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We consider an (s,S) inventory system with random lead time and repeated demands
of unsatisfied demands from the orbit. Whenever the inventory level falls to the level s,
an order is placed to bring the level to S. The quantity ordered is M = S — s. Demands
to the system are served immediately if there is a positive inventory. Otherwise it will
go to a pool of unsatisfied customers called orbit. After a random amount of time, that
demand is retried for service. We assume a Markovian setup for the time between con-
secutive arrivals, replenishments, and retrials. We obtained the condition for ergodicity
of the system, steady state system size probabilities, expected length of the busy period of
the system, expected inventory level, expected number of customers waiting in the orbit,
expected waiting times, and so forth. A control problem is studied and some numerical
illusrtations are provided.

Copyright © 2006 P. V. Ushakumari. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

The (s,S) inventory system with positive lead time has been studied by several researchers.
A brief account of the work carried out in this field can be seen from [4-6, 8], and so forth.
In most of the inventory models considered so far, demanded items are directly delivered
from the stock if available. The demands occurring during the stock-out period are either
lost (lost sales) or satisfied only after the arrival of ordered items (backlogging). In the
latter case it is assumed that either all or a prefixed number of demands occurring during
the stock-out period (partial backlogging) are satisfied. See [3, 9—11] for a review.

In all these articles, the authors considered that demands to the system are either lost or
served by backlogging. However, in some applications, the demands during the stock-out
period go to an orbit of unsatisfied customers and after a random amount of time, retry
for service. We can see such situations in production inventory systems with positive lead
times. This type of retrial inventory systems has not been studied much in the literature.
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Numerical analysis of the (s,S) inventory system with repeated attempts has been studied
recently in [1]. In that work the authors proceeded with an algorithmic analysis of the
system. In the context of reliability, [7] studied a k-out-of-n system with repair and retrial
of failed units from the orbit. In the queuing situation, retrial queues have been studied
extensively in the literature. A detailed account of the work carried out in this field can be
seen in [2].

In this paper, we have considered (s,S) (s < S) inventory system in which random lead
time for quantities purchased are allowed. Whenever the inventory level falls to s, an
order is placed to bring the level to S. The quantity ordered is M = S — 5. The maximum
inventory level S is assumed to be greater than 2s. There is a positive lead time for the
fulfillment of orders placed and the inventory level can be reduced to zero during this
period. Demands to the system are served immediately if there is a positive inventory.
Each demand is only for one item. If at the time of a demand the inventory level is zero
(i.e., during the dry period) that demand is not satisfied, instead it goes to an orbit of
unsatisfied customers. These unsatisfied demands will retry for service after a random
amount of time. We assume a Markovian setup here. Interdemand times are assumed
to follow an exponential distribution with rate A(>0). The time between consecutive
replenishments is assumed to follow exponential distribution with rate (> 0). Only one
order for replenishment is pending at any given time. The time between successive retrials
is also random and follows exponential distribution with rate a;(>0) when j demands
in the orbit. The interarrival times, the inter-retrial times, and times between consecutive
replenishments are assumed to be independent of each other.

Here we attempt to get a closed form solution of the system. We obtained the sufficient
condition for ergodicity of the system. Also we obtained the steady state system size prob-
abilities, expected length of busy period of the system, expected waiting time in the orbit,
expected inventory level, expected number of waiting customers, and so forth. A control
problem is studied and optimal values of the control variates s and S are investigated.

The paper is organized as follows. Section 2 gives the model description and in Sec-
tion 3, we obtained condition for ergodicity of the system. Section 4 gives the steady state
system size probabilities, marginal distributions of the inventory level and waiting cus-
tomers, average inventory level, expected number of waiting customers in the orbit, and
so forth. Section 5 gives the busy period analysis and Section 6 discusses waiting time
distribution and the expected waiting times in the orbit. In Section 7 an optimization
problem is studied and optimum values of the control variates are obtained. Some nu-
merical illustrations are also provided in this section.

2. Model description

We assume that the interarrival times between the primary demands follow an expo-
nential disrtibutiion with rate (1) and that between consecutive replenishments are also
exponential with rate y. Also the time between consecutive retrials is exponential with
rate &; when j demands in the orbit. Define I(¢) and N(t) as the inventory level and the
number of customers in the orbit at time ¢. Then the process {(I(¢),N(¢)), t > 0} forms
a bivariate Markov process over the state space E = {0,1,2,...,5,s+ 1,...,8} X {0,1,2,... }.
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Its infinitesimal transition rates qy; j) are given by,
(I)fors<i<S, j=1,

A if(”)m):(i_l)j))
QGij)(nm) =1 j&j if (n,m)=(i—1,j-1), (2.1)
-(A+jaj+u)  if (n,m) = (),

