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We give explicit formulae for most likely paths to extinction in simple branching models
when initial population is large. In discrete time, we study the Galton-Watson process,
and in continuous time, the branching diffusion. The most likely paths are found with the
help of the large deviation principle (LDP). We also find asymptotics for the extinction
probability, which gives a new expression in continuous time and recovers the known
formula in discrete time. Due to the nonnegativity of the processes, the proof of LDP at
the point of extinction uses a nonstandard argument of independent interest.

Copyright © 2006 F. C. Klebaner and R. Liptser. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction and main results

In population genetics it is often important to look back at the development of popula-
tions. In this paper we consider the question of how extinctions occur, and in particular,
what path a population takes on the road to extinction. Using asymptotic analysis when
initial population values are large, we are able to find the most likely path to extinc-
tion as well as the extinction probability in two simple branching models in discrete and
continuous time. In both examples we use the large deviation principle (LDP) which is
nonstandard since random processes are nonnegative, and we use trajectories ending up
at zero.

One of the contributions of this paper is in rigorous proofs of the LDP for processes on
half space. It may appear to the reader that the LDP follows from known results in Markov
chains and diffusions. This is only partly correct. The standard proof of the lower bound
in the local LDP relies on the change of measure. This requires a certain point (the point
where maximum in the Fenchel-Legendre transform is achieved) to be finite. In our case
this point is at infinity, breaking down the standard approach. We therefore give complete
proofs of LDP’s in Section 4 (discrete time) and Section 5 (continuous time) following
the scheme of Puhalskii [19]. His approach states that the LDP is equivalent to exponen-
tial tightness plus local LDP, and is based on the stochastic exponential method(rather
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2 Path to extinction in branching models

than the Laplace transform). Although we follow the scheme of Puhalskii [19] we do not
use idempotent probability and give direct proofs. Since these proofs are more technical,
we placed them at the end, after results on extinction. Once the LDP is established, the
problem of finding the most likely path to extinction is in effect the problem of mini-
mization of the rate function. This is typically a difficult problem due to nonlinearity. We
are able to solve it by setting up the Bellman equation in discrete case, Section 2, and a
dynamical control problem in continuous case, Section 3.

1.1. Galton-Watson process. A prototype of a branching model in discrete time is the
Galton-Watson process, described as follows.

Let X,, denote the population size at time #n, and E,iﬂ the number of offspring of the
jth individual. For each n = 1,2,..., {(Eﬁ) j=1} is the sequence of independent identically
distributed integer-valued random variables with the probability distribution function
P& =0) = pe> € =0,1,.... The population size at time n + 1 is given by

Xn
Xp1 = Zf;]ﬁ-la (Ll)
j=1

where X, = K > 0. The state {0} is absorbing, and the branching process (X,),>0 might
be absorbed in {0} at the extinction time

T =inf{n:X, =0} (1.2)

If po = 0, the population does not become extinct. However if py > 0, it is well known
(see, e.g., [2, 7]) that the extinction time 7 is finite with probability one if and only if the
offspring mean m = >,.; £p, does not exceed one (m < 1). Moreover, for any m, the dis-
tribution function of 7 is computed using the offspring probability generating function
§(s) = Dpsopes’, 0 <s<1l:forany N > 1,

P(r <N) = (jn(0)%, (1.3)

where §,(s) is the nth iterate of f(s), that is, f,(s) = f(f,—1(s)) with §;(0) = f(0) = po.

A natural question is how to find the “path to extinction” given that extinction oc-
curred at time N, 7 = N. The conditional distribution of the chain conditioned on ex-
tinction: forn=1,...,N — 1,

tun():=P(X,=i|T=N), i=12,..., (1.4)

gives the complete description. It can be used to find the conditional median or the tradi-
tional optimal in the mean-square sense estimate X, = > | ity (i). Unfortunately such
computations are involved, even using the Markov property of (X,). However, for large
values of X, = K, one path has an overwhelmingly large probability compared to the rest.
Consider the normed branching process

(1.5)
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The limit in probability P-limg_.. xX = X, exists (see [9, 13]) and satisfies X,+1 = mX,
Xo = 1. The process x, is always positive, irrespective of the value of m, so that the ap-
proximation x, is inadequate for the study of extinction, the fact is already mentioned
in [3]. In the approach we take that (xX),<y is approximated on the set {r < N} by a
deterministic sequence u’* := (u}),<y with ugj = 1, positive u’s, and u; = 0, such that
for small § >0 and large K,

P<§|x§u:| sé‘)zP(TsN). (1.6)

n=1

This choice of u* might be warranted by the following argument. Since f,(0) increases
in n, for large K, (fx(0))X is considerably larger than any of (f,(0))X for n < N. Then,
by (1.3), P(t < N)=P(r=N)+P(r <N —1) = P(t = N). Consequently, for any u. =
(t4n)n<n wWith ug =1 and u, > 0,

P<§|xf—un|s6>§P<TsN). (1.7)

n=1

For large K, extinction for the process xX is a rare event, since the limit process X, is
positive. Therefore, as in [12], we approach the problem of extinction using the large
deviations theory, obtaining a new result as well as recovering an asymptotic version of
the well-known result (1.3) by using this theory. According to LDP and Theorem 4.1, and
by analogy with the maximal likelihood estimator, the path (u}),<x is said to be the most
likely path to extinction of the normed population xX.

