (adit) 1_[ 1o<se<t
i=1 k=1

m m
. l’l ki yit t|| ki
fko ..... Kom (51,...,Sn,t) =50 ‘xiley 1{0<sl<---<sn<t} = spet 0‘1‘11{0<51<-~~<Sn<t}3

i=0 i=0
(5.7)

with ag = 0, yi = a;d;, fori=1,...,m, yo = u— >.1*  aid;, and Ag = 1.
The chaotic decomposition of §; is given by

Z Z soe’"n(x’L'l’ o (1 f0es <o <5zt )- (5.8)

n=1 i,ein

As the terms of the chaotic decomposition are uncorrelated, the variance has the follow-
ing expression:

Var (S;) = Z Z 5(2)62’”1—[oc§kj[E[qu1 """ i"(1{0<sl<---<sn<t})2]

n=1 ip,..i, j=0
00 m k t
-3 3 gen T ove
n=1 iyyensin j=0
S (5.9)
_Szezytz ' Z H(A]“J) j
n=1 Vi i =0
= 22t z " Z 1_[
kot +kpm=n j=0
By the multinomial formula,
Ao m
Var (S;) = s3e®! Z Lj) 22! 20N 1. (5.10)
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If we only consider the first p chaos, the error of the variance is

thrl
(p+1)'

2
S0

m ptl
o2t ( z)tjrx?) RN P E<t, (5.11)
i=0

which tends to 0 if p tends to infinity or ¢ tends to zero.
In the case of the Brownian motion, y; = a; = 0 for j = 1,...,m and

Var (S;) = sge?! Z t” = 2P (e —1). (5.12)

6. Chaos expansion of the price of a European call option

Let U; be the price on t of a European call option written on the asset described in the last
section. By the no-arbitrage theory, U; = Eq[e 7T g(St — K)/F:] = Eqlg(St — K)/S:],
where Q is the unique martingale measure described in [6] and g(x) = x Vv 0. Note that in
order to get the uniqueness of Q, we have to add m additional assets defined by equations

dpl =Pl dx!, j=1,....m, (6.1)
where
m .
X{ = pjt+0;Wet D i (N} = Ait), (6.2)
i=1

with the condition that there exist constants M, Li,..., Ly, with L; < A j» such that

M U—r
Ly Y1—r

Bl . |= . (6.3)
L., Um — T

o o U

o &1 ot Om
B=| . . .- (6.4)

Om  ®m1 " Qmm
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Using Girsanov’s theorem, we find a Q-Brownian motion W® and m independent Q-

Poisson processes with parameters X,- =Aji—1Lj, N@L N@m such that we can write
dS[ _ Q n Q,l [ng
S - odWr+ > ai (AN = Nidt) +rdt,
t= i=1
dp} - o~
T; = dW2+> ap; (N —Lidt) +rdt,
= i=1 (6.5)
Adpm m L~
P,; = 0 dWE+ i (AN — Lidt) + rdt.
= i=1

The explicit solution of (6.5) is

St = spexp ct+0Wt n (1+a) N = spexp (ct+0WtQ+Zﬂ,NtQ’i), (6.6)
i=1

i=1

where ¢ = r — (62/2) = ™ a;);.
The chaotic expansion of Uy is given by

Z 2L faia (1) (6.7)

Fivrin (- sSnt) = Eq [ Dl Uy ] = Eq [ Dbl Eq[e " Dg(Sy — K)/F]]

,,,,,,,,,,

= e "I DEQ[EqDii [g(St — K) Lisy<...cs<tt/Ft]] (6.8)
:EQ[DQ """ ?:lg(ST_ )]e H(T- t)1{0<51<---<sn<t}:

where we have used the known commutative property between the derivative operator
and the conditional expectation (see [10]).
......

Now, we have to compute Eq [Dil1 ,,,,, S"; g(S7 —K)]. In order to do this, we approximate
the function g, uniformly, by the sequence of ‘€ functions:

- ey, (69)

where @, is the cumulative probability function of the centered normal law with vari-
ance &.

Observe that the first derivative of g, is @, and the high-order derivatives are the func-
tions pij “(x) for j = 2, that are for every j, the (j — 2)-order derivatives of the centered
Gaussian kernel of variance ¢, denoted by p,.



228 A Stroock formula for Lévy processes and applications

Let F; = g.(St — K). Clearly, F, converges in L to F = (St — K)* = Ur. Then, applying
Remark 2.8 to g. and assuming s; <s; < - - - <s, < T,
Dit-inF, = DYDY L. DI,
(6.10)

where §T = STezj'n:‘ﬁfefT.
Using the formula f(ae? —c)™ = 3, f0)(ae? — c)b"al el ¢, ; with cyn = ¢ = 1,
we get the following.