(2) for0<i<s, j=1,

A lf(nam):(l_la_]):
jaj if(n,m)=(i—1,j-1),
Qi =1 . L . (2.2)
u if (n,m) = (i+ M, j),
~(A+jaj+u) if (n,m) = (i, j),
(3)fori=0,j=1,
U if (n,m) = (M, j),
4Gj)nm) = 1A if (n,m) = (i,j + 1), (2.3)

—(A+p) it (n,m) = (i, ),

(4) for0<i<s, j=0,

if(n,m) = (l_ 1)j))
4G j)(nm) = 4 if (n,m) = (i+ M, j), (2.4)
A+ if(n,m) = (i, ),

(5) fori=0,j =0,

[z if (n,m) = (M, j),
qG,j)(nm) = 1A if (n,m) = (4, + 1), (2.5)
—A+p) if(n,m)=(,j).
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3. Ergodicity

3.1. Sufficient condition for ergodicity. Sufficient condition for ergodicity of this sys-
tem can be determined with the help of the criteria based on mean drifts. The following
theorem [12] is most convenient.

THEOREM 3.1. Let X(t) be a Markov process with discrete state space S and the rates of
transition gsp, S, p € S, Zpqsp = 0. Assume that there exists
(1) a function ¢(s), s € S, which is bounded below (called Lyapunov test function),
(ii) a positive number € such that the variable y; = Zp45 qsp(¢(p) — ¢(s)) < o for all s
insS,
(iii) ys < —€ for all s in S except perhaps a finite number of states.
Then the process X (t) is regular and ergodic.

Thus for the model under investigation, we consider the following Lyapunov function
¢(i,j) = j — ai, where “a” is a nonnegative parameter which will be determined later.

Then the mean drift y;; is given by

[ad+jaj(a—1) if0<i<S$, j=1,
A—auM ifi=0,j>0,
M= (3.1)
ad ifs<i<S$, j=0,
[a(A — My) ifo<i<s, j=0.

Since for all i, there exists

(a—1)o0 ifo0<i<s§,
llm )/,‘j =11- ayM ifi = 0, (32)
]4-00

al—Myp) if0<i<s.

The assumptions of Tweedie’s theorem hold if and only if all variables are negative.
That is, a — 1 <0, A —auM < 0, and A — My < 0. These conditions represent a set of lin-
ear inequalities for the unknown parameter a. Clearly, they can be written in the form
(A/Mu) < a < 1. Such an a can be found if and only if the interval (/My, 1) is not empty.
That is, if and only if A < My which is the sufficient condition for ergodicity of this
model.
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4. Steady state results

4.1. Formulation. Define P(j, j,t) =P(I(t) =i, N(t) = j/(I(0) = S,N(0) = 0), (i,j) € E.
The forward Kolmogorov differential difference equations associated with the Markov
process are as follows:

%P(S)J"f) = —(A+jaj)P(S, j,t) +uP(s, j,t), j=1,

%P(i,j,t) = —(A+jaj)P(, j,t) + (j+ Daj P(i+1,j+ 1,8) +AP(i+ 1, ,1)

+uP(i—M,j,t), S—-s<i<S-1,j=21,M=S-s>5,

%P(i’f’t) = —(\+jo+p(1=8:)) Py jot) + (j + Dt P(i+ 1, + 1,8)
+AP(i+1,j,0), 0<i<S—s—1,j=1,

iP(S,O,t) = —AP(S,0,t) +uP(s,0,1),

dt (4.1)

%P(i,o,t) = —AP(i,0,t) + oy P(i+1,1,t) + AP(i+ 1,0,1)

+u(1=8)P(i—M,0,t), s<i<S—1,
%P(i,o,t) = —AP(i,0,t) + oy P(i+1,1,t) + AP(i+ 1,0,¢)
+u(1-68)P(i—M,0,t), s<i<S-—1,
d . . . .
aP(O,],t) = —(A+wP(0,j,t) + (j+ Daj1P(1,j + 1,1)
+A[P(0,j — 1,t)+P(1,j,1)], j=1,

where

1 ifs+l<i<S—-s-1,
0; = ) (4.2)
0 otherwise.

Let the initial condition be P(S,0,0) = 1 and P(i, j,0) = 0 for all i, j not all zero. The
above equations will be solved using Laplace transforms.

4.2. Method of solution. Denote the Laplace transform of F(t) by F(z). Let P(i, j,z) =
[ e7#P(i, j,t)dt be the Laplace transform of P(i, j,t). From (4.1), we have

(z+A+ja;)P(S, j,2) = uP(i,j,2), j=1, (4.3)
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(z+A+ja;)P(,j,z) = (j+ Deaju P(i+1,j+1,2) +AP(i+ 1, + 1,2)