Clearly, 7 is the extinction time for both processes X,, and xX, so that Ku} (with large
K) sets the pattern for the extinction path in the original branching process.

Figure 1.1 demonstrates likely paths to extinction for a binary splitting model with
different parameters, p = py, illustrating the general result.

For formulating the main result, we use the log moment generating function, assum-
ing its existence up to some # > 0:

g(t) =log > epy, te (—oo,tp). (1.8)
€20

It is related to the moment generating function by
logf,(0) = gn(—o0) (Lemma 2.1). (1.9)

THEOREM 1.1. Assume py >0 and (1.8). Then, for any N = 1,
(1)

N
1
(uf), -y = ar%maxo };ii%%i?}o ElogP( >k —u,| < 5) (1.10)
up=1,uUN=

n=1
u,>0,n<N-1
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is given by
ui =[] ¢'(an-i(-)), n<N, (1.11)
1<i<n

where g;(t) is the ith iterate of g(t), go(t) = t,
(ii)

1 Nk . 1
}Slira%lﬂoflogP(z |xK —uk| < 5) —IlliroloflogP(T <n). (1.12)

n=1

1.2. Branching diffusion. In continuous time, we consider the model of a branching
diffusion X; defined by the It6 equation

dX; = aXdt + o:[X,dB, (1.13)

with a positive initial condition Xy = K, where B; is a Brownian motion, 62 >0, and « €
R. Stochastic equation(1.13) possesses a strong nonnegative solution. Since the diffusion
parameter degenerates, one way to see this is to construct the solution from the following
approximating sequence (X)x1:

Xi = X} jpery + D X! Incteny» (1.14)

i1

where dX} = aXdt+0+/|X}| vi-'dB;, X} = K, and 7; = inf {X] < i~} the increasing se-
quence of stopping times (7;);>; relative to the filtration generated by the Brownian mo-
tion (B;) (see also [10, Theorem 13.1]). The strong uniqueness of (1.13) follows from
Yamada-Watanabe’s theorem (see, e.g., Rogers and Williams [21, page 265]) since its drift
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and diffusion parameters are Lipschitz- and Holder- (with coefficient 1/2) continuous,
respectively.
Obviously,

7 =inf{t:X; =0} =lim,. (1.15)

1— 00

We analyze the normed process xf = X,/K. Due to (1.13), xX solves the It6 equation
dxl = axKdt + %\/xdet, (1.16)

with xX = 1. It can be readily shown that P-limg .. xX = X; exists and solves dx,/dt =
aXs, Xo = 1. However, x; is always positive and is far from being an estimated path to
extinction. As in the discrete time, in order to evaluate the path to extinction for (xf< )e<T
for fixed T >0, we approximate (xf )i<T on the set {7 < T} by a deterministic function
(uf )< with uf = 1, uf = 0, and u/ >0, such that for a small § >0 and large K,

P(sup|xf<—ut*ls8>2P<sup|xf<—u,| §8> (1.17)

t<T t<T

for any (1)<t from the set {uo = 1, (4s > 0)¢cr, ur = 0}.
Unfortunately, the useful formula of (1.3) type is not known to us in this case. Here
we obtain its asymptotic version as K — oo, see (ii) below.

THEOREM 1.2. Forany T >0,

(i)
(u/),.7 = argmax lim lim —logP(sup |xK —u, | < 8) (1.18)
up=1,ur= 064'0
u;>0,t<T
is given by
1—e a2
ﬂt(“ 1 :—aT> A
uf = . (1.19)
3 e
(ii)
hm —logP(T <T)= hm lim —logP(sup |xK —uf| < 6)
~0K— <7
1« (1.20)
AToea *F0
]

R
I
e

aT’
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CorOLLARY 1.3. (1) u* has the remarkable property: it is the same for subcritical and su-
percritical case, uf (a) = uf (—a).
(2) For large K, the probability of extinction in [0, T] is given by

K «
P(TST)%CXP(—;W>. (121)

In particular, for a = 0, P(t < T) ~ e K/20°T,

2. Proof of Theorem 1.1
We begin with the following lemma.
LeMMmaA 2.1. Foranyn =1, g,(—o) =1ogf,(0).

Proof. The result follows by induction from the identity g,(logt) = logf,(t) for t € (0,%).
Write

g(log(t)) =log > €8 p, =log > o) p, = log > tfpe =logf(t). (2.1)

=0 €=0 €20
If g,—1(logt) = logf,—1(¢), then
gn(logt) = g(gn-1(logt)) = glog(fu-1(1))) = logf(Fu1(t)) =log (a(1)). (2.2)
O

The proof of Theorem 1.1 is done in a number of steps.

(1) Recall that g(t) is convex function with g(0) = 0, g(—o) = log(po), and g'(¢) >
0, t > —oo, while g'(—o0) = lim;_. g’ (¢) = 0.