(1) Ifkog=0

RIS D (—1)”2?“"1_[<I;’:>gs(§T—K). (6.11)

i=1 0<b<k; i=1

(11) If k() >0,

m m
Di-iFo=> > (—1)"k02f"1€f1_[<€> koZg (St — K)Shex, - (6.12)

i=10<¢;<k; i=1

Therefore, we have to compute and pass to limit, when ¢ tends to zero, three types of
expectations:

E[g(Sr—K)],
E[®c (St~ K)S7], (6.13)
E[p® (51— K) ]

for ¢ > 0.
In the first case, using the uniform convergence of g, to g, we obtain as a limit

~

Elg(Sr—K)]=E[(Sr—K)'] = E[Srlg,.] ~KP{Sr>K}.  (6.14)
For the second case, using the dominated convergence theorem, we have that the limit is
E[St15,.5,]- (6.15)

So for the two first expectations, the problem reduces to compute explicitly E[S71 (§5K1 ]
and P{S7 > K}.
Fixing Poisson processes, we define

_ SN+ (r- TS (Be—a,
C—soexp{Z[S]NT +<r— > +Z([3’]€]—¢x]/1]>>T} (6.16)

j=1 j=1



M. Eddahbietal. 229

In order to get the expectations with respect to the Gaussian part, we need only the

fact that

P, {e’"" >y} =1- @(12%)) (6.17)

and the following lemma.

LEmMMA 6.1. Lety = 0. Then

2 lO
Ew, [e7" 1jeowrsy ] = e 72D (0\/_— 0%;?). (6.18)

Proof. We have

Ew, [e”""1powrsy ] = J €1 w05y} €XP ( - Lz) dx
T {e?VT >y} R {exo>y} T \/27T_T
(- Eve)
(logy)/o P 2T 2nT (6.19)
ot (7 (y=oVT)*\ dy '
=e exp| —
(logy)/a/T 2 2
2
_ L0*T/2 _ X ) dx
¢ J((log)’)/aﬁ)—aﬁ xp ( 2 \/E
O
Finally, for the expectations of third type, we need the following result
LEMMA 6.2.
lim Ew, [ pi (Ce™" — K) (Ce”™™) " | = (- 1)H (K), (6.20)
p
where
he() = x4 () = 2 o (log (), (6.21)
with f being the density of the log-normal law with parameters log(C) and o+/T.
Proof. We have
(6.22)

Euw, [p© (Ce?Wr — K) (Ce”1)*"?] = j PO (x = K)xt2 f (x)dx.
R

Taking he(x) = x**2 f (x) and integrating by parts, using that h, and all its derivatives are

fast decreasing functions, the last integral is equal to

(—1)¢ LR pelxx = Kb (x)dx = (= 1) (pe # 1) (K), (6.23)
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where * denotes the convolution. Using that p, is an approximation of the identity, we
obtain the limit

(—D*hP(K). (6.24)
O
As a conclusion, we have
Sivrin (S15ee58n31)
ki K
I
£=0 £,=0 & Em

SR A T
xS ehT. L eh A
Jiseenjm=0 Jies e Jme (6.25)

logC(jl,...,jm)—logK)
oJT

X [(C(jl,...ajm)e(JZT)/z - Kl{ko=0})®(

k072
I T
+ > Ckg,l+2(l)lh;)(K)l{ko>2}:|e T s < ecsust)s
1=0
where

I+1

hi(x) = x" pg 7 (logx —1og C(ji>--5 jm) )

m 2 om ~ (6.26)
C(jl,...,jm) = SoeXp{Zﬁiji-f— (1’— % +z (ﬁi{fi —OCi/\,‘))T}.
i=1 i=1
In the case of no jumps in the model, we obtain
logC —logK
fn(Sl,...,Sn;t) =o" |:<SoerT - Kl{n_o})q)(ga\/Tg)
n—2 (6.27)

1 o (T—
+ z Cn,l+2(71)lh§ )(K)l{n>2}:| € HT t)1{0<sl<---<sn<t}’
1=0

where now C reduces to spexp{(r — (¢2/2))T}.

7. Chaos expansion of the tracking error in discrete delta-neutral hedging

Assume that we are in a neutral risk environment. That is, from now on, we are concerned
with the unique probability Q that makes e™"'S; a martingale. Here we follow some ideas
from [5].

Let U, be the prize of a derivative security. Its actualized price U, is given by

efﬂUt ZE[eirT]’l(ST)/g;t]. (71)

By the Markov property of S;, the process U, can be written as a function of ¢ and §;.
Moreover thanks to (6.6), we can write U, = u(t,Y;), where Y, = ct + s W2 + > ﬁ,NtQ"
and f8; = In(1 + ;). By its definition, U; is a martingale.
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We set

u' (s, Yoo, y) i=u(s, Yoo +y) —u(s, Yso) — %(s, Yi)y. (7.2)

If the function u is regular, the It6 formula (see Protter [13, pages 81-82]) applied to
u(t, Yy) yields

t(ou ou 1 (" ,d%u
(b Y,) - u(0,Yy) = J (a (s,Y)+c$(s,Ys))ds+Ejoa 2 (o) ds
J o2 (s Y. dWQ+z/3,J (5, )dN (73)

+ > ul(s, Yo, AY).