(4.4)
+uP(i—M,j,z), S—-s<i<S-1,j=1,
(z+A+u(1=6&) + jaj) P(i, j,2)
4.5
=(j+Daj1P(i+1,j+1,2) +AP(i+1,j,z), 0<i<S-s—1, (5)
(A+2)P(S,0,2) — P(S,0,0) = uP(s,0,z2), (4.6)
(A+2)P(i,0,z) = a1 P(i+1,1,z) + AP(i+ 1,0,2)
4.7
+u(1-68;)P(i—M,0,z), s<i<S-—1, 7
A+u+2)P(3,0,z) = a1 P(i+1,1,2) +AP(i+ 1,0,2), 0<i<s, (4.8)
(A+u+2)P(0,,2) = A[P(0,j — 1,2) + P(1,,2)]
(4.9)

+(j+Daj1P(1,j+1,2), j=1

Equation (4.3) can be used to express P(i, j,z) in terms of P(0,0,z) by solving (4.3) as a
difference equation in i and j. Set &; = a/j. Following the standard difference equation
technique, set

P(i, j,z) = y 1P(i,0,2) = y ") P(0,0,2), i,j=0. (4.10)

Equation (4.10) to be a solution of (4.3), we must have from (4.3),

uyM —(z+ A +a) = 0. (4.11)

By Rouche’s theorem, (4.11) has (M — 1) roots inside and one root outside the unit circle
|yl = 1. Let the outside root be yy(z). Hence

P(i,j,2) = (yo(2)) " "P(0,0,2), =0, j>0. (4.12)
From (4.8),
i+1
P(i+1,0,2) = [M] P(0,0,2), 0<i<s (4.13)
a+1yo(z)
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From (4.7),

i s+1
P(i+1,0,z)=[y“°(3(yz£3))][(“”WO(;):(Z”“”)] P(0,0,2), s<i<S—s—1,

. ~ »(2 Z+ A )\ i
P(1+1,0,z)_a”y0(z){( e ) (z+ 1) (yo(2)(z+1))

yo(2)(z+A+u) M .
B [W] );P(0,0,z), S—-s<i<S-1,

=Jj
P(0,j,2) = (Ayi(;)_}_)z(l(l +y0(2)) +u+2)P(0,0,2), j=>1,

o 0@) A tpt [ Atptz o
P(i, j,z) = (e At pta) [a+Ayo(z)]P(0’0’Z)’ O<i<s, j=1,
P(i,j,2) = (30(2) 7 A +2)"* (a+ Ayo(2))*™

X(A+u+2)'P(0,0,2), s<i<S-s—1,j=1,

P(S—s,j,z)z{ U z+A+u (yo(z))_j [1_<z+)t+y)s]

a—pz+rritaz+A+a+y z+A+a

—Jj
+%(A(l+yo(z)) +‘u+z)}P(0,0,z), j=1,
..U (z+A+p)? ZHA+p S i A+ aly(2)
P(S-ijz) = oc—‘u(z+l+(x)(z+)t+y+oc)<oc+/\yo(z)) (0(2) Z+ A+ a
z+A+p\"! , ,
x[l—(z_”_m) }P(0,0,z), O<i<s—1,j=1,
A ,
P(S,j,2) = 5-(|—ZA++34()/0(Z)) TA+u+2)°P0,0,z), j=1.
(4.14)

4.3. Steady state system size probabilities. The steady state distribution of the system
size can be obtained by applying the final value theorem. Let q(i, j) = lim,_¢zP(i, j,2),

(i,j) € E and k = lim,_ yo(z). Then k satisfies the equation k™ — (1 + «) = 0 which
gives k = (A + «)/u) M. Then we have

q(1,0)=[ o ]q(0,0), 0<i<s+l1,

4(i,0) = (affka)i_l [(mk}t)()#)]sq(o,m, s+l<i<S—s,

7
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, k A+u\s o KA+ p\ 1M ,
q(z,O):(HM{(A“) (k)t)’*ll—y<“+k‘;> }q(0,0), S—s+1<i<S,

k J#(A(l+k)+y)q(0,0), =1,

q(0,1)=“

k7T (A+u)?
A p+ o) (kA + o)

q(i,j) = ( 9(0,0), 0<i<s, j>1,
q(i, j) = K IAM S (a+ kL) (A +u)q(0,0), s<i<S—s—1,j>1,

o A K [_(/\-f—y)s] kT (A(1+k)+p)
9(S S’])_{(x—‘u/1+oc)t+‘u+oc v I A+u

q(S—ij) = p Atp Atu (k(A+y)>skj(A+ak1><1_<M>i+1>q(0’0)’

}q(0,0), ji=1,

S a—prtadl+utal atk) Ao Ao

i=1,2,..,5—1,j=1,

N M .
q(S,j) = /\Tak A+wq(0,0), j=1.
(4.15)

q(0,0) can be obtained in such a way that 2}10 Z;OZO q(i,j) = 1, which gives q(0,0) as
q(0,0) = (1+ Ty + T+ T3+ T4)" !, where

e %[1_ (2:13)] +k73[k(“”)]5[1_ (oﬁd)M“}

ko (A+p)® 1— (kL)
+a+k)L(T> (“)M[ 1— ki ]
_ AMi+k) ku (KAt
L= (k— DA +u)  (a+kd)(a—ky) (1 ((oc+k)t)> )
s k(ks = 1) (A +p)? A2 (A +p)

k- 1A +pta)atkh)  [atkhpk—1D(a+(k—1A]

poo # Arp (- (Q+p/QA+0)) MK+ Ak p)?
Ta—prra (k-DA+pta)  (k-DA+p)  A+a)k-1)