(2)By the local LDP (see, Theorem 4.1), for uy = 1, uy = 0, and other positive u,’s, it
holds that

o . -
gliralllzroloKlogP(n% | xS —u,| < 6) = n%\}[(un,un_l). (2.3)

(3) In order to find (u}),<n such that for ug = 1, u,, >0, uy = 0,

S H i) = 31 (uf ), (2.4)

i<n i<n

we apply the dynamic programming.
Since uy =0,

I(un,un-1) = sup (—un-19(t)) = —un-—19(—) =: B, (uy-1) (2.5)

te(—o0,tg)

is the boundary condition for the Bellman equation

By (uy_1) = ing [Bnﬂ(u) +I(u,u,,,1)], l<n<N-1. (2.6)



E. C. Klebaner and R. Liptser 7
For n = N — 1, we have

BN,l(uN,z)ziulgg[—ug(—OO)+ sup {tu—uN,zg(t)}]. (2.7)

te(—o0,t0)
Equation (2.7) provides the inequality
By-1(un-2) = }gg[ —ug(—o0) +tu—un2g(t)] Vte (—oo,t) (2.8)
which, with ¢ = g(—o0), is transformed into

Bn-1(un-2) = —un-_2g2(—00). (2.9)

We show that the above inequality is equality. For u, uy—, >0, “sup,” in (2.7) is attained
at the point * = t*(u,un_»), so that, for any u > 0,

By 1 (un_2) < ul[t* (u,un_2) —g(—0)] — un_2g(t* (u,un_2)). (2.10)
We choose u = uf;_; such that t*(uf_;,un—2) = g(—o0). This is possible since

g(—o0) =logpy,  t*(0,un o) = —o,

§-w)=0,  Flmua)=0  g0)=m —
so that the existence of uy;_; follows from continuity, in u, of t*(u, uy_2).
The choice of uy_, gives the inequality
By-1(un-2) < —un—2g(t* (uy_p,un-2)) = g(g(—)) = ga(—). (2.12)
Consequently, the opposite inequality for (2.9) holds true and, therefore,
By-1(un—2) = —un—2g2(—00). (2.13)
It is obvious too that for any uy_, >0,
uioy = un—2@ (1 (u_1, un-2)) = un-2g" (g(=0)). (2.14)
Further, by induction, we find the following pairs:
ui—1 =g (g(—00))ui_,
By-1(ui-2) = —ga(=00)ui_,,
Uiy =0 (g2(=0))ug_s,
(2.15)

By a2 (uf—3) = —gs(—o0)ufy_s,

uik =g'(gn,1(—00))u0,
Bi(ug) = —gn(—00)ug (uo = 1).
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With the chosen (u});<n<n-1, the Bellman equation (2.6) is transformed into the back-
ward recurrent equation

B, (u) () =Bur (uf) +I(uf,uf ), 1<n<N-1, (2.16)

n—1

with boundary condition —u_;g(—o0) (see (2.5)).
Thus, Bi(1) = >y cpen I(usf,up_y).
On the other hand, the Bellman equation also yields

Bi(1) = z I(umun—l) +BN(“N—1) = Z I(“n:un—l) (2.17)

1<n<N-1 1<n<N

which proves (2.4).
(4) We recall that >, . I(u)f,uff_ ;) = —gn(—00), that is, by Lemma 2.1 and (1.3),

S Iug k) = —logfy(0) = —%logP(T <N) VK>0. (2.18)
1<n<N
(5) Thus, (1)—(3) imply the statement (i); formula (1.11) follows from the recurrence
uy =g (ga(—00))uy_y, ug = 1.
Finally (ii) follows from (4).

3. Proof of Theorem 1.2

(i) We apply the LDP Theorem 5.1. By the local LDP, with uy = 1, u; >0, and ur = 0, we
have

. o1 K _ _
%1{1(1) Iggl}oKlogP(stqup |xf —u | < 8) = —Jr(u), (3.1)

where

LJTMI dt. ug =1, duy = indt
Jr(u)=120%)g  w O T0T D SRTRED (3.2)

0, otherwise.

Therefore (i) is reduced to minimization of Jr(u) in a class of absolutely continuous
test functions u; with uy = 1, u; >0, and up = 0.

Set wy = (it; — u;)/ J/us, t € [0, T) and notice that the minimization of Jr(u.) is equiva-
lent to the following control problem with the controlled process u;, solving a differential
equation

l:lt = au;+ \/I/TtWt, te [0, T), (33)

subject to uy = 1. The control action w; belongs to a class of measurable functions with
JOT widt < oo bringing u, to zero at the time T. The control action w;* from this class is
optimal if for any wy,

JT(wz*)zdts Jthzdt. (3.4)

0 0
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If w;" exists, then the controlled process u;* related to w;* minimizes J7(u.) in the required
class of continuous functions u. = (u;)<r.

