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1. Introduction

The method of quasilinearization of Bellman and Kalaba [2] has been extended, refined,
and generalized when the forcing function is the sum of a convex and concave function
using coupled lower and upper solutions. This method is now known as the method of
generalized quasilinearization. It has all the advantages of the quasilinearization method
such that the iterates are solutions of linear systems and the sequences simultaneously
converge to the unique solution of the nonlinear problem. See [1-4, 6-8] for details.

In this paper, we extend the method of generalized quasilinearization to system of non-
linear impulsive differential equations with periodic boundary conditions. For this pur-
pose, we develop a linear comparison theorem for system of impulsive differential equa-
tions with periodic boundary conditions. We develop two iterates which are solutions of
linear impulsive system with periodic boundary conditions which converge monotoni-
cally and quadratically to the unique solution of the nonlinear problem. Results related
to different types of coupled lower and upper solutions are developed.We note that the
results of [1] are a special case of our results where the forcing function is made to be
convex and in addition they obtain semiquadratic convergence only. The results of [3]
can be obtained as the scalar case of our result.

2. Preliminary notes and definitions

Let the points 7, € (0,T) be fixed such that 7441 > 74, k = 1,2,...,p, 10 = 0, 7p41 = T.
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2 Method impulsive systems with PB conditions
Consider the system of nonlinear impulsive differential equations (PBVP)

x' = f(t,x(t)) +g(t,x(t)) forte[0,T], t # 1,
(2.1)
x(1x +0) = I (x(7x)) + Gr (x(7x)),

with periodic boundary conditions
x(0) = x(T), (2.2)

where x € R”, f,g:[0,T] X R" = R", I}, G : R" = R" (k = 1,2,..., p).

We consider the set PC(X,Y) of all functions u: X — Y,(X,Y C R") which are piece-
wise continuous in X with points of discontinuity of first kind at the points 7x € X, that
is, there exist the limits limy,, u(¢) = u(7x +0) < o0 and limy, u(t) = u(rx — 0) = u(7x).

We consider the set PC'(X,Y) of all functions u € PC(X,Y) that are continuously
differentiable for t € X, t # .

Let the functions a, § € PC([0, T],R") be such that a(t) < ().

Consider the sets

S(e, ) = {u € PC([0, T],R") : a(t) < u(t) < p(¢) for t € [0, T]},
Qa,B) = {(t,x) € [0, T] X R": a(t) < x < B(1)}, (2.3)
Di(a,p) ={xeR":a(t) <x<B(w)}, k=1,2,...,p.

Definition 2.1. The function ay(t) € PC([0,T],R") is a lower solution of PBVP (2.1)-

(2.2) if
ao(t) < f(tao(t)) +g(t,ao(t)) forte[0,T], t # w,
ao (7 +0) < I (g (7k) ) + Gr (a0 (7)), (2.4)
ap(0) < ag(T).
If the inequalities are reversed, then ag(t) is called an upper solution. This is referred

to as natural upper and lower solutions.

Definition 2.2. The functions a(t),0(t) € PC'([0,T],R") are coupled lower and upper
solutions of PBVP (2.1)-(2.2) of type I if

ap(t) < f(tao(t) +g(t,Po(1)),
Bo(t) = f(t,Bo(t)) +g(t a0 ()
ao (7 +0) = I (o (7k)) + Gi (Bo(7x)), (2.5)
Po (7 +0) = I (Bo (1k)) + Gr (o (7)),
a0(0) < ao(T), Bo(0) = Bo(T).

fort€[0,T], t # 1%,
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Definition 2.3. The functions a(t),fo(t) € PC'([0,T],R") are coupled lower and upper
solutions of PBVP (2.1)-(2.2) of type II if

ag(t) < f(t,Bo(1) +g(Hao(t)),
Bo(t) = f(t,ao(t)) +g(t,0(t)) forte[0,T], t # 1%,
ao (7 +0) < I (Bo (7)) + Gr (o () ), (2.6)
Bo(7i+0) = I (e (7k) ) + Gr (Bo(7x)),
a0(0) < ao(T), Bo(0) = Bo(T).

One can define other kinds of coupled lower and upper solutions of (2.1)-(2.2) on the
same lines.

We will prove some preliminary results for linear systems of impulsive differential
equations.

Let A = {aij}fj’j:l be a matrix, N a natural number. We will say that A > 0 if a;; > 0 for
i,j=1,2,...,N.

Definition 2.4. The matrix B = {b,»j}fj:l belongs to the class ¥ if
(P1) B=0;
(P2) fori:lsisN:Z?leij <1.

