LOCALLY PERIODIC HOMOGENIZATION OF
REFLECTED DIFFUSION

ABOUBAKARY DIAKHABY AND YOUSSEF OUKNINE

Received 27 July 2005; Accepted 15 February 2006

We study the homogenization of reflected SDEs with locally periodic coefficients and
highly oscillating drift. Our method is entirely probabilistic, and builds upon earlier
works of Tanaka, Benchérif-Madani and Pardoux, and Bensoussan et al. We extend, to
Tanaka’s theorem locally periodic case.
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1. Introduction

Let L' be a uniformly elliptic second-order partial differential operator of the form (2.11)
indexed by a parameter € > 0. The homogenization problem for an elliptic equation con-
sists in computing the limit as ¢ | 0, of the solution u.(x) of L'y, = f in a domain D of
R? subject to an appropriate boundary condition under the assumption that the coeffi-
cients a'/(x), b'(x), and ¢’(x) are periodic, almost periodic, or more generally, stationary
random fields. In a probabilistic approach the problem becomes the following. What is
the limit of the laws of the diffusion processes X; with generator L¢ as ¢ — 0? This kind of
problem has been studied for diffusion processes in the whole of R by Freidlin [5, 6] and
Bensoussan et al. [3], and in the case of the presence of boundary conditions by Tanaka
[13]; and in this paper, we will consider the case of locally periodic coefficients and gen-
eralize [13, Theorem 2.2]. This result of Tanaka is used by Ouknine and Pardoux [9],
the authors have combined the probabilistic approach of Pardoux [10] with backward
stochastic differential equations, in order to derive homogenization results for semilinear
parabolic PDEs with periodic highly oscillating drift and nonlinear term and nonlinear
Neumann boundary conditions. We note that Benchérif-Madani and Pardoux [1, 2] deal
in the locally periodic case with the same problem with a Cauchy boundary condition.
The paper is organized as follows. In Section 2, we give our assumptions, notation,
and the problem formulation. In Section 3 we deal with the main result and its proof.
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2 Locally periodic homogenization of reflected diffusion

2. Reflected diffusion with rapidly oscillating and locally periodic coefficients

Let D = {(x},...,x%) € R%,x! >0}, the functions 0 : RT®R? - R @ R, b: R? ® R —
RY c:RY® RY — R% and y: 0D ® 0D(= R*! ® R¥"!) — R¥ are locally periodic (i.e.,
periodic with respect to the second variable; of period 1 in each direction in D), and
y!(x,y) = 1. We note a = o(x,y)'o(x, y)/2 and we define some family of operators in-
dexed by x and acting on y. By convention 0; means dy,:

d d d
53 (s S0l Sl
ij=1 ¢ i1 y =l ’

d d
Loy= 3 a)00;+ 16,100,

i,j=1 i=1

(2.1)

Te, = > yix,9)0;.

i=1

2.1. Assumptions on the coefficients. Our standing assumptions are the following.
(H.1) Global Lipschitz condition: there exists a constant ¢ such that for any { = a,b,¢,
and y,

(06 9) = ¢y < clllx =+ 1ly = y'Il)  Vax €RY y,y €T (2.2)

(H.2) The partial derivatives 0 (x, y) as well as the mixed derivatives 8,20, {(x,y) exist
and are continuous, { = a,b,c, and y,x € R%, y € T,

(H.3) The coefficients are bounded, that is, there exists a constant ¢ such that for any
{=a,b,c,andy,

¢yl <c, xeRY, yeT (2.3)
The system

Lt inside D,
(2.4)
[fu=0 onodD

determines a unique diffusion process on D, which is called (LS, T¢)-diffusion.

By requirement there exist a Ly, ,-diffusion on R? with generator Ly, and by Y -perio-
dicity assumption on the coefficients this process induces diffusion process U* on the
d-dimensional torus T¢, moreover this diffusion process is ergodic. We denote by m(x, -)
its unique invariant measure. In order for the process with generator L to have a limit in
law as € — 0, we need the following condition to be in force.
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(H.4) Centering condition: for all x,

Ld b, 1) m(x, du) = 0. (2.5)

2.2. Notations. We use the following notation for any functions {(x, y) or &(x):
€

((x6.20) = ¢t

€
As,rf(') = f(r) - E(S), (26)
0i{(x,y) = 9,,{(x, ).