In order to find w/*, it is convenient to deal with (recall u; > 0) v, = ,/u; since v; solves
the linear differential equation v, = (a/2)v; + (1/2)wy, vo = 1. If w;" exists, then w;" brings
v, to zero at the time T, that is, 0 = vy = @27 4 fOT el@2(T=8y ¥ dt or, equivalently,

1 T
S (3.5)
0

Hence, by the Cauchy-Schwarz inequality 1 < (1/2) [, e~*dt [, (w;*)2dt, that is, the
following lower bound holds: fOT(wt* V2dt = 2a/(1 — e°T). This lower bound is valid for
any w; providing (3.5), so that the condition

T
L (wi)2dt = 1_2% (3.6)

is valid for w;* = ce™'2, for any constant c, take w;* = c*e 12 with ¢* solving

T T
-1= J e 1 2ywkdt = C*I e~ 'dt. (3.7)
0 0
Hence,
2a Zae*t(o‘)/(z)
. [ o Ta’ a#0, = a+0,
c = 2 5 wy = 5 >
-= =0, _Z =
T o T) [24 0)
5 (3.8)
o
T o 470
J (wide =1
?, a=0.
Finally, we find that
* _ ta/2 a ' (t=s)a/2 ,—sa/2
O — Oe e *%ds
(3.9)
— et(x/Z[l _ 1—e ™ :| _ eta/2 <e—ta _ e—Ta)
1 —eTa 1 —eTa

and, since uj = (v{)?, we obtain (1.19) and the proof of (i) is complete.
(ii) By (i),

1 o

Jr(u*) = —

021—eT”

(3.10)
We show that

. 1
Illflgo ElogP(T <T)=]r(u*). (3.11)
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To this end, use the fact that {7 < T} = {(w,t) : It < T, xf(w) = 0}. For notational con-
venience denote 2 := {7 < T}. Set A and A" the closure and interior of 2. Then, by the
LDP, we have

I 1 Cl . . *
= < — [
Jlim - log P(A) < Jﬁg,m;h(u) inf/; (u*),
u: uy=0
t<T
1 (3.12)
lim —logP(™) > — inf J/(u) = —inf],(u*).
K-o K us>0,5<t; t<T

u: u;=0
t<T

Since limg_ . = limg— implies the existence of limg_, it remains to show that
infi<r Ji(u*) = Jr(u*).

Notice that (3.10) is valid with T replaced by any ¢ < T with u* replaced by the corre-
sponding u*! = {uak’t =1L u>0,s<t ui’t = 0}. In other words, for any t,

1 o
Ji(u™t) = prR gy (3.13)
and J;(u®*) increases to Jr(u*) with t ~ T.
4. LDP in discrete time
Letm =inf{n < N:u, =0} and m = o if all (u,),<n are positive,
I(y,x) = sup [ty—xg(t)]. (4.1)

te(—oo,tg)

THEOREM 4.1. Assume (1.8). For any N > 1, the family {(xX),<n}x— obeys the LDP in
RY, supplied with the Euclidian metric o, with the speed 1/K and the rate function

(m—1
> I (tnytin-1) — tm-1log(po), o =1, uy =0, n>m,
n=1
In(u)=1 X (4.2)
ZI(un,un_l), up=1,u, >0, n <N,
n=1
[, An:u, =0, Uy >0, or ug # 1.

Remark 4.2. LDP for branching processes has been considered in the literature, see, for
example, [1, 4, 18]. However, it was concerned with the sequence X,/X,_;, as n — oo,
whereas here we consider the LDP for X,,/X, processes indexed by the large initial value.

Remark 4.3. The nonnegativity of xX provides some difficulty for verification of LDP at
the “point of extinction” where the test function becomes zero. For set S of test functions
that keep away from zero, the statement of the theorem is implied by a result in Klebaner
and Zeitouni [14] and other known results that can be adapted to our setting (see, e.g.,
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Kifer, [8], Puhalskii, [19], Klebaner and Liptser, [11], etc.). But {T < N} ¢ S, and for the
sake of completeness and accuracy we give the complete proof below, with a new proof of
the lower bound in the local LDP.

4.1. Proof of Theorem 4.1. We follow the standard (necessary and sufficient) conditions
for proving the LDP by showing the exponential tightness

oo— 1
élil;lo %1?;10 ElogP(Q\ﬂ{c) = —o0, (4.3)
with compacts ¢ = {max; <,y Xy < C}, C 7 o0, and the local LDP

. .1
}Sliré I%lzrgoflogP(gN(x{(,u.) <08) = —Jn(u.). (4.4)

Notice that (1.8) implies the existence of a stochastic exponential, with ¢, < Kt,,

N
éa(jli tN)(xfw--)x%\(]—l) = HE(etnxs | ynfl)) (45)

,,,,

n=1

where (.#,) 420 is the filtration, with .%, = {@,Q}, generated by (xX),>.
Set

Bn = ezx‘gnté’(f*bg‘g& ,,,,, zn)(xf """ xf,l). (46)
The random process (31,1 )n<n is the (positive) martingale,
Ezn = 1. (4.7)
4.1.1. Exponential tightness. Since max;<,<nxX < >, _,.yxX, it is enough to show
— 1
lim lim —logP K>C| = -0, 4.
fm i logp( 3t =) == .