Definition 2.5. The matrix A(t) = {aij(t)}fj:l belongs to the class Z if
(P1) a;j(t) € C([0, T],R), a;j(t) = 0 for j #i,i,j = 1,2,...,N, t € [0, T;
(P2) Xj#aij(t) +a;(t)<0,t€[0,T],i=1,2,...,N.

We will define the following operation between vectors: let x = (x1,%2,...,xXn), ¥ =
(Y15 Y25, YN); then x@y = (x1 y1,%2¥2,.. ., XNYN)-

We will use the following notation: e = (1,1,...,1). We will note that the vector e is the
unit vector according to the operation @.

For our main results, we need the following lemma for linear systems of impulsive
differential inequalities.

LEMMA 2.6. Assume that
(1) the matrix A(t) = {alj(t)},J | belongs to the class E;

(2) the matrices By = {b(k hj=1> k=1,...,p, belong to the class \¥;
(3) the functionm € PCl ([0, T],RN) satisfies the inequalities

m'(t) < A()m(t), te€][0,T], t+ 1%, (2.7)
m(7r+0) < Brm(1y), (2.8)
m(0) < m(T). (2.9)

Then m(t) <0 fort € [0, T].

Proof. Let 79 = 0, 754, = T. Consider the numbers

€k+1 = Max sup  m;(t), k=0,1,2,...,p. (2.10)

1<i<N te(1x+0,7k+1]
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Case 1. Leter >0fork=1,2,...,p+1.

Consider the case when there exists a number k : 0 < k < p such that m;, (&) = €x41 for
some natural number ji and a point & € (7% +0,7x+1]. Then m;k(fk) = limyp,_o4 ((m, (& —
h) —m;, (&))/ — h) = 0 and from the inequality (2.7) we obtain

0= m) (&) = > aju(&)mi(&) +ajj (&) mj, (&) < <Zajkz fk)+a]k;k(fk)>€k+1 <0.
I#ji 1#ji
(2.11)

The obtained contradiction proves that this case is not possible.
Consider the case when for every k : 0 < k < p there exists a natural number j; such
that

tllrkniom]k(t) = €kl (2.12)
and m;(t) < €x41 for t € (14, k1], 1 = 1,2,...,N. Then from the jump condition (2.8) we
have €xy1 = mj, (1x +0) < z,- lbﬂ’f,) (T ) (Z, 1bjk,)ek < €k. By induction, we obtain
that m; (T) < €p41 < €p < - - - < €1 = m;,(0). The last inequality contradicts the condi-
tion (2.9). Therefore, this case is impossible.

Case 2. There exists a natural number [: 1 <[ < p+1 such that €; < 0. Let k = max{/:
€ <0}.

Ifk=p+1,thenm(T) <0.

If k < p+1, then €k > 0. According to the jump condition (2.8), we obtain m(7y +
0) < Brm(7x) < 0. Therefore, there exist a natural number jix and a point & € (7x, Tk41]
such that m;, (&) = €41 and m}k (&) = 0. From the inequality (2.7), we have

OSm, ( za]kl fk)ml(gk)—'—a]k]k(fk)m](fk (Za]kl Ek)+a]k]k(£k)>€k+l <0.
1# i 1# i
(2.13)

The obtained contradiction proves that k = p + 1. Therefore, m(T) < 0 and from the
boundary condition (2.9) it follows that m(0) < 0. As in the proof above, we obtain that
€, <0forl=1,2,...,p. Therefore, m(t) <0 on [0, T]. O

As an application of Lemma 2.6, the following corollary is implied. This will be useful
in proving the existence and uniqueness of the linear nonhomogeneous impulsive system
with periodic boundary condition.

COROLLARY 2.7. Let conditions (1) and (2) of Lemma 2.6 be satisfied.
Then the PBVP for the homogeneous linear system

m'(t) = A(t)m(t), te€][0,T], t+ %, (2.14)
m(tx+0) = Brm (1), (2.15)
m(0) = m(T) (2.16)

has only the trivial solution.
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We note that the solution of the linear system of impulsive equations (2.14), (2.15)
with the initial condition m(0) = mq is m(t) = W(t,0)my, where

Uk(t,s) for t,s € (tx_1, ],
W(ts) = Uk+1 (l‘,tk)BkkUk(tk,S) for tr_1 <s <t <t <tp,
Uk+1(f,tk) 1_[ BjUj(tj,tj_l)BiUi(ti,S) forti1<s<t;<tr<t=<ti,
j=itl

(2.17)

and Uk(t,s) is the fundamental matrix of the linear system m’ = A(t)m(t), t € (Tk, Tks1]
(for more details, see [5, 9]).