First we notice that under (H.4), there exists a unique periodic solution bk of Lbk = —bk
for each k = 1,...,d, with zero integral against the measure m(x, -). That solution is given
by @k(x, u) = fooo E, {b*(x, U¥)}dt where under P,,, U* starts from u.

We set

b! 91b - - - 9yb!
/l; = : 5 Vy/l; = ' e ‘ )
be b - - 9ab?
aop(x) = JTd (I+V,b)a' (I+V,b)(x,u)m(x,du), (2.7)

co(x) = JTd (I+ V),E)c(x,u)m(x,du),

d d
LOx) = > ag (x)2:0;+ > ch(x)0;.

ij=1 i=1
We write u = H*¢ for the solution u of

Liu=0 inD

(2.8)
u=¢ onoaD.

Then H* sends functions defined on 9D to functions defined on D, while T*H sends
functions on 0D to functions on 0D, where I'* = Z?:l yi(x, ¥)0;. There exist a unique
Markov process on 0D with generator I*H*. By the periodicity assumption this Markov
process induces a Markov process on the torus T9-1; let m(x, -) be the invariant measure
of the induced Markov process. We set

yo(x) = JT‘H (I+ Vyg)y(x,u)i%(x,du),

) (2.9)

IO(x) = > yh(x)0s.
i=1
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Given a d-dimensional Brownian motion {B; t > 0} defined on a probability space (Q, %,
P), (X*,¢°) is the unique solution with values in D X R, of the following reflected SDE:

dX£=a<Xf, )dBt+ b(Xf,Xt>dt+c<Xf,Xt>dt+ <Xf, )d¢ £>0,

t
. . . . 2.10
XP' =0, ¢° is continuous and increasing, J Xedge =0, t=0, (2.10)
0
X5 =x,
where X®! denotes the first component of the process X¢. We recall that D = R%, so that
X¢ lives in D, that is, X®! remains nonnegative, and ¢*¢ increases when and only when X®!

is zero, just to keep it nonnegative.
Let

(2.11)

be the operators acting on x, so the diffusion process X; is an (L¢,T¢)-diffusion.
We define

Co(x,y) = [axi)\h +(I+ ayl;)c+ %Trai},@aa*] (x,9),
So(x,y) =[(I+ ayg)a](x,y), Ao(x,y) = SoSg (%, ),

=J Coloes w)m(x, du), Ko(x)=J Ao, u)m( du),
T4 Td

yo@) = | 1+3,6)y) o y)icedy),

] (2.12)

Z A (x)95,05, + zCO x)0x, 0= pi(x)x,
i=1

ij=1 i=1

X, = 1/2 (

X¢)dB; + Co(X,)dt +yo(Xs)d¢s, t=0,

t
th >0, ¢ is continuous and increasing, I Xsldgbs =0, t=0,
0

XOZ-x)

The operators L° and I' are acting on x.
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3. Main result

We can now state our main results, which are a generalization of Tanaka [13, Theorem
2.2].

THEOREM 3.1. Under the assumptions (H.1), (H.2), (H.3), and (H.4), the (L*,T*)-diffusion
process X¢ converges in law to an (L°,T°)-diffusion X as ¢ | 0. Moreover,

(X5, MX",¢%) = (X, M*X,¢), (3.1)

where MX (resp., MX") is the martingale part of X (resp., X¢), and ¢ (resp., ¢¢) is the local
time of X! (resp., X*1) at 0.

Remark 3.2 (Skorohod equation). We have X&! = US! + ¢¢, where

Uf=x+£( ( )dB A1 b(xs —f)dsﬂ(Xf —)ds) (3.2)

so by [13, Proposition 3.2],

¢ —¢f< max |US'-US'| < sup ||US-Ufl, 0s<s<t, (3.3)

ssh<h=<t s<t <t <t
and using the boundedness of the coefficients, with probability one, we have
-t <c((t—s)+(t—s)?+e Ut-5), 0<s<t, (3.4)
and for t —s < €2,
¢ — ¢t <ce(2+€) Vi s,0<s<t<s+e’<T. (3.5)

Let U. be the unique diffusion in R%, solution in law to the stochastic differential equa-
tionfor0<t<T,

U, = jco ds+JAl/2 )dB.. (3.6)

Then we have from [1], that U¢ converge in law sense to U (i.e., U= U). We have, by
the Skorohod equation, that (X®!,¢¢) is associated to U!:

Xel=Us +¢° Ve>o0. (3.7)

According to the above result, the above remark, and Stominski [11, Corollary A.3],
we have the following.

