ABSTRACT STOCHASTIC INTEGRODIFFERENTIAL
DELAY EQUATIONS

DAVID N. KECK AND MARK A. MCKIBBEN

Received 26 August 2004 and in revised form 2 November 2004

We investigate a class of abstract stochastic integrodifferential delay equations dependent
upon a family of probability measures in a separable Hilbert space. We establish the ex-
istence and uniqueness of a mild solution, along with various continuous dependence
estimates and Markov (weak and strong) properties of this solution. This is followed by
a convergence result concerning the strong solutions of the Yosida approximations of
our equation, from which we deduce the weak convergence of the measures induced by
these strong solutions to the measure induced by the mild solution of the primary prob-
lem under investigation. Next, we establish the pth moment and almost sure exponential
stability of the mild solution. Finally, an analysis of two examples, namely a generalized
stochastic heat equation and a Sobolev-type evolution equation, is provided to illustrate
the applicability of the general theory.

1. Introduction

In this paper, we will initiate an investigation of a class of abstract delay integrodifferential
stochastic evolution equations of the general form

X' () + Ax(t) = fi(tx,p(t)) + JO Ky (t,3) f2 (s, x5, p(s)) ds

+J(:Kz(t,s)ﬁ(s,xs,y(s))dW(s), 0<t<T, (L1)

x(t) =¢(t), -r=<t=<0,

in a real separable Hilbert space H. Here, W is a given K-valued Wiener process associ-
ated with a positive, nuclear covariance operator Q; A is a linear (possibly unbounded)
operator which generates a strongly continuous semigroup {S(¢) : t = 0} on H; K, (t,s)
and K;(t,s) are bounded, linear operators on H; f;: [0, T] X C, X 9)2(H) — H (i = 1,2)
and f3:[0,T] X C, X 9)2(H) — BL(K;H) (where K is a real separable Hilbert space,
BL(K;H) denotes the space of all bounded, linear operators from K into H, and §)2(H)
denotes a particular subset of probability measures on H) are given mappings; u(t) is
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the probability law of x(¢) (i.e., u(#)(A) = P{w € Q: x(t,w) € A}), for each A € B(H));
and ¢ € L*(Q;C,) is an F-measurable random variable independent of W with almost
surely continuous paths. (See Section 2 for notation and spaces.) The second integral in
(1.1) is taken in the sense of It6. A complete discussion of the construction of the It6
integral can be found in [10].

Stochastic partial functional differential equations with finite delay arise naturally in
the mathematical modeling of phenomena in the natural sciences (see [22, 30, 34]) and
have begun to receive a significant amount of attention. Often, a more accurate model
of such phenomena can be formulated by allowing the nonlinear perturbations to de-
pend on the probability law of the state process at time t. A prototypical example in the
finite-dimensional setting would be an interacting N-particle system in which (1.1) de-
scribes the dynamics of the particles xi,...,xy moving in the space H in which the prob-
ability measure p is taken to be the empirical measure uyn(t) = (1/N) zfj: 1 0x, (1), where
Ox,(r) denotes the Dirac measure. Researchers have investigated related models concern-
ing diffusion processes in the finite-dimensional case (e.g., see [11, 12, 24]). The infinite-
dimensional version of such models in a Hilbert space setting has only recently been
examined (see [1, 19]). The motivation of the present work lies primarily in formulating
an extension of the work in [1, 7, 13, 18] to a more general class of abstract integrodif-
ferential stochastic evolution equations with finite delay. Since dynamical systems with
memory can lead to such random integrodifferential equations (cf. [5, 9, 17, 23]), the
present investigation is warranted.

The following is the outline of the paper. First, we make precise the necessary nota-
tion and function spaces, and gather certain preliminary results in Section 2. We then
formulate the main results concerning the existence and uniqueness of mild solutions to
(1.1), along with their regularity and stochastic properties in Section 3. Next, considering
the Yosida approximations of (1.1), two convergence results are established in Section 4,
while Section 5 is devoted to a discussion of certain asymptotic behavior results for (1.1).
Finally, we conclude the paper with a discussion of two concrete examples (a generalized
stochastic heat equation and a Sobolev-type stochastic equation) in Section 6.

2. Preliminaries

For details of this section, we refer the reader to [4, 6, 10, 14, 25, 26, 29, 34] and the
references therein. Throughout this paper, H and K will denote real separable Hilbert
spaces with respective norms || - || and || - ||x. Let (Q,%,P) be a complete probability
space equipped with a normal filtration {%}~ (i.e., a right-continuous, increasing fam-
ily of sub o-algebras of ). For t < 0, &, is taken to be J,. For brevity, we suppress the
dependence of all mappings on w throughout the manuscript.

Definition 2.1. A stochastic process { W () : t > 0} in a real separable Hilbert space H is a
Wiener process if for each t > 0,
(i) W(t) has continuous sample paths and independent increments,
(ii) W(t) € L*(Q;H) and E(W(t)) = 0,
(iii) Cov(W (t) — W(s)) = (t — s)Q, where Q € BL(K;H) is a nonnegative nuclear op-
erator.
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The following spaces of measures coincide with those used in [1]; we recall them here
for convenience. First, B(H) stands for the Borel class on H and $(H) represents the
space of all probability measures defined on B(H) equipped with the weak convergence
topology. Let A(x) = 1+ ||x]l, x € H. Define the space

6(H) = {go:H — H | ¢ is continuous and

(2.1)
ool llo(x) — oW }
= I _H= T2 < ,
Iole=s0p o ¥ 00, eyl <
and for p > 1, let
o (H) = {m :H — R | mis a signed measure on H such that
(2.2)

nwm=Lmummwkm}

where |m| =m* +m~, m = m" —m"~ is the Jordan decomposition of m. Then, we can
define the space $,.(H) = £3.(H) N 9(H) equipped with the metric p given by

p(vi,m) = sup{JH(p(x)(vl =) (dx): llglle < 1}. (2.3)

It is known that (0)2(H),p) is a complete metric space. The space of all continuous
2 (H)-valued functions defined on [—r, T], denoted by €2 = €2([—7, T]; (922 (H),p)),
is complete when equipped with the metric

Dr(v1,72) = sup p(ni(£),7:(8)) Vi,v, € €. (2.4)

te[-r,T]

Next, let r > 0. We can associate to any continuous, &,-adapted, H-valued stochastic
process z(t) : QO — H another C,-valued stochastic process z; : QO — C, by setting z;(s) =
z(t+s), forall t = 0 and —r < s < 0, where we denote by C, = C([—r,0]; H) the space of
all continuous functions from [—r,0] into H, equipped with the sup norm given by

1/2
||z||Cr=< sup ||zt(0)||2> . (2.5)

—r<60<0

Subsequently, we can define the space
Xrp = {z€ C([-r,TI;L* (s H)) | z is F;-adapted and ||zl|x,, < o}, (2.6)

which is a Banach space when equipped with the norm

Il = sup (Ellzll,)"" 27)
0<t<T
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Proposition 1.9 in [16], and variations thereof (as needed for the delay case), are used
throughout the manuscript. We recall it here for convenience.

LemMma 2.2. Let G:[0,T] X Q — BL(K,H) be strongly measurable with fOTEIIG(t) |Pdt <
0. Then,

p

E LG(s)dW(s) sLGJOEHG(s)HgL(K,H)ds, (2.8)

where L = [(1/2)p(p — 1)]1P/2(TrQ)#>T#/2)-1,

In addition to the familiar Young, Holder, and Minkowski inequalities, the inequality
of the form (31, a;)™ <m" ! 31| al", where a; is a nonnegative constant (i = 1,...,n)
and m,n € N, will be used to establish various estimates. Finally, the following integral
inequality [25, page 38] plays an important role in the proofs of certain results.