Set t* = argmaxte(_w)to)[t —g(t)]. Since g(0) = 0, we have t* € (0,f) and g(t*) < t*.
We choose t, = t*K (< Kty) and introduce % = {3, _;.,,xX > C}. With chosen t,, we have
E3n =1 and, therefore, Elyjn < 1. Taking into account this inequality and (4.6), write

f— EIQ[eKt* Z\'lsnsN} 'xln(*Kg(t*)Z(lsnsN} xf—l

(4.9)
> ElgeK Sinnew [ -a(t)) K1)

> ElgeKClt"—a(t)] = oKClt"—g(t")]-Kla(t") I p(g(),

Therefore, 1/KlogP() < — [+* — g(t*)] C+ |g(t*)| —— —oo.
—_— C—o

>0
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4.1.2. Local LDP: upper bound. We may restrict ourselves by the test function u. =
{ui,...,un_1, un } and show that
—_—

>0 =0
lim hm —logP(gN(x u.) <0) < —Jn(u). (4.10)

§-0 K-

For the test function with all positive u,’s and uy = 1, the proof of (4.10) is similar. For
test function with u,, = 0, u,+1 >0, or ug # 1, (4.10) is obvious. For other test functions,
the verification of (4.10) is reduced to the above-mentioned ones.

Let now 2 = {pn(xX,u.) < &}. By (4.7), we have

1 > Elygn = Elg(ez N=neny [nxf =Kl 18(t/K)] (4.11)

Set t; = argmax,c_, ) [tun — tn—19(t)], n < N — 1, and ty = =I(I > 0), and take t, =
Kt}, then we derive from (4.11)

1> EIQ[@KZ zneny [t =g 1 (5] =K X ey (B + g (8]
—EIg(eK[z fzn=N-1y L (Wnsttn—1) —un-18(=D]=K X1 cpen 1 (167 [+ g () 1) (4.12)
= ElmeKUN*I(u-)_uN—lg(_l)]_KZISnstl(‘t:f‘Jrlg(t:{)l)(s.

Hence, taking into account that lim;_ . g(—I) = log(po), we obtain

ﬁlogp(ms—[JN71<u.>+uNflg(—l)]+ S (1] + la(e)])s

1<isN-1 (4.13)
Py —Un-1(u) +un-1g(=D)] P~ —In(u.).

4.2. Local LDP: lower bound. Obviously for u. with Jy(u.) = oo, it is nothing to verify.
Further as in the upper bound verification, we may restrict ourselves by the test function
u. = {uy,...,un—1, uy } with P(é] = 0) = py >0 and show that
—_—
>0 =0

lim lim llogP(Ql\;(xK,u.) <6) = —Jn(u.). (4.14)
5—'0K—~00K

Write

fon (x5, u.) < 8}
= {onv-1 (5 u.) +xK < 6} 2 {on-1 (6K, u.) <0.58, x§ < 0.58}

KX\J 1
2 {on-1(xX,u.) <0.56, x§ =0} 2 {QN_l(xK,u <0.58, — Z & = O}

1K(uN 1+6) K(un-1+0)
{QN (2K, u.)<0.56, I z EN O} {QN_l(x{(,u.)sO.S(S, > E,{,zO}.
=1
(4.15)
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The sets A; = {QN_l(x_K,u.) <0.56} and A, = {Z;(:('f”’lﬂs) f{\, = 0} are independent, so
that

P(on (xX,u.) < 8) = P(on-1 (x5, u.) < 0.58) PKUwv-1+0) (¢l = (), (4.16)

Consequently,

lim lim — logP(ox (x*,1.) < 0)
00 K—oo K

(4.17)
> lim lim llogP(QNq (x%,u.) <0.58) + uy_1logP (& = 0).
00 K—oo K
If
lim Jim — logP(gy_1 (x,u.) < 8) = —J_1 (1), (4.18)
§—0 K—o K
provided that u, >0, n < N — 1, the required lower bound holds true.
Thus, it is left to verify the validity of (4.18).
Set Ay_1 (XK) =3N-1» that is,
AN—l(x{() — erifK[fffxf—xfﬂg(tf)]’ EAN—](x{() =1 (4.19)

We introduce the probability measure QX_, with dQX_, = Ax_1(xX)dP. Since
Ap_1(xK) >0, P-a.s., we also have dP = AL, (xX)dQX .
In particular, for 2 = {oy_1 (xX,u.) < 6},

P(A) = Jm AL (xX)dQX . (4.20)

So, the following lower bound, on the set 2L, is valid:

A;Il_1 (xK) > e~ KIn-1(u)—Kdmaxuan1 (187 1 +19(5)])

(4.21)
> e*K]Nfl(u.)*KémaxnsN—l(|tu5tn|+‘g(t;f)‘)
or, equivalently,
1 1
2 108P(R0) = —Jy-1(u) =8 max ([67] +|g(t7)[) + ;- log Q-1 (). (4.22)
n<N-1 K
The latter inequality implies (4.18) if
Jim %logQﬁ_l(Ql) ~0. (4.23)

A simple condition, providing (4.23), is limg .. QX _; () = 1 or, equivalently,

Illln QX (on-1(x5u.) >8) =0. (4.24)



14 Path to extinction in branching models

We verify (4.24) by showing (EX_, denotes the expectation with respect to QX _;)

EN_jon— (x5 u) = g’ (ty). (4.25)

Notice that the positiveness of (#,,),<n—1 provides a boundedness for the right-hand
side of (4.25) and, in turn by Chebyshev’s inequality, the validity of (4.24).
In order to establish (4.25), we apply the identity relative to £,

An(x{() 5 K _ K ¥
1=E<7 F ) = EeKltixy —xn_19(t)] 4.26
At (xK) ‘ n-1 € (4.26)

Differentiating twice (4.26) in t¥, we find that

0= B[ 0 )1 L | 7).
. (4.27)
0= B [KIxt 0 )1 -39 () 120 | 7).