LemMA 3.3, (X&1, UL, ¢°) = (X1, UL, ¢) where (X1, ¢) is associated to U*.
By [1, Lemmas 21 and 22] and the above remark, we have also the following.

LEMMA 3.4. For any p >0, there exists a constant c, such that for all e > 0,

E(¢5) <cp (3.8)
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Proof. We have from the remark that X! = US! + ¢¢ and since Uf = Uf + R¢ by [1, Lem-
mas 21 and 22], for any 0 < ¢ < T, 3¢ such that E[|Uf [|? < ¢ and E||Rf [|? < ¢. From (3.3),
we have E(¢%)? < E(maxo<y, <, < |U," — US' )P < E(supy.y, o, |US = US|)P < 0. O

From [1, Lemma 1] it is easy to reach the following result.

LemMa 3.5. Let h(x,y) be a continuous bounded function on R x T such that for all
x € RY, [1ah(x,u)m(x,du) = 0. Then

t t .
e‘lj h(r,r)dr = e‘lj (Ash(yr)+ A, Lo (s, 7)) dr

N

+£tayﬁ(s,r)[c(r,r)dr+y(r,r)dgbf] (3.9)

~

t ~
+ J 3,h(s,7)0(r,r)dB, + €Arsh(s, ).

Proof. Use the 1t6-Krylov formula to compute eAs,JAl(s, ), where / is the solution of the
Poisson equation, and the fact that L, .h(s,r) + h(s,r) = 0. O

Let us take a fine enough equidistant subdivision, ultimately depending on €, of the
interval [0, T'] by means of the points t;, i = 0,...,[T/At] = N, where ty = 0, At; =ty — t;.
We denote by t. the largest t; below ¢, by t* the least t; above ¢, and by N, the integer
[t/At] for t < T. Applying the preceding lemma to b(x, y) on each At; we can derive a
representation of Xf in which the singularity is removed by introducing a multiplicative
small corrector term.

Let us first define, for 0 <s < T,

FO€(sy,s) = (I+ay3(s*,s))c(s,s),

GY€ (s4,5) = (I+8y§(s*,s))a(s,s),

R (3.10)
Y€ (55>8) = (I+0yb(s4,5)) y(s,9),
R%€ (5*>5) = As*,sb(':s) + As*,sL-,sg(5*>S)y
and state the following as in [1].
CoRrOLLARY 3.6. With the notation above, for0 <t < T,
tx te [
X =x+ J FO€ (sy,s)ds+ J GY€ (s54,5)dBs+¢7! J RO (s4,5)ds
0 0 0
(3.11)

N;—1

~ t*
+e Z A1 b(ti, ) + L YO€ (54,5) d@E.
i=0

Proof. Write down X{ and use Lemma 3.5 to change € ! [;* b(s,s)ds by 31 ' e ! ti”‘ b(s,
s)ds. O
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We need the following.

LemMma 3.7 [1, Lemma 2]. Under the conditions above, there exists a constant ¢ > 0 such
that for all x € R and y in T,

1B, )l +119:b e, )] + 11y be, )| +[13b (e, )| + 12, b, )| < ¢ (3.12)

and these derivatives are continuous.
Now we can give a result about tightness.

LemMMA 3.8. There exists a constant ¢ such that foralle >0and 0 <s<t < T,

( sup (x5 - X¢I1) < el -7+ e 4 E (65 - 9)'] (3.13)

S<y<t

Proof. Let t; be as in Corollary 3.6 and let 0 < s <v <t < T, we can write
X5 = XE | < 1x5 = X3, |+ 115, = XE I +[1X5 = X |- (3.14)

By Lemmas 3.5 and 3.7, forO <r, <v<r<T,

e L IIXE =X [ldu+ (v—ry)
. (3.15)

||X5—X§*||<C( ,
HIJ7, GO (rs,u)dBu|| + € + (¢ - ¢F,)