_ pA+p)? [k(l+‘u)]s at+k) . A+w)? 1_<(A+y)>5+1
4 (a—wA+a)A+u+a) L at+kA 1 k(k—1)(a+) A+a)a—p Ata '

(4.16)

4.4. Marginal distributions. Let QEI) and Q;-z) denote the marginal distributions of the
inventory level and number of waiting customers in the orbit, respectively.
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4.4.1. Distribution of the inventory level. We have QEU = 2704, j). Then from the above

set of steady state probabilities we can obtain

([ (kA+u)\ A+u)?
[( atkh ) T

() el ()

(kA)! At pA +p)
(k—l))ﬁ Ha+kA)i=s  (a—w)(a+A)(A+yu+a)

)H—@H—oc)(k)u-f—oc)(k—1)]q(0’0)’ O<iss,

At+a A+w(k—-1

kA <A+y)5(“)i71_ ku (k()tw))“*M
a+ki\ A a+kA\ a+k)

N pA+u)? (k(Aw))s
(k=D(@—p)A+a)A+a+u) \ a+kA

k(A+a) Ao AMa k-1

(k+1)A+u .
[1+—(k—1)(/\+y)]q(0’0)’ i=0.

4.4.2. Distribution of the waiting customers. We have Q§2) =37 q(i, j). Then

At 1-k QA+pt+a)(kdA+a) at+(k—1)A a+kA
pA+u) ( _(A+y>$>+(k+l)/1+y
(a—p)A+p)A+u+a) A+a A+ p

pA+u)? (k(/1+;4)>5(k)t+oc)(oc—y)
(a—pA+p+a)\ kA +a A+ a

[oeeen- (2225 oo

[”a+(1?—+fm+y<l (o?:k/l> ) HRAA+ W] [HM][l—(“?M

2
QY =

’[(k+1))t+,4+k(1—k5) A+ p)? .\ A2(A+p) [1_< A )M*

x(l—(““)s)+ ””k“)’\)}q(o,o), stl<i<S—s,

><< kA+a )(1 </1+[/l) >+A_#M]q(0,0)’ S—s+1<i<S§,

(4.17)

|

i=1,

)]

) (R [ (R oo -0

(4.18)
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4.5. Expected number of customers in the orbit. Let E(O) denote the expected number
of customers in the orbit. Then E(O) = Z;ll ]Qf Then we can obtain it as

.k (k+DA+u k(1—k)(A+p)?
E(O)_(k—l)z{ A a +(1—k)()t+y+oc)(k)t+oc)

V(A +p) Ao \M! pA+p)
Tat (k- DA [1_<a+k/\) Tla- Wt tatp)
A+p\*\  (k+DA+pu g (A+up)? A+wk7’
-<1_(A+(x>>+ Atu +a—y()t+y+a)+[k)t+a]

(kA+a)(a—p) Au 2 Au sl
XT[“‘”“‘”*(E) (“(m) )]}q“”o’-
(4.19)

4.6. Expected inventory level. Let E(I) denote the expected inventory level in the steady
state. Then

S s S—s S
E()=>liQ =>iQl+ > iQl+ > Q. (4.20)
i=1 i=1 i=s+1 i=S—s+1
Then
3 k(A +u)(a+kA) e _sk(/1+y) s Lis(A+u)
E(”‘{ ke ) G T M k- DOt
s 2
+()t]—:f)l(;3+ﬂ) M{(a;ﬂ) [L;—LJZW]+“J;M[SL§—ML§4]}
(oc—y)()t+y+oc)L3(1 Ls) +(M =D+

+L2</\ﬂ>5[(k)t)M—(k/l)5 M(k)L)M—S(k/l)S:| ku [ 1-L +M—SL51:|

By —k0)2  1-kA Ttk | (1-0,)? T 1-L
. uA+u)? s kA+a S_[L§4+2—L§+2] ML§ — SL3
(k—D(a—wA+a)A+a+u) k(A +a) (1-1L13)2 1-1;5
sAu s
+m(k(l+#)) }CI(O,O),
(4.21)
where
L, = KAtw A L= At (4.22)
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5. Busy period analysis

A busy period of the system is defined as the time at which a primary demand is coming
to the system when the inventory is full and also none in the orbit and it ends when the
inventory is full and none in the orbit. That is, the time to an (S,0) to (S,0) transition. To
compute this distribution, consider the state (S,0) as an absorbing state. From the above
set of differential difference equations (4.1), remove all the terms corresponding to (S,0)
on the RHS. Then we get