By the Bayes formula, for example, [10, 16], for any integrable random variable «,

An(xK)
yw—rs) \ Jn_l). (4.28)

EX_(a| Z,1) = E((x
By taking & = xX and a = [xK — xX_, g’ (£%)]?, we derive with the help of (4.27) that
EN-y (o [ ) = 007 (8), (4.29)

g” (ty)
<

Eff—l([an_an—lg,(t:)]z‘anfl) =Xk, (4.30)

Since uy,, u,—; are positive, we have g'(¢) = u,/u,_;. Hence, and by (4.29), we obtain
that EX_ | xK = (u,/ui-1)ER_,xX_,. Consequently, iterating the above recursion and taking
into account 1y = 1, we find that

EX_xK = u,. (4.31)

Further, with the help of (4.30) we find a recursion

2 s
2 u 2 g’ (ty)
B )7 = () B Gl e B

(4.32)
Unp-1

By using EX_; (xK — u,)? = EX_ («5)? — w2 and u2 = (u,/u,—1)*us_,, we establish a re-
cursion for A, = EX | (xK — u,)?:

2
An:< Un ) Ay +uy 2 (4.33)

Up-1
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supplied by Ay = 0. Then, A¢/u} = 0 and

Ay DNp_1 Uy g”(t:) uN 1 un—l "
— = + N A = £*). 4.34
uzi  uwr,  u: K N-1 = =l o” () (4.34)

It is left to recall that Ay_; = EX ;0% (x5, u.).

5. LDP in continuous time

We introduce the filtration (.%£)~o generated by Brownian motion B; with the general
conditions. All random processes considered in this section are adapted to this filtration.
Henceforth, by agreement,

=0. (5.1)

oo

Tueorem 5.1. For any T >0, the family {(xX)i<r} k-« obeys the LDP in Cjor1(R.), sup-
plied with the uniform metric or, with the speed 1/K and the rate function

LJTM& L du— ids
Jr(u.) =1 20%2Jo Uy o= L Al = hdh (5.2)

00, otherwise.

Remark 5.2. Since u; > 0, Freidlin-Wentzell’s rate function [6] (1/202) jOT((at auy)?/
uy)dt is not compatible with u; = 0. Our branching diffusion model is a very particular
case of a model studied by Puhalskii in [20]. To apply the LDP analysis from [20] to
the family {(xK) <1} k— o0, One has to “disentangle” many details of the proof to make it
compatible with our case. Finally, in Donati-Martin et al., [5], the LDP analysis deals with
a rate function of the following type jOT((zlt —p)*/u;)dt for u; > 0 related to a family of
diffusion type processes without extinction. A reader interested in the details of the direct
proof can find them below.

Proof. Tt suffices to verify
(i) C-exponential tightness (see [15]),

1
tm i, log (supt =€) = o 53
K K -
hnézlliloloiupEIOgP@jE‘xV”_xV ‘ 211) =—00 Vy>0, (5.4)

where y is a stopping time relative to (FE) 0,
(ii) the Local LDP,

§—0K—o0o K t<T

lim lim —logP(sup ‘xt - ut’ < 8) = —Jr(u.). (5.5)
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(i) Verification. The Itd equation (1.16) is equivalent to the integral equation xX =

e (1 + (1/+/K) [, e~*/xKdB;). Hence,
supxK < Ze“T(l \Y% —s J \/7st>, (5.6)
t<T

so that (5.3) holds true provided that

lim lim logP(sup \/xT(dB > \/—C> (5.7)

C—o0 K—o0 t<T

In order to verify (5.7), let us introduce a continuous martingale and its variation process
o [t o2 [t
M, = \/—? L e *“.\|xKdB, (M), = < Jo e‘z"‘sxsts, (5.8)

respectively, and the stopping time 7¢ = inf{t < T : M; > C}, where inf{&} = oo which
enables us to claim that (5.7) is valid if

lim lim —logP( <T)=—co. (5.9)

C—o00 K—oo
We proceed with the verification of (5.9). With A > 0, set

30 = MmO (5.10)
It is well known that the process (3:,-%£)s=0 is the positive local martingale and so the
supermartingale too with Ezg < 1 for any stopping time 6 relative to (.#7). By choosing
0 = ¢, we find that 1 > EIjg<7}36. Then, due to a lower bound on the set {6 < T}:log3e >
AC — (02A%/2K) foe e 2%xKds and (5.6), there exists positive I such that

212 0 AZ

logse ZAC—% e 2 > \C - ZK(1+C) (5.11)

Further, a choice of A = KC/(1 + C) implies 39 = eK€/(1+O1 Consequently,

C2
(14C)l C-o

%logP(Tc <T)<- (5.12)

By (5.3), the proof of (5.4) is reduced to the verification of two conditions: for any 7,
C>0,

ytt
lim lim sup —logP(sup xKds >y, supxk < C) — 00,
HOKHOO)KTK t<A Jy s<T

er+t

(5.13)

lim lim Sup o logP( 7 SuP =1, supx < C)