Therefore by Holder and convexity,

L (€= X - X P du (v—r.)”
lIxe-xg ||" <c \ e (3.16)
+[| [y, GO (ri, u)dBu||” +€* + (45 — ¢5,)

Hence

etr=r)" 1 E( sup x5 - X¢ ')

[E( sup ||X§—Xf*||4) < (3.17)
e +(r—r) '+ (r=r)  + et +E(¢€ — e )’

T
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By the Gronwall-Bellman lemma,

4 (r—r*)4+(r—r*)2+e4 /4 4
[E( sup [|X¢—XE || ) <c P e € rm )t (3.18)

re<V<r (/)E € )

We now choose Af; = €2, by this and (3.5)

[E( sup ||x5-x5*||4) <c[et+E(ge - ¢c)'] < e (3.19)

re <V<r

Since, from Lemma 3.7, the function 2(-, y) is Lipschitz on R4 uniformly in y € T4, we
have by convexity fors <v <t,

N1 R 4 N1 4 Foo\
e sup | 3 avbt)| [see( 3 i-xi ) <o) et
s<v<t i=Ng+1 i=N;+1 Atl
(3.20)
Hence
N1 R 4
[E[sup € > Ap,sb(-t) :|SC”(1’—S)4. (3.21)
s<v<t i=Ng+1

So by Corollary 3.6, we have

E( sup 12, - XE|I') < clet + B9 - 6) '+ (1— 92+ (- 9]
S<v<t (322)

<c(et+ (-9 +E(P —¢9)")
which implies the result. O
We can now state the following.

THEOREM 3.9. Under the assumptions on the coefficients, the family of processes {X¢,
0 <€ < 1} is tight in C[0, T].

Proof. By Billingsley [4, Theorem 8.3], it suffices to check that for any a and § > 0, there
exist 0 < €y <1 and 0 < 0 < T such that
eflu»( sup ||X¢— X¢|| >a) <a (3.23)
s<v<s+0
forall s < T — 0 and € < €. We have by the Markov-Chebychev inequality

p( sup xi-xt>0) = LE( sup [Ix—xel) =S[00 ret v, —0)']
s<v<s+0 é s<v<s+0 o4
(3.24)
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By continuity of ¢f, there exist 6y such that E(¢¢,, — ¢5) < € (by (3.5), we have E(¢; —
) <ce,0<s<t<s+e?)forall0< 6 <6y < T.Foranyaand § >0, there exist 0 < €y <
1and 0 < 6 < 0y < T such that c[6% +2¢*] < ad* for 0 < € < €y, this ends the proof. [

We can recover our processes as a main term which converges in law, plus an asymp-

totically small term. By Corollary 3.6, we have

Ly

t* ~ ~
X7, =x+J (I+8yb(s*,s))c(s,s)ds+J (I+0,b(sx,s))o(s,s)dBs
0 0

N—1

[ A ~
F[ U8By et e Y Aubn)
i=0

0

N—1

F 2 b Bl b9 s

Define

Fy¥(s) 2 (I+yb(ss,5))c(s,),
G"(s) = (I+0, b(s5,5))0(s,s),

YPE(s) 2 (T+0yb(54,5)) y(s5),

N¢i—1

'S o] (ot s s

N;—1 N;—1
S 2D Ay,ubltn)=¢ Z Aiy b (- 1) +€(b(0,0) = b(tn,—1,tn,))

i=0

SN, + [RNt

So we have now

s
X} —x+J Fy(s) ds+f GY¢(s)dB, + yl’e(s)d¢f+SlN’f+R§f,

SKE 2 S+ R

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)



10  Locally periodic homogenization of reflected diffusion

Using the same decomposition as in [1, pages 11-13 of the preprint], we denote by F{** (s)
the process defined on t;_1,t;] by 0xb(ti_1,1:)b(s,s).
We define