%P(S,j,t) = —(A+jaj)P(S, j,t) +uP(s,j 1), j=1,

%P(i,j,t) =—(A+ja;)P(, j,t) + (j+ Deajei P(i+ 1, j+ 1,8) +AP(i + 1, j, 1)

+uP(i—M,j,t), S—-s<i<S-1,j=21,M=S-s>5,

%P(i,j,t) = —(A+jaj)PGi,j,t) + (j+ Daj P(i+1,j+ 1,£) +AP(i+ 1, j, 1),

stl<i<S-s—-1,j=1,
%P(i,j,t) =—(A+jaj+u) PG, j,t) + (j+ Dajn P(i+1,j+ 1,6) +AP(i+ 1, j, 1),
O<i<s, j=1, (51)

d

ﬁP(S - 1,0,t) = =AP(S - 1,0,t) + ¢, P(S, 1,¢) + uP(s — 1,0,1),

d

aP(SJO)t) - ,uP(SJO)t)a

%P(i,o,t) = —AP(3,0,t) + a; P(i+ 1,1,t) + AP(i+1,0,t) + uP(i — M,0,1),
S—s=<i<§-2,

%P(i,o,t) = —(A+p(1—80)P(i,0,) + a P(i + 1,1,6) + AP(i+ 1,0,8),

0<i<S-s-1,

where §; = 1 or 0, accordingasi=s+1,s+2,...,S—s—1ori=0,1,...,s,

d . . ) ;
d_P(Oa])t) = _(A+#)P(O)]:t)+(]+ 1)“j+lp(1)]+ 13t)
t (5.2)

+A[P(0,j - 1,H)+P(L,j,1)], j=1
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Taking Laplace transforms with respect to ¢ and with the initial condition P(S,0,0) = 1
and P(i,7,0) = 0 for i # S, j # 0, and solving the equation with «; = &/}, j = 1, by the
above procedure as in Section 4.4, we get

i+1
P(i+1,0,2) = [M] P(0,0,2), 0<i<s,
a+Ayy(z)

. [ 20@E+) T [ y@)E+A+p) T .
P(i+1,0,z) = [ a+Ay0(2) ] [ o+ 150(2) ] P(0,0,z), s<i<s—s—1,
y0(2)(z+A) ]’““{ [yo(Z)(zH) }M‘H (yo(Z)(Z+/\+u) )5“

P(i+1,0,2) = [ athyo(2) at+Ayo(z) at+Ay(z)

i+1-M
+1— (”““) }P(0,0,z), S—s<i<S-2,
z+A

P(S,0,2) = gp(s,o,z),

Ayo(z) ) i

. y .
P(0,j,2) (1+Z+A+” (yo(2) )P(0,0,2), j=1,

o imj{ z+A+u )(z+/l+y )" , ,
P(i, j,z) = (yo(2)) (z+A+y+a a+y0(2) P(0,0,z), O<i<s, j=1,

(70(2) U™ (@+Ay0(2)) [ yo(z)(z+/1)]i_5

P(i, j,z) = Zthta a+Ayo(z)
[ a+Ay(z) ]P(o,o,z), s<i<S-s-1,j=1,
L (50@ I (@ Aye(@) (o)t )M
P(i,j,z) = ZHA+a ( a+Ay(z) )

. A i-M
+u(yo(2)) J[%] }P(0,0,z),

S-s<i<S-1,j=1,

P(i,j,z) = Z+§+“P(s,j,z), j>1
(5.3)
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P(0,0,2) can be determined by 3.7, >3 PG, j,2) = 1/z which gives P(0,0,z) = [zH(z)] !,
where
H(z) = hy(1 = h5"") —hs(1 =k ") [1+ By hst ]
+ 5[ hahs (1 = BM72) + hohshs yo(2) (yo(2) = 1) > (1 4+ puz ™ — BM—1)]

+u(yo(z) - 1) hy — hy(1 - hs (1 - hg)) +h3hs yo(z) (yo(z) — 1)
(1=h) L+ R R (1 = hy) hs,

_ @)z +4) b = Yo(2)(z+A+p) b yo(2)(z+1)
! a+Ayo(z)’ 2 a+Ay(z) 3 a—zyo(z)’
~ po(2)(z+A+p) he — a+Ayo(z) B z+A+u
4_(x—(y+z)yo(z)’ T Zz4d+a’ (@) - D(z+A+uta)
z+A+p -1 _ -1
= i Ar hs = u(yo(2) = 1) (a = yo(2)) (z+ )" = hahs (yo(2)) .
(5.4)
5.1. Expected length of the busy period. We have
P(S,0,2) = gP(s,O,z) - ghgp(o,o,z). (5.5)

P(S,0,z) is the cumulative distribution function of the Laplace transform of the busy
period. Define f(S,0,t)dt = P {busy period ends in (¢,t + dt) leaving back the inventory
level to S and “0” demands in the orbit for the first time}.