A=0 K=o, t<A
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The first is obvious while the second is equivalent to

= _ MK - _
11113 Illll;lo iEI;K 10gP<st1<1£>ITc |M My | = 11) 00, (5.14)

where I, ¢ = I{Sup _ak<cp, t < T.
Set NK = My+, M{f and notice that (NX, ﬁﬁrt)go is a local martingale with the vari-

ation process (NX), = (¢%/K) fgﬂxfds.
Further, the use of I ¢cNK = I ¢ fot I, cdNK simplifies (5.14) to

t
J I, cdNK
0

lim lim sup%logP(sup > ;1) = —oo. (5.15)

A=0K—oo, t<A

The local martingale N/ := Jo I cANX possesses the variation process

(NKC), = I Lcd(N¥), =% J I, cxKds, (5.16)

that is, d (NX¢), < (¢2C/K)dt.
Now, we are able to verify (5.15) with the help of stochastic exponential technique. Let

3i(L) = MNEWDWNEE), ) R (5.17)

Since 3;(A) is a continuous local martingale and supermartingale too, for any stopping
time 6, E3p(A) < 1. Let O = inf{t < A: NtK’C > n}. Taking into account that {6 < A} =
{Ng’c > 5}, write 1 > EIyg<a336(A). The value 39(A) is evaluated below on the set {8 < A}
as follows: with A > 0 and (NX-C)y < (62C/K)0 < (02C/K)A,

50(/\) > e/\q—(AZUZC/ZK)A_ (5.18)

Therefore, logP(6 < A) < —[A5 — (A2062C/2K)A] and the choice of A = K#/0*CA pro-
vides

2

17 —_—
202CA a-o0

%logP(H <A) = . (5.19)

It is clear that the same result remains valid for 6 = inf{t: —NtK s n}. Combining both,
we obtain (5.15).

(ii) Verification. The upper bound. For ug # 1 or du, & dt, the proofis obvious. For 1 =
1 and du; = u,dt, the stochastic exponential technique is applicable. With an absolutely
continuous deterministic function A(#), let us introduce a continuous martingale M; and
its predictable variation process (M)

t 2 rt
M= [ MoEdB, )= [ s (5.20)
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It is well known that the stochastic exponential 3, = eM =03t jg a local martingale and a

supermartingale too with E3r < 1. The use of this property implies

1> EI{SuPtsT \xffut\SB}ﬁT' (521)

The next helpful step of the proof gives a deterministic lower bound for 37 on the set
{sup,_7 |xK —u;| <8} =:A. By (1.13), M, = fo (s)(dxK — axKds), so that

T JERN
logsr = J A(s) (dxK — axKds) — —J A% (s)xKds
0 2K Jo

T . o,
= L [/\(s)(us — auds) — ﬁ/\ (s)us]ds

¥ LTA(s)d(xf - ) = [ (o ) - JOT (o -]

I K 9 \2(s) [ d
_L [ (s)ar{xt _”5}+ﬁ (s){x —us}] s

(5.22)

Now, by taking A(s) = K0(s), we find a lower bound of 37 on the set s := {sup,_; |k —
u] <8},

T
logsT > KJO [6(5)(1'45 —au) — G—ZGZ(S)uS]ds

—51<[|9T| +j (16 + o] + Z2E) 0 (S)>ds].

This lower bound jointly with (5.21) implies the following upper bound: for any abso-
lutely continuous deterministic function 6(s),

(5.23)

lim lim —logP(Ql5) < - JT [9(5)(1,1S —aug) — %292(5)1,{5](15. (5.24)

§—0 K- K

Since u, is only nonnegative, it makes sense, for computational convenience, to use a
corrected upper bound, with € > 0,

T o2
lim lim —logP(Q((s) <- Jo [9(5)(1,15 —au) — 792(5)(145 +s)]ds. (5.25)

5—0 K—oo K

If i1; is absolutely continuous function, a choice of 8(s) = (its — aus)/0? (us + €) provides

1 (7 (i — au5)2
11_13 hirolo logP(Ql(s) 202 )0 ute
) (5.26)
1 (7 (i — auss)
~ 597 )y ” ds, €\,0.
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In general case, one can choose a sequence 8,(s), n = 1, of absolutely continuous func-
tions such that

2

lim [en(s)(as — aug) — %Hﬁ(S)(usﬂ)]

n—oo

o2 1 (45— au )2 (5:27)
¢>2(u5+e)] " 202 Su5+ss

= sup [¢( —au) —

$eR

Hence, for sufficiently large n, [0,,(s)(its — ausds) — (62/2)0%(s)(us + €)] = 0. Then, due to
(5.25) being valid with 6(s) replaced by 6, (s), and Fatou’s theorem, we find that

T 2
lm(} %1m —logP(ng) < —lim [Gn(s)(us —aug) — %Gﬁ(s)(ushs)]ds
- n—oo J0O
T o2
< —J Jim [9,,(5)(1'45 o) - 7¢9,3(s)(u5+e)]ds (5.28)
0 n—oo
T (s _ 2 T (s _ 2
S O ) BN Y o Sl N
20% )0 us+e 20?2 Jo Us
(iii) Verification. The proof of
(T (g — )
151?(1) ;ToKlogP<stL<1p [xK —ug] < 8) =57, m dt (5.29)

is done in three steps.