Lemma 2.8. Let A(t) = {a;; (D}, € Eand By = (bl 1., € ¥, k=1,...,p.
Then det(E — W(t,0)) # 0, where E is the unit N X N matrix.

Proof. 1f m(0) = m(T), then my = W(T,0)mqy and (I — W(T,0))my = 0. According to
Corollary 2.7, the linear system (2.14)—(2.16) has only the trivial solution, so my = 0 and
therefore det(E — W (t,0)) # 0. O

Consider the periodic boundary value problem for the nonhomogeneous linear sys-
tems of impulsive differential equations

m' (t) = A()m(t) + h(t), te€][0,T], t+ 1, (2.18)
m(tx +0) = Bym(1x) + 0%, (2.19)
m(0) = m(T). (2.20)

LEmMa 2.9 (see [5, Theorem 2.5.1]). Assume that the matrix (E — W (t,0)) is nonsingular
and the function h € PC'([0,T],RY).
Then the PBVP (2.18)—(2.20) has a unique solution m(t) given by the formula

m(t) = W(t, 0)m0+J W(tsh(s)ds+ S W(tt+0)op, (221)
O<ti<t
where
mo = (E— W(T,0)) (J W(T,s)h(s)ds + Z W(T, tk+0)0k> (2.22)
k=1

and W (t,s) is defined by (2.17).
We will need the following comparison result.

LEmMMA 2.10. Assume that
(1) the matrix A(t) = {a,»j(t)},l-tg=1 belongs to the class E;
(2) the matrices B, k = 1,..., p, belong to the class ¥ and oy are constants;
(3) the function h € PC([0,T],RN);
(4) the functions v(t) and w(t) are lower and upper solutions of the periodic boundary
value problem for the linear nonhomogeneous system (2.18)—(2.20).
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Then

W(t) < W(50) m0+J W(tsh(s)ds+ S W(tte+0)ox < w(t) forte [0,T),
O<ti<t

(2.23)

where my is given by (2.22), and W (t,s) is defined by (2.17).

Proof. Consider the functions p(t) = v(t) — x(t) and g(t) = x(t) — w(t), where x(¢) is the
solution of (2.17)—(2.19). Both functions satisfy the linear system of inequalities (2.7)—
(2.9) and according to Lemma 2.6 the functions are nonpositive on [0, T'], which proves
Lemma 2.10. O

In our main result, we will use the following integral mean-value theorem.

LeEmMA 2.11. Let the function F € C'[D,RN], where D C RN is a convex set. Then

1
F(x) - F(y) = (JO Fu(x+ (1 —A)y)dl) (x— ). (2.24)

3. Main results

In this section, we develop the method of quasilinearization for the periodic boundary
value problem for the system of nonlinear impulsive differential equations (2.1)-(2.2).
We obtain two monotone sequences which are solutions of appropriately chosen linear
impulsive differential systems with periodic boundary conditions. These monotone se-
quences converge quadratically to the unique solution of (2.1)-(2.2).

THEOREM 3.1. Let the following conditions hold.

(1) The functions ao(t),Po(t) € PC'([0,T],R"), ao(t) < Po(t) for t € [0, T], are coupled
lower and upper solutions of the PBVP (2.1)-(2.2) of type L

(2) The functions fy, g exist and are continuous on O, o), fx(t,x) is nondecreasing
in x, gc(t,x) is nonincreasing in x for t € [0, T], g«(t,a0(t)) <0, and for x = y,

fx(t,x) = fu(t,y) < Sillx =yl &(ty) —ge(t,x) < Ssllx — yll, (3.1)
where S; = {S(l) 1_1>0,8 = {S(z) ?._1 >0 are constant matrices, || - || is a norm in R".
(3) Thefunctzons I, Gk € CY( Dk (xo,[io ), It.(x) are nondecreasing, G;.(x) are nonin-

creasing, k = 1,2,..., p, and Il (ag) = 0, G;(ao) < 0, and for x = y,
L) -L(y) <Lklix=yll,  Gu(y) = G(x) < Millx = yll, (3.2)

where Ly >0, My >0, k = 1,2,..., p, are constant matrices.

(4) The function f(t,a0(t))x is quasimonotone nondecreasing in x and the function
(fx(t,B0) — g«(t,Bo))e@x is strictly decreasing in x on [0, T].

(5) The inequalities (I, (Bo(1x)) — G (Bo(Tk)))e < e, k = 1,2,..., p, hold.
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Then there exist two sequences of functions {e,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (Ti, Tk+1] to the unique solution of

the PBVP (2.1)-(2.2) in S(ao, o), k = 0,1,2,..., p;
(c) the convergence is quadratic.