LEmMA 2.3. Let u, Y, Y2, and y3 be nonnegative continuous functions defined on R* and
Uy a nonnegative constant. If

u(t) < o + Lt i (s)uls)ds + Jot i (s) ( L wz(T)u(T)dT> ds

t 5 } (2.9)
i L i(s) ( L e ( JO 1//3(6)u(6)d9) dr) ds

orall t € RY, then
f

() < uo [1 i Lt {1//1 (s) exp (L " (T)dr)

5 ) (2.10)
x (1 N JO yo(7) exp (J [2(6) +w3(0)]d6)d1) }ds}

0

forallt € R*.

We conclude this section with some comments regarding probability measures. The
probability measure P induced by an H-valued random variable X, denoted Py, is defined
by PoX~!':%B(H) — [0,1]. A sequence {P,} C £(H) is said to be weakly convergent to P
if [, fdP, — Jo fdP, for every bounded, continuous function f : H — R; in such case,
we write P, = P. Next, a family {P,} is tight if for each ¢ > 0, there exists a compact set
K, such that P,(K,) = 1 — ¢, for all n. Prokhorov (see [4]) established the equivalence of
tightness and relative compactness of a family of probability measures. Consequently, the
Arzela-Ascoli theorem can be used to establish tightness.

Definition2.4. LetP € p(H)and0 <t <t <--- <ty < T.Defineny,, , : C([0,T];H) —

.....

finite-dimensional joint distributions of P.

ProposiTION 2.5 (see [21, page 37]). If a sequence {X,} of H-valued random variables
converges weakly to an H-valued random variable X in L*(Q;H), then the sequence of



D. N. Keck and M. A. McKibben 279

finite-dimensional joint distributions corresponding to {Px,} converges weakly to the finite-
dimensional joint distribution of Px.

The next theorem, in conjunction with Proposition 2.5, is the main tool in establishing
a convergence result in Section 4.

THEOREM 2.6. Let {P,} C (H). If the sequence of finite-dimensional joint distributions
corresponding to {P,} converges weakly to the finite-dimensional joint distribution of P and
{Py} is relatively compact, then P, = p.

3. Existence, uniqueness, regularity, and Markov properties

We begin by looking at the existence and uniqueness of mild solutions to (1.1). We impose
the following conditions on (1.1), which are assumed throughout the manuscript unless
otherwise specified:

(A1) A is the infinitesimal generator of a Cy-semigroup {S(¢) : ¢ = 0} on H such that
IS(t) Il < Mexp(at), forall0 <t < T, for some M > 1 and a >0,

(A2) fi:[0,T] X C, X §02(H) — H (i = 1,2) satisfies

(0) 1fi (b2 g < Mg[1+ lxillc, + (B2,
(i) [ fiCt, 0 p(8)) = filts yi ()] < Mg [llx: = yellc, +p(u(®), ()],
globally on [0, T] x C, X g):(H), for some positive constants My and M,
(A3) f3:10,T] x C, X 2 (H) — BL(K, H) satisfies
@) I fs(x0u() o) < Mg 1+ lIxlle, + lu(®) 1],
(i) 11600 1() — fo 1y O) sy = My [l — yillc, +p(u(D), 9],
globally on [0, T] X C, x g):(H), for some positive constants My, and M g,

(A4) {Ki(t,s) : (t,s) € A} U {Ky(t,s) : (t,s) € A} C BL(H,H) are such that
| K (t,8) Lo,y < Mk, and | Kx(t, )|l pra,ay < Mk,, for all (t,s) € A, for some
positive constants Mg, and Mk, .

(Henceforth, we write Ms = maxo<;<7 [|S(¢) ||, which is finite by (A1).) A mild solution

to (1.1) is defined as follows.

Definition 3.1. A continuous stochastic process x : [—r,T] — H is a mild solution of (1.1)
if
(1) x(t) is F;-adapted, for each —r <t < T,
(ii) fOT llx(s)l|>ds < o0, almost surely [P],
(iii)
x(t) = S(t)$(0)

+J S(t =) fi(s,x5,u(s))ds

0
t s

+J S(t—s)J Ki(s,7) fo (7, x0,p(7)) drds
0 0

+ JtS(t —-5) JSKZ(S,T)ﬁ (1, %7,u(1))dW(r)ds V0 <t<T,almost surely [P],
0 0
(3.1)

(iv) x(t) = ¢(t), —r < t < 0, almost surely [P].
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The first result is as follows.

THEOREM 3.2. Let ¢ € L?(Q;C,) be an Fo-measurable random variable independent of
W with almost surely continuous paths. If (A1)—(A4) hold, then (1.1) has a unique mild
solution x € Xr, with corresponding probability law y € 6,2, provided that a; + ay < 1,
where ay and a; are positive constants independent of T (cf. (3.13)).

Proof. Let y € €, be fixed and define the solution map @ : X1, — X7, by

(Dx)(£) = S(£)¢(0) + Jo S(t =) fi(s, x5, u(s))ds
t s
; JO S(t—s) L Ki(5,7) fo (7,0, p(2)) dr ds
+Jt8(t—s) Jus(s,T)ﬁ(r,xr,y(r))dW(T)ds (3.2)
0 0

3
=S()p(0)+ > I¥t), 0=<t=<T,
i=1

(Ox)(t) = ¢(t), —-r=<t=<0.

To see that @ is well defined, we first verify the L>-continuity of ® on [0, T]. Let x € X7,
0 < t; < T, and |h| be sufficiently small (so that all terms are well defined). Observe that

E||(@x) (1 +h) — (0x) (1)’

) < . (3.3)
s8[E|I((S(n+h)—S(tl))¢(0))l| + > E||IF(ti +h) — IF(t)]| }

i=1

Since the semigroup property enables us to write

E[[((S(ty +h) = S(t:))$(0) || = E[[(Sh)(S(11)$(0)) = S(t) (M) ||, (3.4)

the strong continuity of S(¢) implies that the right-hand side of (3.4) goes to 0 as || — 0.
Next, using the Holder inequality along with (A2) yields

2

ti+h
E‘ f S(tl +h—5)f1(51x5)[4(5))d5
h (3.5)
< 4(Mp,)* MZH [1 +xll%,, + sup ||H(S)||i2]’
t|<s<t)+h
which clearly goes to 0 as || — 0. Also,
t 2
E‘ J [S(h) = I]S(t1 —s) fi (s,%5, 1(s)) ds
0 (3.6)

=T | NS00 =118t =) PEILA (s, xos(9) | Pl
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and subsequently, using || fi (s, x;,u(s))[1> < [1 + ||x||§(T)2 + SUPg< e ||‘u(5)||iz] < o0, togeth-
er with the strong continuity of S(¢), we can invoke the dominated convergence theorem
to conclude that the right-hand side of (3.6) goes to 0 as |h| — 0. Consequently, since
ElIf(t1 +h) — I{(t1)]1* is dominated by a sum of constant multiples of the right-hand
sides of (3.5) and (3.6), we conclude that it goes to 0 as |h| — 0.

Next, an application of the Holder inequality, together with It6’s formula in conjunc-
tion with Lemma 2.2, yields

E||l (1 +h) - I (0)|

ti+h s
< 16M2, (Mﬁ)zL;T[Mg L L [1+ Ellxe 2, + ()| 2 |de ds

t 2 (37)
+ [l - 113t -9

([T Bl ol s |

where Ly, is the constant of Lemma 2.2. Thus, the above reasoning can be used to con-
clude that the right-hand side of (3.7) goes to 0 as || — 0. Similar computations can
be used to show that the same is true of E|[I}(f; + h) — I5(#1)]|2. Consequently, we can
conclude (from (3.3)) that ® is indeed L?*-continuous on [0, T].