Hence f(S,0,t) = (d/dt)P(S,0,t) is the pdf of P(S,0,t). Let f(S,0,z) be the Laplace
transform of the busy period density f(S,0,t). Then

f(8,0,2) = zP(S,0,2) = uh5P(0,0,z2). (5.6)

Then the expected amount of time, the system is continuously busy, is

E(T) = - [if(s,o,z)] (5.7)

dZ z=0

which gives

B k+A+p)(1—KkN)V (k—1)2aA+a)s (kA +u)\*
E(T)‘_“{ a+kh A+ )k ( a+k\ )

KA+w\ [ (k—1)2a(A+a)\> ,
_< atkl ) ( MO+ )k ) (H°+H°)}’

(5.8)




14 On (s,8) retrial inventory system
where
k=limyy(z), V =limyy(z), Hp=1lim H(z), Hy=lmH'(2), hjp=limh;,
z—0 z—0 z—0 z—0 z—0

Ho = hao (1 = B5™) +hsg hso (1 = Big™1) + 5> s hao (1= hip")

kA —s— —s—1ps A s
+h50h§+01(k_1)‘x(17h11\/(1) 1)+h50|:h% 1h2+01(x(k_1)(17 10):|
ol (1= ) — hsphao (1 — BSy) ———— + b (-
Pak—1) 1077 750740 0k (k=1) " (k—1)(a— kp) 20
p Atphy
Atal+a k’
- k J@tk)Q+p+k) —kQ+wA| o,
HO—h30h50V{7(k_1)2(5+1)h2|: ((X-l—k/\)z (k 1) .

(5.9)

5.2. Expected number of primary demands during a lead time. Let 7, be the proba-
bility that there are n primary and k repeated demands during a lead time. Then

(Ax)" (ax)*
n! k!

k n
_(ntk ( = )( A ) £ wk=o0
k a+A+u) \a+A+pu/) a+A+pu

Therefore, expected number of primary demands during a lead time when k demands
in the orbit

Tk = J e Atatu)x pue *dx
0

(5.10)

= ann,k
n=1

a \F n ad

B ((x+)t+y> (oc+)t+y) 2

n=1

(5.11)

; n+k ( A )”
k a+d+p)

5.3. Expected number of secondary demands during a lead time. Expected number of
secondary demands during a lead time when there are n primary calls

=Zk7’n,k
k=1
o (5.12)
_( A )" 7 an+k( o )k
C\Atatp) Aratp s\ k) \Aratp)

5.4. Distribution of the inventory dry period. During the lead time the inventory level
may come down to zero and again replenishment may not take place for a random
amount of time. This period is the inventory dry period. The time between the con-
secutive replenishment is distributed as exponential with parameter y and the dry period
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is the residual of the replenishment time which is again distributed as exponential with
parameter y.

6. Waiting time

Suppose that at time ¢, a customer places a primary request. Then the period until that
request starts to be served is its waiting time.

Assume that at time ¢ = 0, there are j customers in orbit and the inventory level is
i, i=0,1,...,S, j = 1. Tag one of the customers in the orbit and denote by f;;(), the
probability that by time ¢ this customer has not been served. That is, the residual waiting
time 7;; of the tagged customer is greater than ¢. Then

f,‘j(t):P{T,‘th}, i:O,l,...,S,jzl. (6.1)

To get equations for the probabilities f;;(t), we introduce an auxiliary Markov process &(t)
with state space {0,1,2,...,8} X {1,2,...} U {a}. The state (i, j) can be thought of as the
presence in the system of i units in the inventory and j customers in the orbit including
the tagged one. The special state a is an absorbing state and the transition into this state
means that the tagged customer is served. Thus the residual waiting time of the tagged
customer, Tjj, is the time till absorption to state a. Then

fij(t) = P{&(t) # a/&(0) = (i, j)}

.. (6.2)
=1-P{&(t) = a/8(0) = (i, j)}.
The transitions among the various states of {&(¢)} are shown in the following diagram.
From state (i, j) the process can move to any of the following states:
(i) fors<i<S,j=1,

(i_ 1)])
/
(1,5) (6.3)
(i-1,j-1)
(ii) for0<i<s, j= 1,
(i—1,j)
/

u

/

(j—Dej1
(i-1,j-1)
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(iii) fori=0, j = 1,

(0,5) (6.5)

(M, )

Therefore from the Kolmogorov backward equation for the Markov process {&(t)}, we
get

%ﬁj(t) =—(A+ja;) fii(O)+Afij () +( — Dajo1 (1), s<i<S$, j=1,
%fi]‘(t) = = tptjag) fii(O) + A firj (O + (= Deajo fiorjr () +pfiomi (1), (6.6)
O<i<s, j=1,
%foj(t) = —(A+u+jaj) foj(O) +Afoj () +pufarj(t), j=1
To solve this system, the initial condition is
fij(0)=1, 0<i<S§, j=1 (6.7)
Define the Laplace transform ¢;;(z) = Io e # fij(t)dt, |z| < 1. From (6.6) we have

ng,-j(z) —1= —()L+jcxj)¢,-j(z)+/\(/>,»,1j(z)+(j— 1)061;1(15,;1]'71(2), s<i<§, ] >1,