Proof. Consider the periodic boundary value problem for the system of impulsive linear

differential equations

x'(t) = f(t,ao(t)) +g(£,Bo(t)) + fx(t,00) (x — axg)

+gc(tao) (y — o) forte[0,T], t # 1%,

Y () = (o) +g(ta0(t)) + fx(t;a0) (¥ — Po) + & (t00) (x — ),
x(7k+0) = Ix(ao (k) + G (Bo(7k)) + I (o (7)) [ (7) — exo (7) ]
+ Gy (ao () Ly (k) = Bo () ],
y (1 +0) = I (Bo (k) + Gi (a0 (7)) + I (et (7)) [y (7ic) — Bo(7) ]

( ) — oo (7i) ]
x(0) =x(T),  y(0) = y(T).

The PBVP (3.3) can be written in the form

+ G (oo (7)) [ (7

=AW p(t)+hO(t) forte [0,T], t # 7,
p(uc+0) = B p(z) + 0,
p(0) = p(T),

where

() w0 (e Fiew)

By = (é'%k(::o((?k)))) %<(;0<(;k>)>)>’

HO(®) = (ﬁﬁi;ﬁﬁf ; g iZu); foltes
0 _ <1k( otk ))+Gk(ﬁo(rk))—li(oco§

Ok

Consider the matrices

feltyo) —gxu,ao))) D2:<1,;(ao<rk)> ~Gi (a0 ()

0 _
= (—gxu,ao) feltyao)

(3.3)

(3.4)

(3.5)
(3.6)

(3.7)

(3.8)



8 Method impulsive systems with PB conditions

From conditions (2), (3), (4), and (5) of Theorem 3.1, it follows that C°(t) € E and
DY € ¥. According to Lemma 2.8, det(E — C°(t)) # 0. Therefore, det(E — A(t)) = det(E —
C%(¥)) # 0. Therefore, according to Lemma 2.9, the boundary value problem (3.4) has a
unique solution which can be written in the form (2.21)-(2.22). We denote the solution
of (3 4 by 0(1 ﬁl O

We will prove that ag(t) < a1 (¢) and So(t) = B1(¢) on [0, T]. Set p(t) = ap(t) — a1 (¢),
q(t) = () — Bo(t). Then from the PBVP (3.3) we have
p' = fe(bao)p - g(t: )9,
<—g(tbao)p+ fx(tag)g forte[0,T], t # 7k,
p(1i+0) < I (a0 (k) p (k) — Gy (@0 (7k)) q (1), (3.9)
q(7x+0) < I (a0 (7x) ) q (%) — Gy (o (7)) p(7)
p(0) = p(T),  q(0) = q(T).

The PBVP (3.9) can be written in the form

m' (t) < CO()m(t) forte[0,T], t # 1,
m (7 +0) < DYm(7x), (3.10)
m(0) <m(T),

where m = (p,q)" and the matrices C°(t) and D} are given by (3.8).

From conditions (2), (3), (4), and (5) of Theorem 3.1, it follows that conditions (1)
and (2) of Lemma 2.6 are satisfied for N = 2n and therefore m(t) < 0 on [0, T], that is,
ao(t) < a1 (t) and Bi(t) < Bo(t) on [0, T1].

We will prove that a; (£) < 31 (t). Set p(t) = a1 (t) — B1(¢). Then, from the PBVP (3.3),
conditions (2) and (3), and Lemma 2.11, we have

<[fi(tbay) —gu(t,a0)|p forte[0,T], t # 7k,
P +0) < [ (a0 (k) — G (o (%)) 1 p () (3.11)
p(0) < p(T).
According to Lemma 2.6, for N=n, A(t)=f,(t,a0) — g« (t, 0 ), Bk =I; (atp(7x)) — G (to (7)),
we have p(t) <0on [0,T].
Assume that for some m the functions a,,(t) and 3, (t) are constructed such that

A1 () < am(t) < Pu(t) < Bm-1(t). Consider the boundary value problem for the system
of linear impulsive differential equations

X () = f(tam(t) +g(tBm(t) + fe(t,otm) (x — o)
+gc(tbam)(y —Bm) forte[0,T], t+ 1,
t) = f(6Bm(1) +g(tam(t) + fe(t,am) (y = Bin) + gt etm) (x — o),
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(74 0) = T (e (1)) + G (Bor (7)) + I (et (7)) [x(7) — o (72)
+ Gl (1)) [y(71) — B (72