Next, to see that ®(Xr,) C X1, let x € X7, and t € [0, T]. Since ¢ € L>((;C,), it
follows that

sup {E||(@x)(t+0)|: —r <t+0 < 0] < . (3.8)

—-r<60=<0

For all —r < 6 < 0 for which t+ 6 > 0, standard computations involving the Holder in-
equality, (A2)—(A4), and Lemma 2.3 yield the following estimates:

E( sup ||S(t+9)¢(0)||2> < M3lol,,

—-r<60<0

2
E( sup ||Ii‘(t+9)||2> <4(TMgM,;) [1+|Ix||§(m+ sup ||y(9)||iz],

-r=<60=<0 0=<0<T

(3.9)
E(ff£0||1§(t+9)||2> < 4(TMSMf2MK1)2[1+ llxll%,., +0i1;<pTIIM(9)IIiz]>
E<f3£0||l§(t+9)||2) < 4T(Mst3MK2Lf3)2[1+ llxll%,., +0iggTII#(6)|Iiz]-
Hence, we conclude that (cf. (3.2))
sup {E|(@x)(t+0)|:0<t+0<T} <. (3.10)

-r<60<0
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Thus, (3.8) and (3.10) together imply that EII((Dx)tIIZQ < oo, for all t € [0,T], so that
®(x) € X7 Since the F;-measurability of (Ox)(t) is easily verified, we conclude that
@ is well defined.

Next, we prove that ®@ has a unique fixed point. Indeed, for any x, y € X, (3.2) im-
plies

E||(®x); — (Dy);

3
ch4E[ sup ( ||If‘(t+9)—1iy(t+6)||2)}, 0<t<T (3.11)
1

r
—-r=<0<0 \j=

Standard computations yield
t
E||(@x), — (@[5, <4TM3 [M% JO El|xo — yollg, 40+ T(TM3 M3, + M2 M, 12)

t 0
xj j E||x,-yf||gd7d9], 0<t<T
0 Jo
(3.12)

We proceed in two cases to prove that ®V is a strict contraction, for some N. First, if
T <1, then T? < 1, so that we can continue (3.12) to obtain

Ell(Dx); — (q))’)tHzC,

t 5 t 0 5 (3.13)
< LEer — vl d6 +a; L jo Ellx — yol%. dvd, 0<t<T,

where a; = 4M{M? and a, = 4M§(M7, Mg, + M7, Mg, L} ) are independent of T. Induc-

tively, it can be shown that for each n > 1, that if &y j—n+1 18 the (j — n+ 1)th term of the
quantity (a; + az)", then

E||(®"x), - (©"y),

5 2n t]
¢ = (z‘xn,j—rwlﬁ)”x_}/”%(m» (3.14)

j=n

and subsequently, after taking the supremum over [0, T],
2 . T/
(@"x), = (@"y) [lx,, < ( > jntl j') lx = Y%y, = znllx = yli%,.,- (3.15)
j=n '

Clearly, ay,j—n+1 — 0asn — oo, forall j > 1, and Z?in nj-n+1 < 1, forall n > 1, since a; +
a < 1 by assumption. Since lim; .« (T7/j") = 0, for all T, it follows from [20, Theorem 4,
page 74] that z, — 0 as n — oo. As such, there is an N such that zy < 1, thereby showing
that ®Y is a strict contraction (cf. (3.15)). Regarding the case when T > 1, note that T2 >
T, so that continuing inequality (3.12) yields

E|[(®x); — (@y)][2,

t 5 t 6 5 (3.16)
<72 alenxg—ygncdemzj JE||x,—y,||cdrd6 , 0<t=<T,
0 " 0 Jo "
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so that reasoning as above leads to
n n 2
||(® x)t_ (q) J’)tHXT,Z 3znT2||x—y||§(”. (3°17)

Thus, we can deduce that there is an N* such that zy+ < 1/T?, again showing that ®N )
is a strict contraction. Hence, for a given y € €)2 and T > 0, ® has a unique fixed point
Xy € Xr5. Since (Px,)(t) = ¢(t), for —r <t < 0 (cf. (3.2)), we conclude that x, is a mild
solution of (1.1).

To complete the proof, we must show that y is, in fact, the probability law of x,.
Toward this end, let £(x,) = {£(x,(t)) : t € [-r,T]} represent the probability law of
x, and define the map ¥ : %) — 6y by ¥(u) = £(x,). It is not difficult to see that
L(x,(1)) € 922(H), for all t € [, T] since x, € X7, and ¢ € L*(Q;C,). Now, to verify
the continuity of the map ¢ — £(x,(t)), firstlet —r < ¢ < 0 and take [/| > 0 small enough
to ensure that —r < ¢+ h < 0. For all such c,

E||x.(c+h) = x,(0)|* = El|p(c +h) = $(c)||” — 0 ash—0 (3.18)
by assumption. Next, for 0 < ¢ < T, observe that for sufficiently small |h| > 0,
E|[xu(c+h) - x,,(c)||2

; (3.19)
sS[E||(S(c+h)—S(c) || +ZE||I“ (c+h)—L"(c)|| ]
i=1

An argument similar to the one used to verify the continuity of ® (cf. (3.7)) can be used
to then deduce from (3.19) that

im ||y, (c+h) ~x, ()| =0 V-r<e<T. (3.20)

Consequently, since for all c € [-r,T] and ¢ € €62, it is the case that

1 L () (L(xu(c+ 1)) — L (x,(0))) (dx)

JQ [¢(xu(c+hw)) _¢(xy(c;w))]dw‘ (3.21)

= |E[¢(xu(c+h)) — ¢(x.(c))]|
= Hq’”%E”xy cth)— y(c)”)

and so, we can conclude that
P(g(xy(c*' h)))g(x}l(c)))

= Sup Hsv(x) (L(xu(c+h)) = £L(xu(c)))(dx) — 0 as |h] — 0,
Plle<t

(3.22)

for any ¢ € [~r, T]. Hence, t — £(x,(t)) is a continuous map, so that £(x,) € 6,.. This
shows the well-definedness of V.
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Finally, we show that ¥ has a unique fixed point in €).. Let y, v € 6)2 and let x;,, x, be
the corresponding mild solutions of (1.1). Standard computations yield

t
Bl (), = )i, = G | Bllxo— ol do

. (3.23)
+czj J Ellxs — yel 2 drdf+ C:D2(u,y), 0<t=<T,
0 Jo '
where
Ci = 16TMMj,
Cy = 16M2T (ME MR T+MEME L2 ), (3.24)
C=CT+ CzTZ.
Hence, applying Lemma 2.3 and then taking the supremum over [0, T] yields
2 2
e xy||XT»2 < ¢rD¥H(u,v), (3.25)

where ¢ = C3[1+ (C, + Cy)Texp((Cy + C)T)](1 + Texp(T)). We can choose T small
enough so that ¢r < 1; denote such a T by Ty. Then, since

p(L(xu(1),L(x,(1)) <Ellxu(t) =x,(1)|| V—-r=t=<T, (3.26)
we have

@) - YOI, = D3 (P(@,¥ ) < sup Ellx(6) - w0
tel=rTol (3.27)
= ||x/4 - xv||§(m < CToDzTO (4>v)

by (3.25), so that ¥ is a strict contraction on 62 ([—r, Tol;($22(H),p)). Thus, (1.1) has a
unique mild solution on [0,T;] with probability distribution u € 6€([—r,Tol;
(§022(H),p)). This process can be repeated in order to extend the solution, by continu-
ity, to the entire interval [0, T] in finitely many steps, thereby completing the proof. [J

Remark 3.3. If we take r = 0 and replace f3:[0,T] X C, X 9:(H) — BL(K,H) and f;:
[0, T]xC, X pp(H) - H (i=1,2) by f3:[0,T] xH — BL(K,H) and f;: [0,T] xH —
H (i = 1,2), respectively, we recover [13, Theorem 2.1] as a corollary of Theorem 3.2.
Further, when K; and K, are convolution-type kernels satisfying [18, Assumption 3.2],
Theorem 3.2 is a generalization of [18, Theorem 3.3].