2¢ij(z) = 1= —(A+ joj +p) §ij(2) + Adi—1j(2) + (j — Daj_1i-1j-1(2) + Uiz, j(2),
O<i<s, j=1,
(6.9)

z¢0j(z) -1= —(/\-l—jOCj +‘Ll)¢0j(z) +A¢0]‘+1(Z) +‘l/l¢M’j(Z), ] > 1. (6.10)

We will solve this system of nonhomogeneous equations as difference equation in i and
j-Setaj =a/jand

$i1j(2) = y(fi)ﬁbo]'(z) =y D¢y (2), (i,j) €E. (6.11)
Equation (6.11) to be a solution to (6.9), (6.9) should satisfy the following.
From (6.9), the homogeneous part gives [(z+A+u+a) — Ay — ay? — uy M]¢oi(z) =

0, which gives

z+tAtpta—Ay—ay’ —uy M=o0. (6.12)
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By Rouche’s theorem (6.12) is having M + 1 roots of which M roots inside and one root
outside the unit circle | y| = 1. Consider the outside root, say y(z). Therefore

$i1(2) = (10(2) on(z), O<i<s j=1, (6.13)

and the solution of the particular function is 1/z. Therefore the complete solution is

(/5,']'(2) = (yo(Z))_(iJrj)(pol (Z) + %, 0<i<s, ] > 1. (6.14)

Using this we can recursively compute the remaining Laplace transforms. Therefore from
(6.8),

i—s

““7%)(2)) (0@) T2+, s<isS =l (619)

¢ij(z) N ( Z+a+ o
From (6.9),

Aoi(2) +agoi—1(2)

A —(s+j+ .
(6.16)
From (6.10) and (6.11),
3 z+)t+/,t+oc —(i+1) M (At+ayo(z) (Mt —(stjt+D)
1
¢0]1 —X, _]22
(6.17)

Iteratively,

00j(2) = [c,-(z)— (§)cr@+ (%)zcj,z(z)_. e () " a@cy (f{)jco(z)}
con 30 () () e

foa(2) = [Q(z) - ()@ (%)2}/501(2) -5
(6.18)
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where

. _ z+/1+;4+oc —(j+1) E()L+(Xyo(z)>M_s+l —(sH+j+1)
Gl = SR o) R () e

j=1with Cy(z) =1

¢01(2) can be obtained in such a way that 3,72, P ¢ij(2) = 1/z which gives

2
_ 1-
Po1(z) = (yo(z))s 1[}1—0(2)]“1. (6.20)
[1- (0(2)™"]

6.1. Conditional mean waiting times. By taking limit as z — 0, we get the mean condi-
tional waiting times. Let m;; = lim,_q ¢;;(2). Setlim__¢ yo(2) = ki and Cjo = lim, o C;(2).
Then from (6.12), we have

A+u+a) — Ak — ak? — uk;™ =0 (6.21)
and k; is the root of (6.21). Then we have

—(i+j . .
m,-j=k1(])m01, 0<lSS,]ZI,

Aok 7 (s ‘ ‘
mif:( 1) kl(sﬂﬂ)mm, s<i<S§,j=1,

Aa
; l, = i (6.22)
. 1 i .
mOj:z(_l)l<%> ijimm—XZ(—l)l(%) I
i=0 i=0

K1 -k

mor = — 511
1— Kkt

6.2. Unconditional mean waiting times. Expected waiting time of a unit in the steady
state is given by

Me

) S o
m;iq(i, j) = mOIq(O,1)+Zmojq(0,j)+Z Zm,]q (i, ). (6.23)
j=2 i=1j=1

S
E(W) =2

Il
(=}

-

Il
—
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Then, let
0 _ A+ak 0 _Atutkd At _ A+ak
T dta 2o A+u T+ 4 Au”’
& AN o k(A +p) Aty
O = 65_651<)L) 0k’ 0T ark YT Tt
(6.24)
Then, we get
3 Ap+a kis(1—ky)puoM—=*! 1 a
E(W){e”akl(k%—l) % A+ ak, =1 a0

-1 -1 4 ? k-1 1
+[(k2—1) +(k>-1) _(k> A(kl—a)]mo1(/1+‘x)

. 0607 (1 — ki *) L k10,050 ( _ kAG )M*H
kA +p+a)ki (1—ki) (kky—1) " K (kki—1) ' kA +a

L B05(1-65) kY

M—s
afu klflel 92
b open |00 Ava o Q) D
+a_‘ue30667|: kl—l a(l—kl) 61 (1 91 ) M—akl 0361 (1 04 )

A/’l sgM k;(s+l)
+ )t—+ock 0; k1 mp14(0,0).