P (5+0) = L (Bor (1)) + Gt (1)) + i (0 (7)) [y (1) = i (70)]
+ Gy (1)) [x(12) — (),

x(0) =x(T),  y(0) = y(T), (3.12)

which can be written in the form

Poir = A () par () + M (2)  for t € [0,T], t # 14, (3.13)
Pons1 (16 +0) = B pa (1) + 0", (3.14)
Pm+1(0) = prms1(T), (3.15)

where
K+ fx(ta(xm) gx(ty‘xm)
m+l = S A(m)t — ,
P (ﬁmH) 2 (gx(t:“m) ﬂc(t:“m))

B _ (Ii(“m(fk)) GL(“m(Tk))>
G an(m) L) )

B () = (f (. (6) +(6fn(0)) = £i(t ,am>am—gx(t,am>ﬁm)’

(3.16)

f(taﬁm(t ) (t>‘xm(t)) _fx(tr‘xm)ﬁm —gx(t,(xm)ocm

(Ik(am(Tk))Jer(ﬂ m(7k)) — I (o (7x)
I (B (1)) + Gr (am (1)) — I (0t (7)

Consider the matrices

C<m>(t):(fx<f’“m> —gx<t»am>>’ D(m):(f,:mm(rk)) —G;mm(rk)))

~ge(t:am)  felt,om) ¢ ~Glam(e)) T (am())
(3.17)

From the inequality a,—1(t) < a,(t), the monotonicity of the derivatives f;, g, and
conditions (4) and (5) of Theorem 3.1, it follows that C(¢) € & and D,(cm) €Y k=
1,2,..., p. Therefore, according to Lemma 2.8, det(E — C"(t)) + 0 and therefore det(E —
A (1)) = det(E — C"(t)) # 0. Applying Lemma 2.9, we obtain that the PBVP (3.13)-
(3.15) has a unique solution 41 (t), Bm+1(t)

We can prove in the same way as for the function « (t) and 81 (#) that &, (£) < a1 (8) <
B (£) < Bun().

We will prove the convergence of the sequences {a,,(¢)}¢ and {S,,(¢)}7 -
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Consider the interval [0, 7;]. From (3.13)—(3.15), the functions «,,, 3, satisfy on [0,7;]
the integral equation

t
st (£) = i1 (0) + L (A" (5) pans1 (5) + HO™)(s) ) ds. (3.18)

The sequences {a,,(¢)} and {f3,,(¢)} are uniformly bounded and equicontinuous on the
interval [0,7;] and therefore they are uniformly convergent on this interval.
Denote

lim a, (1) = uV (), lim B (1) = vA(t), telo,1]. (3.19)

m— oo

From the uniform convergence and the definition of the functions «,,(t) and f3,(t), the
validity of the inequalities ag(¢) < uV)(¢t) < v(V(¢) < Bo(t), t € [0,71], follows.
Taking a limit into the integral equation (3.18) for ¢ € [0,7;], we obtain

where

u®

?ﬁ

>

wD(£) = w(0) + Jt (Al(s)w(l)(s) + hl(s)>ds, (3.20)
0
gx(t,um))

u ( )
W(l) — (V(1)> 5 l(t) = 111’1’1 A (t) <gx( ) ) fx(t,u(l))
(f(t,u(l)(t)) g(t, v(”(t)) fa(t, u(l))u ) —gx(t,u(l))v(l)>
(t,ulD)y!

e FevD @) +g(6uV () — f v — g (£,u®)u®
(3.21)
From the definition of the matrix A;(¢) and the function h;(t), we have
f(tuD (1) +g(t,vD(1))
m _
AW () + hy(t) (f(t,v(l)(t)) +g(t,u(1)(t))>' (3.22)

From (3.22) it follows that (w())" = A;(£)w™ + h;(t) on [0, 1].
Consider the interval [7; +0,7,]. From (3.13), it follows that the functions ay,, Sm
satisfy on [7; +0, 72| the integral equation

t
Pms1(t) = Pt (11+0) +J (A(m)(S)PmH (s)+ h(m)(s))ds- (3.23)

On this interval, the sequences {&,,(f)}¢ and {,,(¢)}7 are uniformly bounded and equi-
continuous and therefore they are uniformly convergent. Denote

nldizrgo (1) = u?(t), ,ﬁiﬂ)‘oﬁm(t) =v(t), te[n+0,1m]. (3.24)

From the uniform convergence and the definition of the functions «,,(¢) and S,,(),
the validity of the inequalities ao(¢) < u® () < v (¢) < Bo(t) on [11 +0,7,] follows.
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Taking limits into (3.14) and (3.23), we obtain that w®(1;) = Byw"(1;) and

t

WO () = w® (1, 4+0) + J (As(s)w D (s) + ha(s))ds

71

=Bw (1)) + 01 + ,[t (A ()W (s) + ha(s)) ds,

71

(3.25)

where

)