Observe that the result obtained in Theorem 3.2 for 0 < t < T with delay from —r <
t < 0 can be generalized in the natural way to intervals s < t < T with s > 0 and delay from
—r+s <t <s, using the g-algebra %; in place of Fy and {W(¢) — W(s) : t = s} in the role
of the Wiener process. In this translated setting, for any s—r <t < T and ¢ € L*({;C,)
which is &;-measurable independent of W with almost surely continuous paths, there
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exists exactly one mild solution, denoted by x*(t), of

x' () + Ax(t) = fi (£, x5, pu(t)) +J Ki(t,7) fo (7, %0, (7)) dT

x(t) =¢(t), s—-r=<t<s.
Next, we establish the continuous dependence of mild solutions of (1.1) on the initial
data and the boundedness of the pth moments. Specifically, we have the following.

PrROPOSITION 3.4. Assume (A1)—(A4). Then, for any ¢, v € L*(Q;C,) which are Fo-meas-
urable random variables independent of W with almost surely continuous paths and 0 < s <
s <t < T, the following estimates hold.

(i) For each p > 1, there is a constant C, > 0 such that

sup ]E||<x¢)t||é‘: < Cp(1+E|9(0)[[F). (3.29)
te|o,

(ii) There exist positive constants 1, B2, and B3 such that

E||(x¢)t - (xu/)t| 2c <Billig - I//”]z}(Q;C,) +D2T(Hx¢’.“xw)] - M* (1), (3.30)

where M*(t) = [1+exp(t) - (1 + fatexp((f2 + B3)1))] and x4 and x,, respectively,
denote the corresponding mild solutions of (1.1). In particular,

E||(X¢)t - (xu/)t ?j, <M* (1_21]\4*) ||¢—W||%z(g;cr), (3.31)

where M* = sup,_,_r M*(t), provided that 1 — f;M* > 0.
(iii) There is a positive continuous function ¢(s,s") such that ¢(s,s’) — 0 as (s —s) — 0 for

which
E||(x5), — (), llg, < ¢(s,9). (3.32)

Proof. Using the computations leading to (3.23) and then applying Lemma 2.3 yields (i).
To see why (ii) holds, let p > 1 and note that standard computations yield

El|(x), /I
3 P
<8P[ sup E||S(t+0)¢(0)|’+ sup ZE||I,?‘(t+9)||2]

-r<0<0 —-r<0<0 j=1

(3.33)

t P
<16? [Mﬁﬁ (E||¢(0)||2Cr>” +c{’(L [1+El|(x)ll5, + IIH(H)IKZ]d@)

ret(J) [} sl

p
. + ||y(f)||§2]drd0) } 0<t<T.
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Applying the Jensen and Hoélder inequalities enables us to obtain, for all 0 < t < T, that

2p
foR)

(Ellp)][2)" =< Ell¢(0)
(Jo T2l
S3PT(P’1)/1’L:[1+E||(JC¢)9

t 0
(Jo Jo [1+E||(x¢)T

t 0
§3PT(2(P_1))/PJ J 1+Ell(x
o, [1+Ell(x),

P
. +||y<e>||iz]de)

&+ |1 |46, (3.34)

p
2c,+||y(f)||iz]drd9)

&+ ()| drde.

Using (3.34) in (3.33) and subsequently invoking Lemma 2.3 yields (ii), after a rearrange-
ment of terms. Finally, (iii) easily follows by making use of the (A2)—(A4), together with
(3.26). This completes the proof. O

We now comment on the Markov and strongly Markov properties of the solutions of
(3.28). Precisely, in view of Theorem 3.2 and Proposition 3.4, arguments as in [10, pages
248-255] can be used to show the following.

ProrosriTioN 3.5. Under the assumptions of Theorem 3.2 and Proposition 3.4 the mild so-
lutions of (3.28) are Markov and strongly Markov.

4. Convergence results

For each n = 1, consider the Yosida approximation of (1.1) given by
x,, (1) + Axu(t) = nR(n; A) f (8, (xn) (1))

+J Ki(t,s)nR(n; A) fo.(s, (xn) o pin(s) ) ds
0 (4.1)

+ J(:Kz(t,s)nR(n;A)fg (8, (%) opin(s))dW(s), 0=<t=<T,
Xu(t) = nR(m; A)p(t), —-r=<t=<0,

where u,(t) is the probability law of x,(t) and R(n;A) = (I — nA)~! is the resolvent op-
erator of A. Assuming that (A1)—(A4) hold, one can invoke Theorem 3.2 to deduce that
(4.1) has a unique mild solution x, € Xy, with probability law u, € €,.. Further, since
xn(t) € D(A), forall t € [—r,T] (see [10, 26]), it is not difficult to argue that x;, is, in fact,
a strong solution of (4.1) in the sense of the following definition.

Definition 4.1. A continuous stochastic process x, : [—r,T] — H is a strong solution of
(4.1) if
(1) xn(t) is F;-adapted, for each —r <t < T,
(ii) x,(t) € D(A), for almost all 0 < ¢t < T, almost surely [P],
(iii) fOT |Ax(s)|lds < oo, almost surely [P],
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(iv)
xu(t) = nR(n;A)¢(0)

+ L Axy(s)ds+ L HR(15A) fi (5, (xa) o pin($)) ds
t s
+ L nR(mA) L Ki(5,7) fo (7, (xn) oo pin(1))dr dis

t s
+f nR(n;A)j Ka(5,7) f5.(7 () ot (1)) AW (1)
0 0

V0 <t < T, almost surely [P],
(4.2)

(v) xu(t) = nR(n; A)p(t), —r < t < 0, almost surely [P].

Moreover, since a strong solution is also a mild solution, x, can be represented using
the variation of parameters formula (cf. Definition 3.1(iii)). The following convergence
result holds.

THEOREM 4.2. Let x denote the unique mild solution of (1.1) as guaranteed by Theorem 3.2.
Then, the sequence of strong solutions of (4.1) converges to x in Xt asn — co.

Proof. Observe that
|xu(t+6) —x(t+ )|
<l ) - 56+ 0600

t+6
+M§TJ ||[nR (15 A) fi (5, (%) o hn(5)) = fi (5,0, p1(s)) | Pdls

t+6

FMRMET? [ [ InRO5A) (5, () pin(0) = f(xeps2) [P ds

|

t+6
+ Mg,

S(t+6-5) jo [1R(A) f5 (7 (x0) 1 tn(1)

— f3(7, %0, 4(1)) [dW (7)ds

6
=38 [H (nR(mA) —1)S(t+0)$(0)||* + > I(t + 0)}.
i=4

(4.3)

Standard computations lead to

t+0
(t+9)<2MSTJ [[|(nR(154) = T) fi (5, (%) o tn(5)) |

+2Mf1 (] (2 S—xs||CY+p2(yn(s),y(s)))]ds, 0<t<T
(4.4)
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Further, the triangle inequality and (A2), together, imply

t+6
J, 10RO =1) (s ) ()] s

(4.5)

t+6
SZJO [|nR(m A) = 11[*[ 202 (1] (xa) = 5[5, +p* (ttu(5),5))

+Hﬁ(&x&MGDHﬁ]d& 0<t<T

The boundedness of || fi (s, xs,4(s))[|> independent of n (which follows from (A2) and
Proposition 3.4), together with the strong convergence of nR(n;A) — I to 0, enable us to
infer that the right-hand side of (4.5) goes to 0 as nn — oo.