O<s<t

Now, [9, Lemma 5, page 773] due to Nualart and Schoutens (2001) applied to u! (s, Ys_, y)
gives

m+1

>, ul(s,Ys,AYY) ZJ (J (s, sﬂy)Pi(y)v(dy))st(”

O<s<t (74)

" Jo JR u' (s, Yoo, y) v(dy)ds,

where pi(y) = aij;x' +a;;—1x"! + - - - + a;; x. Note that there are only m + 1 processes H'
associated to Y which are different from zero (see [6]).

In our case the explicit expression of the right-hand side of the last equation is a mar-
tingale plus the following term:

J Z (Tﬁ, u(s, Y, gu (S’st)ﬁj)xjdsa (7.5)

where tgu(t,x) = u(t,x+ ) — u(t,x).
Hence, the martingale property of u(t, Y;) is equivalent to the condition that u satisfies
the following partial differential integral equation:

o2 P mo
(t )+ca—u(t )+—a—(tx)+2/\j'rﬁju(t,x):0,
j=1

0x 2 0x? (7.6)

u(0,x) = up(x),

where 1 is a given function.
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Moreover aﬁ?‘j °Tp, 0o, u(t,Yy), ir,...,ij € {1,2,...,m} and j € {0,1,...,n}, is

also a martingale since ax T, 00T u(t,x) satisty (7.6).
Being u(,Y;) a functional assumed to be square integrable, by the Stroock formula,
its chaos expansion is

u(t,Y;)

n=0 iy,..,i,
(o)
k km i1y
= Z Z E[Ukoaﬁo ° Tﬁ: 0=r-0 Tﬁmu(ta Yt)]]n (1{0<51< <snst})
n=0 iy,.,inkot+--+kn=n

= Z Z O—koaio OT;%(: orrro T/; "1(0, 0)]1 (1{0<s|< <s,,st})-

n=0 iy,..,i,
(7.7)
From the Clark-Ocone formula, we have
T N m T N
T Uy — Up + JO vo(9)dS(s) + S L vi(s)dBi(s) = 0, (7.8)
=1
with
1
S 0
0 - .. 0
_ P (s—
Wo(5)r- .o Yn(9)) = (Go(rpms)B | T L
1
: 0 PG
_ () —rT lord s
gbj(s)—E[Ds e UT/J*’S_], j=0,...,m
(7.9)

It represents the value of a dynamic portfolio with a short position in one derivative and
a suitable large position on the risky assets.

Let {tp =0<t <---<t, =T} be a partition of [0,T] such that t;;, —t; = § for all
j=0,...,p—1,and hence pé = T.

Discrete hedging corresponds to the value process

tit1

vo (1) dS(s) + ZZJ vi(6) dB(s), (7.10)
j=1i=0

tit1

”%—W+ZJ
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and the difference between values of the two portfolios is the so-called tracking error that
can be written in this case as
j+1
Er=> J e " (E[D}Ur/F] — E[D} Ur)/ %) dW?
bl N (7.11)
S f e (E[D*Ur/%.] ~ EDE Ur /%, ) dN@*,

Of course, this is a centered random variable that converges to zero when the partition
becomes finer and finer but, moreover, it has no first chaos. In fact

Er= Z Z o‘koaiﬂ o‘[’;;I 0 OTﬁ "1(0,0 ]11 ,,,, in (1 - Z 1, l<t]<5n<,J+]}> (712)

N=211,...,iy

Then
X 2 T rsn $2
Var(Er) = Z Z [ kogho o T “io Tﬁ:u(0,0)] L Jo . -L 1g,(myds1 - - - dsy,
(7.13)

where B, (7) is the set of n-tuples (si,...,s,) such that s,_; and s, become in the same
interval of the partition. On one hand,

Var(Er) < Z z [ k9o o 74! ---oT;;‘:(u)(O,O)]Z%. (7.14)

On the other hand, it is easy to see that

J J J 1g,(mdsy - - - dsy Z((]-i-l) —j"=nj" )g
j=0 n (7.15)
PP

where P,,_; denotes a polynomial with degree n — 1. Hence, Var(Er) = O(9).

Under the historical probability, W; = WtQ — %t is a Brownian motion and ﬁt’ =
ITItQ”‘ —;t, for i = 1,...,m, are Poisson processes, where vy = (y — r)/0 and v; = ((A; —

(ﬁl ‘xz)/ﬁ ).

If we define Z; = Y, — yt = ct + oW, + >, BiNi, with y = av, + > | Biv;, then we can
write u(t,Y;) = u(t,Zt +yt). Note that u(t,Z;) is a P-martingale since u(t,x) satisfies (7.6)
but u(t,Z; + yt) is not.

Using the classical Taylor formula on u(t,Z; + yt), we obtain

U(t,Zt + )/t)

n[\/]z

gla u(t,Z,)yt. (7.16)
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Therefore, the chaos expansion of the tracking error becomes

Er=3 3 3T mokdtonto oniu@0) it nm)  (717)

N=2 i1 rin £=0
and has the same behavior as before.
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