N;—1

X¢ ~
R =€ Z J (a b(x; HIAG X “) —axb(ti_l,ti))Ati,I,t,del

N;—1 N¢—1

+€ Z 8 b (ti—1,ti)c(s,s)ds+ € z 8 b (tic1, i) y(s,8)d e

ti-1 ti1

A w361 3,6,2 3,6,3
=RR, +RY,+RR,,

N¢—1 t N¢—1

S3’f =€ Z axI;(ti,l,ti) J’x o(s,s)dB; & Z s-’g;f”’.
i=1 ti-1 i=1
(3.30)
So, we have
Ne—1
=3 I F2(s)ds + S + RF, (331)
ti_
we can compute Sif ' to have
. ~ ti ti ~
Sf;,’f”=(—:At,,,,,tiaxb(ti,1,-)J’ a(s,s)st+€J oxb(ti_1,t;)0(s,s)dBs, (3.32)
tic1 ti—1

but

EAt[,l,t,-ax,l;(ti—b ) = €(0xb(ti1,t;) — 0cb(ti 1yt 1)) = aazcy/l;(ti—bti)At,-,l,tiX-s

1 aazcy/l;(th I (Xt, 1 +lAtx Itx ))
; J Ay, o XedL

0

~32,b(ti-1, 1)
(3.33)
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We define U’ £ a,zcyg(ti—bti)>

Ni-1 " N,—1

ey J 9dB. | o(s,s)dB+e! > " Uib(s,s) dsj o(s,5)dB;
i i1 ti-1 ticy
Ne—1 : N
+ Z Ulce(s, s)dsJ o(s,s)dB; + Z Uly(s,s) d(/ﬁsj o(s,s)dBs,
ti-1 ti-1 ti-1 tio1
(3.34)
Ne-1 N Ne-1

REe & Z J (A2, B) A, o Xedl | a(s,5)dBi+e Z ' ab(ti 1,6 1)0(5,5)dBe

tic1 ti-1

ARG+ REY,
(3.35)
where
- Dxe it I0y XS -
Al3b = agyb( ¢ %) bt 1,1), (3.36)

so that S5 = Sy + RS, We also compute S§°. Let us first define by F3(s) the process
defined on ]t;_1,%] by Tr[aﬁyg(t,-,l,t,-)a(s,s)] and by {[RSE 11 <ics the last three terms in
(3.34). We obtain

N—1

Sy = Z F33€ (s)ds+ R3S (3.37)

ti-1

5, & 56l 5,6,2 56,3
Where IRNE—[RNE +RNtE +|RN:{ .

Let us now smooth out the irregularities in the construction of our coefficients. Indeed,
let us write the following definition:

E(x,) 2 (0cbb + (I+0,b)c+Tr[32,ba]) (x,y) 2 (Fy + Fy + Fs) (x,y),
Glx,y) 2 ((1+3,b)0)(x,), (3.38)

Alx,y) 2 ((T+3,b)y) (x, ).

Note that F, G, and A are continuous.
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Those operations on the coefficients of X§, involve the extra rests
Ni-1

RS = z J (0 (ti1,8:) — b (5,5)) b(s,5)dBs,

ti1

[R{Qf = Jot* ((I+ayg(s*,s))c(s,s) - (I+8y3)c(s,s))ds,

Ny=1 f

t R
[sz = z L 1 a(s,s)dBs Lq o(s,s)dBs — JO Tr [03,ba](s,s)ds,

[R{9N’,€ = Jot* ((I+8yg(s*,s))a(s,s) - (I+ay5)o(s,s))dBS,

RINO;G=L*((1+ay£(s*,s))y( 9 — (I+3,0)y(s,5)) det.

We have thus proved the following.

LemMA 3.10. For any subdivision t; with constant step At;,
<€
Xf =X, +R§,,
where

ty ty ty
XS =x+ F(s,s)ds+J Gls,)dB, + J Als,5)dgsE,
0 0 0

and the remainder [REN[ is the sum of the residual quantities, that is,

10
€ _ i€
S = D R
i=1

(3.39)

(3.40)

(3.41)

(3.42)

We can now state the following theorem, which deals with the order of magnitude of

the R,

THEOREM 3.11. With the notations above, the decomposition
<€
X=X, +RS, t=>0,

holds, where X; is the Ito process

. t t t

X = x+ J F(s,s)ds + f Gls,s)dB. + J Als,5)dgE,

0 0 0

and the remainder term R satisfies

P(sup||[Rf|| >a) .0 V>0,
t<T

(3.43)

(3.44)

(3.45)
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Proof. For small value of €, [1, Lemma 20, page 26 of the preprint] is still valid, so we use
the proof of [1, Theorem 2] and we consider only the new terms, that is, R;*¢ and R},