Similar computations lead to

t+0 s
I5(t+6) < 2M2M2 T L jo [1(rR(1A) = 1) fo (7, () o tan(0))]

+2M3, (|[ () = %elle, +p* (pn (2),1()) ) 1 ds,
0<t=<T,
(4.6)

t+60 s
Io(t+0) < 2MZM3, T2 jo jo (R (154) = 1) f3 (7, (xa) o tn () |1

L 4P (pn(r),p(r)) d ds,
0<t<T.
(4.7)

+2M3 L2 (|| (), — 0

The dominated convergence theorem, together with (A3) and (A4) and the strong conver-
gence of nR(n;A) — I to 0, enables us to conclude that the first integrals on the right-hand
sides of both (4.6) and (4.7) go to 0 as n — c. Hence, using (4.4), (4.6), and (4.7), together
with subsequent estimates in the spirit of (4.5) in (4.3), followed by taking the supremum
over —r < 0 < 0 and subsequently taking expectations, gives rise to an inequality of the
form

EH(xn)t — Xt

< BN + B | Ellu), -~ ds
’ (4.8)

_rtops
+ﬁ3J JEH(x,,)T—xTHzCrdes, 0<t<T,
0 Jo

where f3; (i = 1,2,3) are constant multiples of the quantity |[nR(n;A) — I||?. Applying
Lemma 2.3 and then taking the supremum over 0 < ¢ < T yields

(| —x||§(n2 <Bi[1+TByexp (BT) - (1+ Thsexp (BsT))] Vn=1. (4.9)

Since the right-hand side of (4.9) goes to 0 as n — oo, the conclusion of the theorem now
follows. O

The following corollary is needed to establish the weak convergence of probability
measures (cf. Theorem 4.6).
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CoROLLARY 4.3. The sequence of probability laws u, corresponding to the mild solution x,
of (4.1) converges in 6,2 to the probability law y corresponding to the mild solution of (1.1)
asn — oo,

Proof. This follows from the fact that

D7 (pnopt) = [iu%pz (un(1), (1))

) ) (4.10)
< sup E[[(xn), —x:llc, < [|xn —xl[x,, — 0 asn— o,
[-n.T]
forall0 <t <T. O
Remark 4.4. We observe for later purposes that Corollary 4.3 implies that
sup sup [Jun(s)|[}: < . (4.11)

neN —r<s<T

In view of Theorem 4.2 and Corollary 4.3, the following continuity-type result can be
established as in [1]. The details are omitted.

COROLLARY 4.5. Assume that EIIgb(O)II4 < co. Then, for any function F: [0, T] X H — R

satisfying
(i) for each N € N, there exists a positive continuous function ky (¢) such that

|F(t,x) —F(t,y)| <kn(t)lx—yl VO<t<T, |Ix[ <N, [yl <N, (4.12)
(ii) there exists a positive continuous function I(t) such that
|F(t,x)| <I(HA*(x) VO<t=<T, x€H, (4.13)

it holds that

JT J F(t,x)d(un(t) — p(0))dt — 0 asn — oo. (4.14)
0 H

We now consider the weak convergence of the probability measures induced by the
mild solutions of (4.1). Let P, denote the probability measure generated by the mild
solution x of (1.1) and Py, the probability measure generated by x, as in (4.1). Also,
let ¢ € L*(Q, C,) be an Fo-measurable random variable independent of W with almost
surely continuous sample paths. Assuming (A1)—(A4), we have the following.

THEOREM 4.6.

P, 2P, asn— oo, (4.15)

n

Proof. We will show that {P,, },._, is relatively compact by using Arzel4-Ascoli. Through-
out the proof, C; will denote a suitable positive constant.
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First, we show that {x,} is uniformly bounded in Xr,, that is, sup,cySupy-s<r
Ell(x,)¢]] 2Cr < o0, The mild solution x, is given by the variation of parameters formula

t
x,(1) = S(H)nR(n; A)¢(0) + L S(t —s)nR(n;A) fi (s, (xn) in(s)) ds
t rs
+ J J S(s — t)nR(n; A) (7, (xn)  tin(s)) dr ds
o Jo

N f JSS(S— DRR(mA) f5 (1, (xa) o pin(s))dW (r)ds, 0=<t<T  (416)
0 Jo

9

= S()nR(n;A)$(0) + > Ii(t),

i=7
Xu(t) = nR(m; A)p(t), —-r=<t=<0.

Let t € [0,T]. For all —r < 8 < 0 for which ¢+ 6 < 0, we have

sup sup {E||xn(t+ O :-r<t+6< 0}
neN —r<6<0

(4.17)
=sup sup {E||nR(n;A)gb(l‘+Q)H2 c—r<t+0< 0} <o

neN —r<6=<0

since nR(n;A) is contractive for all n. Now, let —»r <8 <0be suchthat 0 <t+6 < T. We
consider each of the four terms on the right-hand side of (4.16) separately. First

E||S(t+6)nR(n; A)$(0)|[7, < MZE||$(0)|[z,. (4.18)

Using routine arguments, taking into account (A2) and Remark 4.4, leads to

t+6

Bl (¢ +0)|%, < 2TME, [TCI ; L E||(xn)s||zcrds]. (4.19)
In a similar manner, we obtain
2 iy 2 5 t+0 s 2
E||Is(t+0)|[, < 2M§T*Myg M, | T*Cy + . 0E||(xn)7||crd1ds , (4.20)

and using Lemma 2.2,

t+0 s
EllL(t+ 0| s2M§T2MI%2MiLﬁ[T2C3+J j Ell(xa) |- dfds]. (4.21)
T 0 0 T
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Combining (4.18), (4.19), (4.20), and (4.21), there exist constants Cs4, Cs, Cs independent
of n such that

Bl < Cor s [ Bl dst o [ [ Bl drds 422)

which, by using Lemma 2.3, shows the uniform boundedness of {x,} in Xr,.
Next, we show equicontinuity. We will show that for everyn e Nand —r <s <t < T,
ast—s— 0, we have E||x,(t) — x,(s)[|* — 0 independent of n. If —r < s < t < 0, note that

El[x(£) = xu(s)|[* = El[nR(m A)[$(8) = ¢()][[* — 0 (4.23)

independent of n since ¢ € L*(Q,C,) and nR(n; A) is contractive, for all n. Now consider
0=<s=<t=<T.Since {S(t)} is a semigroup,

5 4 < ' . !
E||(S(t) - S(5)) nR(m; A)g(0)]|* = E(j ||S(T)AnR<n,A)¢<o)|<dT) .
< MEMAE]|9(0)]] (£~ 5)".
Also,
E||L(t) - L,(s)||*
< E(LSII[S(t— 1) = S(s — 1) |nR(m; A) fi (T, (%0) o tin (7)) || d T
t 4
+L |IS(t = 7)nR(1; A) fi (7, (Xn),,yn(‘r))Hd‘r)
SE( f L:||S<M>AnR<n;A>nR<n;A>f1(r, (%) o (1)) || dus
(4.25)

4
+M8Mf1 |:1+ ||x||T,2+ sup H,un(t)”,p](t—S))

0=<t<T

< E(MSMATMf1 [1 +llxllT2+ sup ||‘uﬂ(t)||/\2](t—s)

0<t<T

4
+MsMy, [1 +lxll 7,2 + sup ||;4n(t)||p](t—5)>

<t<T

=Cy(t— 5)4.
Similarly,

E||Is(t) — Is(s)|[* = Cs(t —5)*. (4.26)
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Finally,
E[|Io(5) = I5(5)||"

=E

J: Joa [S(t—s) = S(s = ) [nR(m; A)K2(0,7) f5(7, (xn) 1 (7)) AW (1) do
4

+ Jr J*()O' S(t - U)nR(]’l;A)Kz(O’,T)ﬁ (‘[’ (xn)-r),un(T))dW(T) dO'

=E

L J [S(t = 5) — S(s — 0) [nR(m; A)Ks (0,7) i (7, () . ptn (7)) do AW (7)

+ [LS J':+Lt Jj+£ Jj]S(t— o)nR(n;A)Ky(0,7)

4

X f3(, (xn) ;pin (7)) do dW (1)

>

(4.27)

and hence, as in previous computations, the expression in (4.27) is bounded above by
Co(t — 5)* independent of n. Thus, combining the above estimates coming from (4.24)—
(4.27), the equicontinuity follows.

Therefore, the family {Py, },_; is relatively compact by Arzela-Ascoli, and therefore
tight (cf. Section 2). Hence, by Proposition 2.5, the finite-dimensional joint distributions
of Py, converge weakly to that of P and so, by Theorem 2.6, P, X Py, asn — . O

5. Asymptotic stability

We now consider (1.1) on [0, o) rather than on a finite interval, and denote a global mild
solution of (1.1) corresponding to ¢ € L (Q;C,) by x(t;¢), if one should exist. We formu-
late results regarding the pth-moment exponential stability and almost sure exponential
stability of such solutions in the following sense (see [30, 31]).