)

gtV (1) = f(t,u?)u? — g (£,u) v
(t,u@ (1) = fi(t, ) )

(3.26)

By induction, we prove that on each interval [7; + 0,741 ] the sequences {a,,(¢)}y and
{Bn(t)}§ are uniformly convergent, where k = 0,1,2,...,p. Their limits u**V(¢) and
vk+D(1) satisfy the relations u® D, v*+D € §(ay, ﬁo uktD) < D on [, Thaer |

w*D (1) = Byw® (14) + 0y, and they are the solution of the linear integral equations

wk D (1) = wktD (1) + Jt (Akr1 (IWHFD(s) + hyey1 () ds

o, (3.27)
=Bw® (i) + or + J (A ($)WHFV () + gy (5)) ds,

Tk

where

. (k+1) ] . X( k+1)) x(l‘, (k+1))
W(k+ ) — (l:(k+l)) s Ak+1(t) = nl}ll}oA( )(t) = (g (t, (kJrl)) ix(t,z(k+1))>
I (u® (7)) GL(u(k)(Tk)))

Ge(u® (m)) L (u®(w)) )’
(T @® (7)) + Ge (v (1)) = I (u® (7)) u® () — G (u® () ) v 0 ()
*= (Ik(V(k)(Tk))+Gk(”(k)(7k)) — I (u® (1)) v (1) — Gy (u® (Tk))”(k)('fk)>
) -
)

1y = (FEUEV@) +g (v EV @) = filtu® D) ul) — g (ul D)y
k(t)_(f(t,vk“ (6)) +g (6D (8) = ity u &)y — g (1 u<k+1>>u<k+“)
(3.28)

By = lim B{" = <
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From the equalities (3.28), we obtain that

FEusD(1) +g (v * (1))
Fev®D@) +g(6ut (@) )7

I (u® (i) + Gk(V(k)(Tk)))
Gi(u® (11)) + I (v (7))

A1 (OWED () + gy (1) = (
(3.29)

Biw® (1) + 0y = (

Define the piecewise continuous functions u,v € PC([0,T],R") by the equalities u(t) =
u** D (¢) and v(t) = vV (t) for t € (14, Tk41)s k = 0,1,2,..., p. From the properties of the
functions u**1 () and v*+1(¢), it follows that u,v € S(ao, o) and u(t) < v(t) on [0, T].
By considering the function w = (u,v), it follows

w(ti +0) = ltilmw(k“)(t) = wk (1) = Biw® (1) + 0 = Biw (1) + 0. (3.30)
Tk

From the integral equations (3.27), it follows that the function w(¢) satisfies the integral
equation

t

w(t)=w(7k+0)+J (AG)w(s) + h(s))ds, t€ [1e+0,7em]. (3.31)

Tk
Taking the limit into the equality (3.15), we obtain that w(!)(0) = w**)(T) or
w(0) = w(T). (3.32)

From the equalities (3.29), we obtain that for k = 0,1,2,...,p,

ftv(t) +g(tu(t))

Ik(u(fk))+Gk(V(Tk))>
Gr(u(me)) +Ik(v(w)) )

A (OWED(0) + hy (£) = (f (t,u(r)) +g(t,v(t))) |

(3.33)

Bkw(k) (%) +ox = (

From (3.30), (3.31), (3.32), and (3.33), it follows that the functions u(t) and v(t) are
solutions of the PBVP
u' = f(tu(t) +g(tv(t), v = f(tv(t) +g(t,u(t) forte[0,T], t# 1,
u(te+0) = I (u(tx)) + G (v(7k)),5 v(tx+0) = I (v(tx)) + Gr (u(7x)),

u(0) = u(T), v(0) = v(T).
(3.34)
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Consider the function p(t) = v(t) — u(t) = 0. From the PBVP (3.34) and the properties
of the derivatives of the functions f, g, we obtain that

p= Jlfx(&)“"" (1-Mu)p - Jlgx(sﬂh"*' (1 =Mu)p < (fe(t,o) — & (t:B0)) ps
0 0

p(rx+0) = (I (Bo (k) = G (Bo (7)) p(7x),  p(0) = p(T).
(3.35)

According to Lemma 2.6, for N = n, A(t)= f.(t, fo) — g« (t, fo)> Be=I;.(Bo(7x)) — G, (Bo (%)),
we have p(t) < 0on [0,T]. Therefore, p(t) = 0, which proves that u(t) = v(t)
We will prove that the convergence is quadratic.
Define the functions pj,+1(t) = u(t) — o1 () and g1 (1) = B (1) —u(t), t € [0, T].
For t € [0, T], t # 1k, we obtain the inequalities
pm+1<f tu) f(t am)"'g(tu (tﬁm