Ri© =K ((I+8,b(s4,9))p(5,5) = (I +0,b)y(s,5)) det,

Nl oy . (3.46)
RY = > Uiy(s,s)d(/)ﬁj o(s,s)dBs,
i=1 tio1 ti-1
the last term clearly tends to zero in probability. We have
ty ~ ~
RS = J (9yb(s4,5) — 9yb(s,5)) y(s,s)d¢s,
0
(3.47)
E(REN) <ce( sup [lxe-xcl),
0<sy<s<s*<T
hence || [Rw “|| tend to zero in probability, as ¢ tend to zero. O

In order to identify the limit points of Pxe, it suffices to do so for those of Py<. We use
the martingale problem with reflection approach.

Remark 3.12. Following Stroock and Varadhan [12] (see also [3, pages 476-477]), the
measure PS on 6([0, T], D) associated with (L¢,T€), where T€ = (y(+,-/€), V) isa solution
of the submartingale problem:

(i) P5(x(0) —x) 1

(i) f(x(2)) - f(x fo LE f(x(s))ds is a PS submartingale for each f € €?(D) sat-
isfying (y(-, /E Vf) > 0onodD.
Under our assumptions, X (by abuse) is solution of the submartingale problem, hence

X € D, t > 0, and there exists a continuous, nondecreasing process A¢ such that

(X)) - f(Xp) - JLef J<< )ref( )>dA§ (3.48)

is {F; "} -martingale for each f € C%(R) and f; 1p(X)dA€ = 0, ¢ = 0.

Let ¢(x) be a function in Cg (R?) and apply the Ité formula, we have for ¢ > t,

(p(Yf) — go()_(f) = Jj axgo()_(f) [F(r,r)dr+ G(r,r)dB, + A(r,r)d}¢ |
t (3.49)
+J TroZ, (X )GG*(r r)dr
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Now let @y, (), to < T, be a bounded continuous functional on the Wiener space C[0, T
which depends only on the past up to #y. Define GG* = II. We have

Ato,tq’()?-e)
E F+Troo(Xo ) (r,r)dr | | @, (-) | =0. 3.50
~ taxfp()?f) [( +Tr o3, (X)) (,7) r} (+) (3.50)
to +A(r,r)d¢E

Let us now homogenize F, IT and A by setting (see also Section 2.2)
Co(x) = J Flx,uym(x, du),
T
Ay(x) = I dH(x,u)m(x,du), (3.51)
T

Yo(x) = Td?lA(x,u)ﬁfl(x,du).

The relation (3.50) becomes
€
Ay p(X7)

E f e [ (Cot Trd (X7 ) Ap) (XE)dr | | @y (+)
-, o) [ y0(XE)dos ]

. rax(P()_(:) (Co#+Tra)2(x(p()7(f)goj)(r,r)dr o),
fo +)/0#(T,T’)d(/>,

(3.52)

where Z#(x,y) ={(x,y) - {(x).

Now we show the continuity of Cy, Ay, and .

Lemma 3.13. (i) If x, — xo, then m(x,, ) = m(xo, ) and the functions Co(-) and Ay (-) are
continuous.
(i) If x,, — xo, then m(x,, -) = M(xo, ) and the function y,(+) is continuous.

Proof. The weak convergence in (i) follows from [1, Lemma 6]; Cy and Ay are continuous
since F(-,-) and II(-, -) are. Let x,, — xo.

Recall that there exists a unique Markov process on dD with generator I'*H* and By
the periodicity assumption this Markov process induces a Markov process indexed by x
(parameter) on the torus T¢"!, say X*, and m(x,-) is the invariant measure of X*. We
have the continuity of this family of Markov processes with respect to parameter x, and
so, if the initial point is the same, say y, then sup,_ |X* — X%| - 0in probability by [8,
Theorem 7.1] (or see Gihman and Skorohod [7, pages 54-55] for details). Now,

Voe@(T!),0<t<T, J‘Tm e(y)m(x,,dy) = L E'[o(X") 5 (x,dy) (3.53)

d—1
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hence

., o0iGndn = |

T E dy) + [ P Ip(E) - oK) i Gidy).