Definition 5.1. x(t;¢) is said to be
(i) pth-moment exponentially stable if there exist positive constants A and C such that
for every ¢ € LP(Q;C,), El\x(t;¢)l|1c’, < CE||¢||€, exp(—At), for all t > 0, almost
surely [P],

(ii) almost surely exponentially stable if there exists a positive constant A such that
for every ¢ € LP(Q;C,), there is a finite random variable § such that [|x(¢;¢)[l <
Bexp(—At), for all t = 0, almost surely [P], (or equivalently, mtﬁm(l/t)log |x(t;
Ol < —A, almost surely [P]).

Throughout this section, we will assume that f; (i = 1,2,3), now defined on [0, c0) X
C, X $12(H), satisty the growth conditions in (A2)—(A4) globally on their respective do-
mains, and that the kernels K;(t,s) and K,(t,s) are defined for 0 < s <t < o and are
globally bounded. In addition, assume that

(A5) [|IS(t) || < Mexp(—at), for all t > 0, for some constants M > 1 and & > 0.
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Also, replace 62 by 62, the space of all bounded continuous g, (H)-valued functions
defined on [0, ), equipped with the metric

Do (v1,72) = sup p(vi(t),72(t)), 1,72 € 6p oo (5.1)
te[0,00)

A mild solution of (1.1) on [0, ) is a continuous process x that satisfies Definition 3.1,
for each T > 0. One can use the same approach used in the proof of Theorem 3.2 to verify
that under the above modified hypotheses, the mild solution of (1.1) can be extended to
[0, 00) with probability distribution y € €)2,.. In order to establish stability results in the
spirit of Definition 5.1 of such a mild solution, however, the growth conditions imposed
in (A2)-(A4) must be strengthened. Precisely, we assume instead that

(A6) fi:[0,00) x C, X g22(H) — H (i = 1,2) is a continuous map satisfying

Ifi(t ()| < Ngexp (= Brt) [1+ llgllc, +[[u(®)]];.] (5.2)

globally on [0, ) X C, X 0,2 (H), for some positive constants Nﬁ and 3,
(A7) f3:10,00) X C, X §032(H) — BL(K, H) is a continuous map satisfying

s (60, ) |lpriic ry = Npyexp (= Brt) [1+ llollc, +||u(®)]];.] (5.3)

globally on [0, 00) X C, X 0,2 (H), for some positive constants Nﬁ and S,
(A8) {Ki(t,s) :0 <s<t<o}U{Ky(ts):0<s<t< oo} CBL(H,H) such that
1K (t,8) L,y < Mk, and [|Ka(t,s) Lo,y < Mk, for all 0 <s <t < oo, for
some positive constants M, and Mk, .
Conditions of this type have been imposed by others in analogous situations (e.g., see,
[30, 31]). Throughout the proofs of the results in this section (which utilize the strategy
employed in [30, 31]), ¢; will denote a positive constant depending only on &, 7, SUp; .y
lu(0)11%, and the growth constants. The first result is as follows.

THEOREM 5.2. Assume that (A5)—(A8) hold. Then, the corresponding mild solution of (1.1)
on [0,00) is pth-moment exponentially stable, provided that o > 2VP3MsN f, and 5 > &
(i = 1,2,3) for a positive constant &, prescribed later.

Proof. Let p = 1 and ¢ € LP(Q;C,) be an %y-measurable random variable independent
of W with almost surely continuous paths. For a fixed t = 0, we have

3
Ellx||f. <47 sup [E||S(t+e>¢(o>||”+ZE||I;‘<t+9)||”]. (5.4)

—r=<60<0 i=1

Using (A5) yields

E||S(t+0)¢(0)[|” < M” exp(par) exp(—pat)E||$(0)

P =g exp(~par). (5.5)
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Next, an application of the Holder inequality, followed by (A6), gives us

E[|I(t+6)||
t+6 (p=1)
< MPE[(J exp (- (x(t+9—s))ds>
0

t+6
[ e -atro-alstmpenlra] o

t+0
<gexp(—a(t+0)) L eXP(‘XS)EHst}é,dS

t+6
+¢3 Jo exp (—a(t+0—s))exp(—Bys)ds
Similarly, we obtain
MM P t+6 s p
E||I§(t+6)||ps(ap7f<f)E[L exp (— at+6-9) ([ 1 (roxnute) e ) ds)]

(5.7)

and using (A6), together with the Young and Hoélder inequalities, further yields

([0 st e

< N[ (2 08) J||xf||cdr+(ﬁf2;’ (1rsupla@l) 59

x | exp (~paras

Then, using (5.8) in (5.7) leads to the subsequent estimate

t+0 s
E||IE(t+0)||f < cuexp (—alt+6)) J J exp(ocs)E||xT||grdes
o0 (5.9)

N

t+6
+g5J exp(—oc(t+9—s)Jexp( Bpr)drds.
0

In a completely analogous manner (with the additional help of It6’s formula), we arrive at

t+0 s
E||IF(t+0)]|” < gsexp (—a(t+6)) J J exp(ocs)E||xT||Ic7rd‘rds
070 (5.10)

N

t+6
+g7J exp(—oc(t+0—s)J exp (- fp7)drds.
0
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Combining (5.5), (5.6), (5.9), and (5.10), we conclude that

t+6

E|lx(t+0)||” sglexp(—p(xt)+gzexp(—oc(t+9))J exp(ocs)EHstéds
0

t+0 s
+(catgs)exp(—a(t+0)) Jo Jo exp(ocs)E||x,||fC)rdT ds

t+6
+¢3 Jo exp (—a(t+0—s))exp (—fps)ds

t+6 s
+JO exp(—a(t+60—5s)) JO [esexp (—BpT) +¢7exp (— By 7)]drds.
(5.11)

Choose 0 < a/2 < gy < « such that

2(2MS)P(1:;)plexP (e07) [ﬁfs (Nﬁﬁﬁ)pﬁ?f;;]; (NﬁﬁﬁLﬁ)p] <ela—g).  (5.12)

For & as above and T large enough, multiplying (5.11) by exp(&pt) and integrating over
(0,T) yields

T T 4
I exp (eot)EHx(t+0)||Pdtsg1I exp (eot — pat)dt + Z]i(T)' (5.13)
0 0

i=1

Applying Fubini’s theorem yields

T+0 T 0 rs—0
(1) = gzUO | msdrase | | msar ds} = ol () +3 (D),
(5.14)

where
hi(t,s) = exp (eot — a(t +6)) exp(as) E| || . (5.15)
Elementary computations give rise to

exp(—ab)
xX—&

T
X JO [exp ((eo—a)(s—0)) —exp ((eo—a)T)] exp(ocs)E||xs||1C)yds (5.16)

Ji(T) <

T
< MJO exp (SOS)EH"SHIC)rdS’

@ — &
B 0
751 < SLEO (1~ exp (e — ) (- 0)) T explas Bl 1
s (5.17)
0
< %(i;) L exp(ocs)E||x5||Iérds,



296  Stochastic delay equations

so that using (5.16) and (5.17) in (5.14) yields

T
JI(T) <¢ [MJ exp (0s) E| x| |7 ds + exp(ar) JO exp(as)E| |x| % ds]. (5.18)
0 " 0(—80 s r

ax—&

Similarly,

0 r7 s—0 T+0 T+0 (s—0
JZ(T)=(g4+g6)U J J hz(t,s,T)dtdsdT+J J J hz(t,s,r)dtdsdr]
s s 0 0 T 0

= (ca+ge) [J5(T)+]5(T)],

(5.19)
where
hy(t,s,7) = exp (eot — a(t+6)) exp(ocs)E||xT||€r. (5.20)
One can easily verify that
J3 (1) < SPlan). Joex (as)El x| £ ds (5.21)
S ala—e) ) P e '
JA(T) < exp (ar) JTex (€08) E||x||Z. ds (5.22)
4 ~ g(a—g) Jo P& G '
Hence, using (5.21) and (5.22) in (5.19), we obtain
exp(ar) (° P
B(T) = (si-+60) | o200 [ explas)Bl  , ds
alo—go) Js
(5.23)

exp (eor) (T
+ m JO exp (5OS)E||XS||1C)yd5:|.