)

= fe(t0m) (pm = Pms1) — & (t,0m) (Gunet — Gim)

(J FulbAu+ (1= Ve d)t) ( Olgx(t,/lu+(1—/\)ﬁm)d/1>qm
(

= fe(t0m) (pm = Pms1) — &x(t0m) (Gmst — Gim)
< (fult,w) = fe(ts0m)) pm + (€x (t00m) — g (£,Bm) ) G
+ fe(t,am) Pt — & (@) Gime
< fe(t,am) pist — g (6, 0m) Gt + S1|[pl [P + Sa s — Bl G

(3.36)

~o 1 3
< Fultsain) ot = s (i) + (3 37 )l + 5

where §'= (81,83,...,8), 1t = (71, ll3,..., 1), § = S5y Sy it = X0 8 i = 1,2,...,m
For t € [0, T], t # 1k, from the definition of the functions ay,(t) and S,,(#) and the fact
that u(t) is a solution of the PBVP (2.1)-(2.2), we obtain

q;n+l = f(t’ﬁWI) _f(t,bl) +g(t’“m) _g(t>u)
_fx(t)am)(qm - qm+1) _gx(t)am) pm+1 _pm)

= (Ll Fe(t,ABm + (1 —)L)u)d/\)qm - Jlgx(t,)tocw (1 —A)u)dl>pm

= fe(t,@m) (@m — 1) — & (t,am) (1 = pm)
< (fe(t:8m) = fe(ts0m) ) g + (g (:0m) — &x(t,10)) P
+ fe(t,0m) Gmer = 8o (ts 0tm) P
< —ge(tam) prmer + fx(t,0m) Qs + S1l[ P + Gl |G + Sal | ponl | pim

(3.37)

3 ~ o 1y
< e {tin) Pt + feltsn) e + 5+ (4 33)
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For k = 1,2,..., p, from the impulsive conditions, we have
Pt (T +0)
< Ie(u(r)) — I (o (7)) + Gi (u(7k) ) — G (ot (7))
+ 1 (@ (k) ) [@mr1 (k) = @ (Tk) ] — G (0 (7)) [ Brns1 () = B (7) ] (3.38)
< Li(etm (k) Pt (7) — Gic(m (7)) g (7))

+ g1l pon ()| + a2 g (70) |

>

Gm+1 (6 +0) < =G (n (7)) prms1 (&) + I (e (74) ) g1 (7x)

(3.39)
+ 1051 pm () | + 753l g ()|
where y;, ;7,-, i = 1,2 are constant vectors.
The differential inequalities (3.36)—(3.39) can be written in the form
rr < AWOrmer + Plrmll’s £ # 100
, (3.40)
Tmt1 (Tk +0) < Birmer (k) + Qillrm () || 7m41(0) = 11 (T),
where
m S+2m +
rm+1:(p +1>, P:(SN nN/l)) Qk:<‘f{\l, f))
Gm+1 2s+m Uit
fx(t’“m) _gx(t’“m) I]Q(“m(Tk)) _GI’((“W!(T]())
A(t) = R B = , , .
_gx(t7‘xm) fx(t"xm) _Gk(‘xm(fk)) Ik(‘xm(Tk))
(3.41)

From the monotonicity of the functions f,(t,x) and g.(t,x), the inequalities a,,(t) >
ao(t), Bm(t) < Po(t), and condition (4) of Theorem 3.1, it follows that condition (1) of
Lemma 2.8 is satisfied. The matrices By according to conditions (3) and (5) of Theorem
3.1 are from the class ¥. According to Lemma 2.8, the inequality

t

Fo (1) < W(t,O)xo+L WP rm(|Pds+ S W (bt +0)Qllrm(m)| (3.42)

O<ti<t
holds for t € [0, T], where
T p
xo = (E— W(T,O))_1 (L W(T,S)P\|7’;11(5)H2ds‘F Z W (T, tx +0)Qk||7’m(Tk)||2)

k=1

(3.43)

and W(t,s) is given by (2.17).

From the inequalities (3.42), (3.43), it follows that there exists a number A > 0 such that
st Il < Ml rmlll2, where [[7]]] = sup,c(o,) 1701 This inequality proves the quadratic
convergence.
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The next theorem is for the case when the lower and upper solutions are completely
opposite to those in Theorem 3.1.

THEOREM 3.2. Let the following conditions hold.

(1) The functions ay(t), Bo(t) € PCH([0, T],R"), ao(t) < Bo(t) for t € [0,T], are coupled
lower and upper solutions of the PBVP (2.1)-(2.2) of type IL.