(6.25)

7. Control problem

In this section we investigate the optimal values of the control parameters “s” and “S.” For
this, we formulated a cost function which is to be minimized. The following main costs
are considered:
(i) fixed setup cost “K” per unit time;
(ii) the ordering cost “C” per unit time;
(iii) the waiting time cost w per unit time due to waiting in the orbit.

Let T(s,S) be the total expected cost per unit time which is a function of the control
variates s and S. Then we define T'(s,S) as T(s,S) = K + C (expected number of reorders
per unit time) +w (expected waiting time in the orbit).

To obtain the optimal values of “s” and “S,” we will have to examine the convexity
properties of T'(s,S). To do this, we have to obtain the expected number of reorders per
unit time. The expected number of reorders in a cycle starting from (S,0) before return-
ing to (S,0) for the first time is the same as the expected number of visits to state (s, j),
j = 0, starting from (S§,0) before returning to (S,0) for the first time. In each visit to (s, j),
j =0, a replenishment order will be placed and only one order is pending at any given
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Table 7.1. The total expected cost per unit time for A = 0.1, « = 0.02, 4 = 0.5, s = 1, K = 100, C = 10,
w =5.

S 10 11 12 13 14 15
T(S,s) 100.0119 100.0117 100.0116 100.0115 100.0115 100.0116
S 16 17 18 19 20 —
T(S,s) 100.0118 100.0122 100.0128 100.0136 100.0148 —

Table 7.2. The total expected cost per unit time for A = 0.01, « = 2.5, 4 = 6, S = 40, K = 100, C = 10,
w =0.5.

s 2 3 4 5 6 7 8
T(S,s) 100.0071 28.0026 4.3492 88.3344 99.3664 99.9749 99.9991
s 9 10 — — — — —
T(S,s) 99.9999 100.0000 — — — — —

time. From the theory of regenerative process, the stationary probability q(i, j) can be
interpreted as the long run fraction of time the system is in state (7, j). Then the expected
number of replenishments per unit time is the expected number of visits to state (s, j),
j =0, and can be computed as 3.7 (A + ja)q(s + 1, 7). Now, X7 o(A+ ja)q(s+1,j) =
(kP A+ p)/(a+ kL) (A/ (k= 1))*(Ak = 1) + &) + A[k(A + 4)]°]¢(0,0), using the station-
ary probabilities given in Section 4.3. The expected waiting time in the orbit is given in
Section 6.2. Then the total expected cost per unit time is

k”l(/\ _,_#)

T(s,S) =K+C[ )

2
(k)LTl> (Mk—1)+oc)+)t[k(/\+ﬂ)]s}q(0,0)+wE(W).

(7.1)

TaeoreM 7.1. The function T(s,S) given in (7.1) is convex in S for a fixed s and is convex in
s for a fixed S and hence the global minimum S of S exists for fixed s and global minimum
s of s exists for fixed S.

Proof. From (7.1) one can verify that the partial derivatives 0*T(s,S)/9S* > 0, 9*T(s,S)/
0s*> > 0 and hence the function is convex, respectively, in S for fixed s and in s for fixed S.
Hence the global minimum S of § and s* of s exists, respectively, for fixed values of s
and S. O

7.1. Numerical results. In this section we discuss some numerical examples that reveal
the convexity of the total expected cost function. We performed the calculations using the
MATLAB. Table 7.1 gives the total expected cost per unit time for various values of S and
fixed values of other parameters and costs. Table 7.2 gives the total expected cost per unit
time for various values of s and fixed values of other parameters and costs. From Tables
7.1 and 7.2 it can be seen that the optimal values S* and s* are 13 and 4, respectively.
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Table 7.3. Expected waiting time for a unit in the orbit when A = 0.1, « = 0.02, 4 = 0.5, s = 1.

S 10 11 12 13 14
E(W) 0.0024 0.0024 0.0023 0.0023 0.0023
S 15 16 17 18 19
E(W) 0.0024 0.0025 0.0026 0.0027 0.0030

Table 7.4. Expected waiting time for a unit in the orbit when A = 0.01, & = 2.5, 4 = 6.0, S = 40.

s 2 3 4 5 6
E(W) 0.0148 —143.9 -191.3 —23.3 -1.26
s 7 8 9 10 —
E(W) —0.0501 —0.0017 —5.5¢7° —1.3e7¢ —

Table 7.5. Expected inventory level in the steady state for s = 5, S = 20, u = 5.

Ala 0.1 0.2 0.3 0.4

1.0 6.5¢ 1.2e5 2.4e™ 5.7¢b
2.0 1.6e!? 6.7e!! 3.1e!! 1.6e!!
3.0 —8.2¢8 —5.5¢8 —4.1¢8 —3.5¢8
4.0 —6.0¢° —-6.1¢° —6.2¢° —-6.2¢°
4.5 —1.7¢b —1.5¢!0 —1.2¢!0 -7.7¢°

Tables 7.3, 7.4, and 7.5 give average waiting time for various values of S and s and the
average inventory level for various values of A and a.
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