(1) It suffices to analyze the case fOT((L't5 — )%/ ug)ds < o, which enables us to con-
sider only those test functions that remain zero after arriving at zero. In other words,
we will give the proof of (5.29) for absolutely continuous u. with 4y = 1 and (u; > 0)c7,
ur = 0.

(2) Set 7¢ = inf{t < T': xK > C}, where inf{@} = « and notice that if for any C>0

N 1 (7 (i — auy)’
lim lim logP( sup |xK —u | < 8) > - Mdt, (5.30)
o—0 K- K t<TATc 20 Ut

then (5.29) holds. This can be seen as follows. Since

QI(;Q{ sup |xK — sé}m{rczm}

t<TATC
(5.31)
={ sup | xK — S(S}\SL sup |xK —uy| s6}ﬂ{TCST},
t<TATC t<TATC
we have {7¢c < T} U5 2 {sup,_1 . |xf —u;| < 8}, so that
2[P(As) VP(1c<T)] = P( sup |xK —u| < 8). (5.32)

t<TA1c
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Hence, due to (5.30),

lim lim —logP 2As) \/ lim lim —logP( <T)
§—0 K—o0 K C— Koo K
) (5.33)
(T —aw)”
202 0 U ’
and it is left to recall that {rc < T} = {suptsTx{< > C} and to refer to (5.3).
(3) By (1), fo 2dt < co. We proceed with the verification of (5.30). Define a continu-
ous martingale M, and its variation process (M),: with ¢ >0,

tATC o K tATC o K2
M= | VREZZaB, (M), = J gl =) (5.34)
0 o\xK+e 0 o? (xK +e)

By definition of 7¢, we have (M) < (2K/0%¢) fOT(it? + a>C?)ds < o0, so that the stochas-
tic exponential (3t,/t ,P)i<T with 3, = M0 (M)t s a uniformly integrable martingale,
E3r = 1. We use the latter property to define a new probability measure P on (Q,.%%) by
letting dP = 37dP and applying

P( sup |xK—u | < 8) = J 37.dP (5.35)
1SUP . 13 126

t<TAr1c

for verification of (5.30). This approach heavily uses a semimartingale description of the
processes (xX,.ZE,P);<r and (3;%,. %2, P)<1. We begin with the process (By, FE,P)ir.
The random processes (By,.Z2,P),<r and (3;,.%2,P),<T are continuous martingales and,
in particular,

't_“xf

u
dﬁt = I{rczt}ﬁt\/l?

o\ xK +¢

Hence, the covariation process for 3;, B; is defined as

dB;. (5.36)

tATC o K
(3,B)t=L soVK s g (5.37)

o,xK + ¢

It is well known (see, e.g., [17, Chapter 4, Section 5]) that the random process (B;, FE,
p)tST Wlth

tATC

K
JREZ X g (5.38)

t
Ho _ -1 - —
Bt —Bt Jojs d(é)B>S Bt G(xK+£)
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is a Brownian motion. Consequently, we find that, P-as.,

t t K 0.5 t
. X o _
Xf = 1+J0 I{TCZS}Mst‘f‘ Jo (XX£<|:1 _I{rczs} (,xsKis-f—E) :|dS+ J() ﬁw Xg(st,

, « , 2 (5.39)
ATC o _ 1 ATC Y-
logz; ! = - \/I?ius szxs dB; — EJ K—((:l;(xgisa)) ds.

0 04X + € 0 s

Now, we evaluate from below the value 1/K log37' on the set {sup, 7. |xK — ;] ). Write

1 (7 Us — QU :
—loggT 7—ﬁ . %dﬁ-h(C,e,@)

tATC K
J s — aXs 1m
S

oxK+e

where h(C,¢,6) o 0. Therefore, (5.39) can be transformed into (here # is a positive con-

stant)

. (5.40)
sup

\/K t<T

>

1
ElogP( sup | xK —u, §6>

t<TA1c

17 (i — ocus)2

~307 J, L ds+h(C,¢,9) (5.41)
1 < e g — axK

+—1lo P( sup |xK—u | <6, su J =8 4B, < D
K § tST/}\?TC | ! t| \/F t<]];") [ xK +& g

This lower bound makes it possible to claim that (5.30) holds true, provided that

tATC u
hm P(sup J =5 > \/Er]> =0, (5.42)
— \y<T aw/xK +e
lim EP< sup |xK —u >8> =0. (5.43)
e=0 K=o t<TATC

Since Ijr»p (its — axK)?/0?(xK + €) < (Jits| + C)?/0?%e, the Doob inequality (here E is the
expectation relative to E)

thus SdB>\/_ﬂ'><J |us|+C ds, (5.44)

E| sup
<t<T o,xK + ¢

jointly with (3), establishes (5.42).
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Due to the first part of (5.39), the proof of (5.43) is reduced to the verification of

0.5
. X
i 1 () |- o
which is obvious, and
tATC
. = KAR _
IlliroloP(stg}T) Jo \/des > \/En D 0, (5.46)
which is similar to the proof of (5.42). O
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