Td-1
(3.54)

The last term tends to zero, as n — o, consequently, we obtain the identity

LM p(y)ig(dy) = J E[p(X)]fo(dy) Vee@(T),0=t<T.  (3.55)

Td-1
Hence my = m(x, -), and the whole sequence {#1(x,, -)} >0 converges to m(xo, - ).

The function A(x, y) is continuous so we deduce that

lim yo (x,,) = lim ) A(xp, ) m(x,,du) = J ) A(xo,u)m(xo,du) = yo(x0). (3.56)
n—oo n—oo Td-1 Td-1
U

Now we need a locally period theorem to deal with the expected value on the right-
hand side in (3.52). This can be done by the two following lemmas.
Lemma 3.14. Let h(x,y) be a continuous bounded function on R? X T such that for all
x € RY,
J e, y)m(xdy) =0, (3.57)
T
h(x,-) € Wh2(T?) for some p > d, and moreover there exists c(p) < oo, such that

11, Ml ray < €(p)- (3.58)

Suppose moreover that ¢ € 6% (RY), then
t e X
HE(1) = J <p(X5)h<X§,?S)ds (3.59)
0
converge to zero in L'(Q) forany 0 <t < T.
Proof. See the careful proof of [1, Theorem 3] and Lemma 3.5. O
LemMma 3.15. Let v(x, y) be a continuous bounded function on R¢ X T4 such that for all
x € RY,
LH v(x, y)fi(x,dy) = 0. (3.60)

Suppose moreover that ¢ € €% (R), and for y = (0,7) € T¢, ¥ € T*"1, (but here abuse by
ye Td—l)

HE() = ﬂ<p()_(f)v<X§,}§)d¢f (3.61)

converge to zero in L' (Q) forany 0 <t < T.
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Proof. Since ¢ € 6% (R%) and X° = X, it suffices to prove that fo v(XE,XE/e)dpe converge
to zero in L'(Q) for any 0 < t < T, and to treat the case of v continuous with compact
support in RY x T4~!, Since such a function can be uniformly approximated by a function
of the form

> hi(x)gi(y), (3.62)
1

it is sufficient to establish the result for v of the form

v(x,y) = h(x)g(y), (3.63)

with & and g continuous and bounded. One can take h > 0 (since the result is still for —v).

Since all integrands are bounded, we have |[H¢(#)| < K¢f so sup, |[HE(£)|? < oo, it is
sufficient to establish that sup,_,_, |[H¢(¢)| — 0 in probability as € — 0.

We have [ v(X&,X%e)dee = [y h(XE)g(X/e)dpe, let dgt = h(XE)dee and dg, = h(X,)d¢,
so that [y h(X?)g(X¢/e)des = [y g(X¢/e)ds.

Since {Zfa=h(Xf):0 <t < T} converges in the same sense as {Xf}, now h(x) >0 so
9%, ¢. € V¢ follows clearly from the fact (see the proof of [9, Lemma 3.3]) that the map-
ping

(z,¢) — L zd¢ (3.64)

is continuous from D([0,T]) x V¢ into C([0,T]), where we equip D([0,T]) with the S-
topology, V¢ and C([0,T]) with the sup-norm topology. Here and below V. denotes
the set of cadlag increasing functions from [0,T] into R and V¢ the set of continuous
increasing functions from [0, T] into R. Let

g§= (y;f%df lg(y)>7, o)

d—1

= L g(y)+g)m(x,dy).
It suffices to prove that
t XS
|, (e(5) ) de: =2 dgos (3.66)
as ¢ — 0. But (fot(g(Xf/s) +2)des; 0 <t <T)e is a collection of increasing functions
which converge in law uniformly in f to the continuous function (§g0t; 0<t=<T),see
Tanaka [13, Lemma 6.4]. O

TuEOREM 3.16. There is only one limit point of the family X¢ as € — 0, namely X°, the
diffusion with reflection solution of

t t
—x+J AV XO)dWS+J EO(XSO)ds+J yo(X0)d,, (3.67)
0 0

where Co(x), Ag(x), and yo(x) are defined in (3.51) (see also (3.26), (3.38)).
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Proof. Since Cy(x), Ag(x), and yo(x) are continuous, it suffices, in order to be able to apply
uniqueness theorem to a constrained martingale problem to show as in the martingale
uniqueness problem, that the matrix Ay(x) is positive definite for each x. This last point
is shown in the proof of [1, Corollary 2]. O
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