Taking the supremum over —r < 6 < 0 in (5.13) (taking into account the continuity) and
then substituting (5.18) and (5.23) gives us

T T 1
p _ S
L exp (eot) E|[x¢|[¢ dt < 61 L exp (et — pat)dt + [gz + ala +gé)}

exp (eor) T »
T | exp (o) Bl s -

_ exp(ar)
+[”+Mg+%J a(a—e0)

0
X J exp(as)E||x||2 ds+J5(T) +Ju(T).
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Now, let T — oo in (5.24). The choice of ¢y and « now enables us to conclude that

L exp (eot) El|x(| |7, dt

1
< 1— (exp (eor)/(a—e0))[s2+ (1/(e0(sa+¢6)))]
- [51 J: exp (eot — pat)dt + [gZ + m} (5.25)

0
: %J’S exp(as)E|[x||£, ds + J3(c0) +]4(oo)]

= C(p,e0,¢) < o0,

where J;(o0) = lim7r_ Ji(T) (i = 3,4). Hence, we can deduce from (5.11) that

Ellxllf, < exp (—e0t) 1+ c2exp (o) Clpiosd)
t+0 s
+ (64 +66) exp (sor)j J exp(as)E||x; ||}, dr ds (5.26)
0 0

+16(oo>+17<oo>],

where I;( ) = lim; .o, I;(t) (i = 6,7). (Note that Is(c0) + I;(c0) < oo by choice of 5..) Using
a similar Fubini-type argument and noting the choice of ¢ enables us to obtain

t+60 s 0
J J exp(as)E||x.| |5 drds < ij exp (2¢0) E||x| |2 ds. (5.27)
0 0 i 0 ’

An argument similar to the one leading to (5.25) can then be used to finally conclude
from (5.26) and (5.27) that, in fact,

Ellx]|? < C*exp(—&t) Vt=0, (5.28)

as desired. O
The second stability result is as follows.

THEOREM 5.3. If the mild solution of (1.1) on [0,00) is pth-moment exponentially stable,
then it is almost surely exponentially stable, provided that the assumptions of Theorem 5.2
are satisfied.

Proof. Let p = 1and k € N be fixed. First, we claim that

E( sup ||x(t)||p>sCexp(—so(k—l)) (5.29)

k—-1<t<k
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for some positive constant C. To see this, note that the semigroup property enables us to
write

t
x(t) = S(t— (k- 1)x(k— 1)+ LH S(E = ) f (5, %5, () ds

* Jkt_l St —s) LSKI(S)T)fz (7,%,u(1))drds

: s (5.30)
; S(t—s)J Ko(5,7) fo (1,20, (1)) dW (T)ds, £ 0,
k-1 0
13
=D Ii(n), t=0,
i=10
and subsequently,
13
E( sup ||x<t>||P) <8 > E( sup ||1i<t>||"). (5.31)
k—-1<t<k i=10 k—-1<t<k
Observe that (A5), together with Theorem 5.2, yields
E( sup ||110(t)||P) < MPE||xx1||f, < Crexp (—eo(k — 1)) (5.32)
k—1<t<k

for some positive constant C;. Next, using (A6) and the Holder inequality, and arguing
as in (5.7) and (5.8), we arrive at (by choice of )

5 sup lmool)

k—-1<t<k
t

SMPE< sup 1||f1 (S,Xs,[l(S))”pdS)

k—-1<t<kJk—

< (mml)f’(l:c‘pl)p1

-1

k k
| [ e | 1 supllas s [ exp (- pyopmll s

<Cyexp(—e(k—1)).
(5.33)
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A similar computation (using (A7) and the choice of ,) gives us

E( sup ||112<t>||f’)

k—1<t<k

< (2MMK1Nf2)P<Pa;1)PI

¢
XE( sup exp (—a(t—ys))
k—1s<t<k Jk-1

, (5.34)
1 2 -1\
[ (e O ) (2 [ ara)
ﬁfz pﬁfz 0 '
<Cs- 1 sup (exp(—a(t—k+1))—1)
k—-1=st<k
t
+C4C*-l sup (1 —exp(—eos)) exp(—alt—s))ds.
€0 k—1<t<k Jk-1
Since ¢ < a, the following hold:
sup (exp(—a(t—k+1))—1) <exp(—&(k—1)), (5.35)
k-1<t<k
t
J (1—exp(—eps))exp(—alt—s))ds <exp (—eo(k—1)). (5.36)
k-1
Using (5.35) and (5.36) in (5.34) then yields
E( sup ||Ilz(t)||P> < Csexp (—eo(k—1)). (5.37)
k—-1<t<k
Similarly, one can argue that
E( sup ||113(t)||P> < C6exp(—so(k— 1)), (538)
k—-1<t<k

and hence, using (5.32), (5.33), (5.37), and (5.38) in (5.31) enables us to infer that for
each k > 1, (5.29) holds, for some positive constant C independent of k.
Now, let 0 < A < g be arbitrary and let Ex denote the event

E = {w: sup |lx(50)[[" > exp (= (0 = A) (k- 1))}. (5.39)
k—1<t<k
Observe that for each k > 1,

P(Ek)Sexp((so—A)(k—l))E< sup ||x(t;w)||p>

k—1<t<k
<Cexp(-Ak—1)) (by(5.29)),

(5.40)
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so that X7~ | P(Ex) < 0. Thus, Borel-Cantelli [10] implies that for almost all w € Q,

sup [Ix(t0)[) < exp (= (e9— 1) (k- 1)) (5.41)

k—-1<t<k

holds for all but possibly finitely many k. As such, there is a ky > 1 for which (5.41) holds
almost surely [P], for all k > k. It then immediately follows that

%10g||x(t)||p < —80;2‘ as. [P], k = ko, (5.42)

and subsequently,

EO—A

@%10g||x(t)||p <- as. [P). (5.43)

Since A > 0 was arbitrary, the desired conclusion follows from (5.43). (Note that —¢y/p is
an upper bound for the almost sure Lyapunov exponent of the mild solution.) O

6. Examples

Example 6.1. Let @ be a bounded domain in RY with smooth boundary 0%. Consider
the following initial-boundary value problem:

%(t,z) = Ax(t,2) + F1 (t,z,x(t — 1,2)) +J

Fy(t,z,y)u(t,z)(d
@) 2 (t,2, y)u(t,z)(dy)

+ Jta(t,s)g(s,z,x(s —1,2))dB(s) a.e.on(0,T)x%D, (6.1)
0
x(t,z) =0 a.e.on (0,T) X 09,
x(t,z) =&(t,z), —-r<t=<0,ae on9,

wherex: [0, T] XD — R, F;: [0, T] XD XR = R, F,: [0, T] XD X L*(D) — L*(D), u(t,-)
€ £:(L*(D)) is the probability law of x(f,-), a: A — R, g:[0,T] X% x R — BL(RY,
L*(9)), B is a standard N-dimensional Brownian motion, and &:[0,T] X & — R. We
impose the following conditions.
(A9) F, satisfies the Caratheodory conditions (i.e., measurable in (t,z) and continuous
in the third variable) such that
() |Fi(t,y,2)] < Mp,[1+|zl],forall0<t< T,y €%,z € R, and some M, >0,
(ii) |Fi(t, y,21) — Fi(t,y,22)| < Mplz1 — 22|, foral 0 <t < T, y € 9, z1,2; € R,
and some Mp, > 0.
(A10) F; satisfies the Caratheodory conditions and
(i) IF2(t, y,2) 2@y < Mg (1 + lzllp@)), foral 0 <t < T, y €D, z € L2(D),
and some Mp, >0,
(ii) Fa(t, y,+) : LAH(D) — L*(D) isin 6, foreach0 <t < T, y € %.
(A11) a € L=(0,T)>.
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(A12) g satisfies the Caratheodory conditions and
() llg(t,y,2) L@y, 2@y < Mg[1+|zl], for al 0 <t <T, y €%, z€ R, and
some M >0,
(ii) ||g(t,y,zl) gty ) By @) < Mglzi — 2z, forall 0 <t < T, y € 9,
21,22 € R, and some Mg > 0.
(A13) & is an Fy-measurable random variable independent of 8 with almost surely con-
tinuous paths.

We have the following theorem.

THEOREM 6.2. If (A9)—(A13) are satisfied and 4M§(M}1 +M}2(3M§L23) <1, then (6.1) has a
unique mild solution x € C([—r, T];L*(Q,L*(D))) with probability law {u(t,-) : 0<t<T}.

Proof. Let H = L*(%) and K = RV, denote dx/dt by x'(t), and define the operator A by
Ax(t,-) = Ax(t,), x€ H*(D)nH)(D). (6.2)

It is known that A generates a strongly continuous semigroup {S(¢)} on L*(%) (see [26]).
Define themaps f; : [0,T] X C, X pp2(H) — H, f3:[0,T] X C, X 922 (H) — BL(K,H), and
¢:[0,T] XD — R, respectively, by

fi(txeu(t))(2) = Fi(t,z,x(t —1,2)) + JLZ(@)Fz(ﬁzy)’)//‘(hz)(d)’)a (6.3)
fi(tsxe,u(t))(z) = g(t,z,x(t -, z)) VO<t<T,ze%D, x; € C, (6.4)
(1) (2) = &(t,2), (6.5)

where C, = C,([—7,0];L*(D)). Further, identifying K;(t,s) with a(t,s) and taking f, =

= 0, we observe that (6.1) can be written in the abstract form (1.1). From above, (A1)
and (A4) are satisfied. We show that f; and f; asin (6.3) and (6.4) satisfy (A2) and (A3).
To this end, observe that from (A9)(i), we obtain

1/2
1By (2500, )) sy = M| [ [14 |06,2) e

< 2, [m(@) + 0, M) (66)

< 20, [ fm(@) + |lx,, ]

<Mg[1+]xllc] VO<t<T, xeC,

where

(6.7)

>
B oMy, if m(®) <

. _12Mp1 m(@)  if m(D)
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(Here, m denotes Lebesgue measure in RY.) Also, from (A9)(ii), we get

|[Fy(t,+,x:(0,-)) = Fi(t, -, ye(6, ) ] 1o

12
< Mp, [J@ | x:(6,2) —yz(9,2)|2dz] o
6.8

—-r<6<0

172
SMF||: sup ||xt(9)')_yt(ea')||§,2(gb):|
= Mg, ||x: = yill ¢,

Next, using (A10)(i) together with the Holder inequality yields

F(t, -, t,-)(d
L@) SOOI

[ J@ [ JLZ(@) Fz(t,z,y)u(t,z)(dy)] zdz]

1/2
2
U@ J, oy [t y)||Lz<@)y(t,Z)(d}/)dz]

M, Ug (], (11 y||Lz(@>)2y(t,z)<dy))dz] :

< MpAm(@) \|lu®l]p2 (cf. (2.2))

<MpAm(@)(1+||u(0)|].) VO<t=<T,ucpr(H).

1/2

IA

(6.9)

IA

Also, invoking (A10)(ii) enables us to see that for all y,v € $,:(H),

”J;%@)fb(n-,y)y(n-)(d)ﬁ —‘I Ex(t, -, y)(t,-)(dy)

L2()

< |lp(u(®,9(0) |12y (cf. (2:2))

L*(%D)

J sy Polto ) (u0,2) = 10,20 ) 6.10)

L2(%D)

=m(D)p(u(t),»(t)) VO<t<T.

Combining (6.6) and (6.9), we see that f; satisfies (A2)(i) with M 5, =2 - max{Mp,/m(D),
M }, and combining (6.8) and (6.10) shows that f; satisfies (A2)(ii) with M s =max{MF,,
Vm(D)}. It is easy to see that f; satisfies (A3) with My, = Mg and My, = M. Thus, we
can invoke Theorem 3.2 to conclude that (6.1) has a unique mild solution x € C([—r, T];
L2(Q,L*(D))) with probability law {u(t,-):0 <t < T}. O
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Example 6.3. Consider the following initial-boundary value problem of Sobolev type:

% (x(t,z) - xzz(tyz)) — x22(t,2)

— Fi(tzx(t—12)) +I Ey(t,2,y)u(1,2)(dy)

12(0,7)

: (6.11)
+J a(t,s)g(s,z,x(s—r,2))dW(s), 0<z=<m 0=<t=<T,
0

x(t,0) =x(t,m) =0, 0<t<T,

x(t,z) =¢P(t,z), 0<z=<m —-r<t<0,

where x: [0,T] X [0,77] — R is the state process, F; : [0,T] X [0,7] X R — R, F,: [0,T] X
[0,7] X L*(0,7) — L2(0,7), a: A — R, g:[0,T] x [0,7] X R — BL(R,L?(0,7)), and ¢ :
[0,T] < [0,7] — R are mappings satisfying (A9)—(A13) (in the appropriate spaces), u(t, -)
€ £):(L*(0,7)) is the probability law of x(t, -), and W is a standard L?(0,7)-valued Wie-
ner process. We have the following theorem.

THEOREM 6.4. Under the above assumptions, (6.11) has a unique mild solution x €
C([-r, T};L*(Q,L?*(0,7))), provided that 4(Mj2f1 +M]2%M§L§3) <1

Proof. Let H = L?(0,7), K = R, and define the operators A: D(A) C H — H and B:
D(B) C H — H, respectively, by

Ax(ta') = _xzz(t)')’ Bx(t)) :x(t>')_xzz(t>')) (612)
with domains
D(A) = D(B)
= {x € L*(0,7) : x, x, are absolutely continuous, (6.13)

Xz € L*(0,7), x(0) = x(7) = 0}.

Define ¢, K;, K, and f; (i = 1,2,3) as in Example 6.1 (with L?(0,7) in place of L*(9)).
Then, (6.11) can be written in the abstract form

t
(Bx(1)) +Ax(D) = fi (£, (1)) + L a(t,9) fi (s, 2 () dW(s), 0<t<T,
x(t)=¢(), -r=t=<0.

(6.14)

Upon making the substitution v(t) = Bx(¢) in (6.14), we arrive at the equivalent problem
V(1) +AB () = fi(t, B v, u(t))

+ Jta(t,s)fg(s,Bilvs,[/t(s))dW(s), 0<t<T, (6.15)
0
v(t) =B¢(t), —-r=<t=<0.
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It is known that B is a bijective operator possessing a continuous inverse and that —AB™!
is a bounded linear operator on L?(0,7) which generates a strongly continuous semi-
group {T(t)} on L*(0,7) satisfying (A1) with My = a = 1 (see [26]). Further, f; and
f3 are shown to satisfy (A2) and (A3) as in Example 6.1. Consequently, we can invoke
Theorem 3.2 (assuming that 4(M % + szfj M‘%L?3 ) < 1) to conclude that (6.15) has a unique
mild solution v € C([—r, T];L*(Q,L?(0,7))). Consequently, x = B~!v is the correspond-
ing mild solution of (6.14) and hence, of (6.11). O

Remark 6.5. This example provides a generalization of the work in [2, 7, 22, 27, 28] to
the stochastic setting. Such initial-boundary value problems arise naturally in the math-
ematical modeling of various physical phenomena (e.g., thermodynamics [8], shear in
second-order fluids [15, 33], fluid flow through fissured rocks [3], and consolidation of
clay [32]).
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