(2) The functions f, g exist and are continuous on Q(ag, o), fx(t,x) is nondecreasing
in x, g¢(t,x) is nonincreasing in x for t € [0, T1, f.(t,Bo(t)) <0, and for x = y,

fe(t,x) = fe(t,y) < Sillx =y, &(ty) —ge(t,x) < S:llx = yll, (3.44)

where S; >0, S; > 0 are constant matrices, || - || is a norm in R".
(3) The functions Ix, Gk € C' (D (a0, o), R"), I (x) are nondecreasing, G, (x) are nonin-
creasing, k = 1,2,...,p and G, (o) = 0, I (Bo) < 0, and for x = y,

I (x) = I (y) < Lellx =yl Gi(y) — Gi(x) < Millx = yll, (3.45)

where Ly >0, My >0, k = 1,2,..., p, are constant matrices.

(4) The function g(t,Bo(t))x is quasimonotone nondecreasing in x and the function
(ge(t,a0) — fi(t, 0))e@x is strictly decreasing in x on [0, T].

(5) The inequality (G, (Bo(tk)) — I.(Bo(Tx)))e < e holds.

Then there exist two sequences of functions {e,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (Tx, T+1] to the unique solution of

the PBVP (2.1)-(2.2) in S(ap, o), k = 0,1,2,..., p;
(c) the convergence is quadratic.

Proof. Consider the periodic boundary value problem for the system of impulsive linear
differential equations

X' (1) = f(t,Po(1) +g (ta0(t)) + g« (t:Bo) (x — a0)
+ fe(t,B0) (y — o) forte[0,T], t + 1%,
y'(8) = f(tao(1)) +g (£ Po(1)) + 8« (£, B0) (¥ = Bo) + f (. Bo) (x — o),
x(1x+0) = I (Bo (i) ) + Gr (o (7)) + Gy (Bo (7k) ) [x (7ic) — o (7) |
+ I (Bo (7)) [y (i) — Bo (i) |,
y(7c+0) = I (a0 (k) ) + Gie(Bo (7)) + G (Bo (7)) [y (k) — Bo(7e) ]
+ 1 (Bo (7)) [x(7c) — a0 (7)) ],
x(0) = x(T), y(0) = (7).
The PBVP (3.46) can be written in the form

(3.46)

p =AM pt)+hO(t) forte[0,T], t + 7,
©) © (3.47)
p(z+0) =B, 'p(w) +o, ', p(0) = p(T),
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where

) () . <gx<r,/so> fx(t,ﬁo)) o (G;<ﬁ0<rk>> I;<ﬁ0<rk>>)
=) A6 ) T T\ LRom)  Glfo(m)))”
HO () = (f(f Bo(1)) +g (8 a0()) — g (£, 80) o —fx(t,ﬁo)ﬂo>

f(t>‘X0 t ) (taﬁ() )_gx(taﬁo)ﬁO _fx(t>ﬂ0)‘x0 '

0 _ (Ik(ﬁo(fk)) + G (a0 (7x)) = G (o (7)) oo (k) —Ié(ﬁo(fk))ﬁo(fk))
0 _

Gr(ao (k) +Ie (Bo (k) — Gy (Bo (7)) Bo (k) — It (Bo (k) Yo (k) )
(3.48)

Consider the matrices

gx(t’ﬁo) _fx(t’ﬁo) (Gl;(ﬂO(Tk)) _II;(ﬂO(Tk)))
COt) = , Di={ " | . (3.49)
(‘fx(t:ﬁo) & (t:B0) ) C\LBo()  Gr(Bo(mk))
From conditions (2), (3), (4), and (5) of Theorem 3.2, it follows that C°(¢) € E and
D} €¥. According to Lemma 2.8, det(E — C°(t)) # 0. Therefore, det(E — A%(t)) = det(E —
C%(1)) # 0. Therefore, according to Lemma 2.9, the boundary value problem (3.46) has a
unique solution a (¢), B (1).
We will prove that ag(t) < a1 (¢) and So(t) = B1(¢) on [0, T]. Set p(t) = ap(t) — a1 (¢),
q(t) = B1(t) — Bo(t). Then we have
—fe(t,B0) g+ < (t: o) P>
&t ﬁo)q fx(t,Bo)p forte[0,T], t + 1%,
P(Tk +0) < G (Bo (7)) p(7k) — I (Bo(7x) ) q (7k) (3.50)
q(tc+0) < Gp(Bo(x))q (1) — It (Bo (7)) p(7k),
p(0) < p(T), q(0) < q(T).

(
(

The PBVP (3.50) can be written in the form
m'(t) < A(t)m(t) forte[0,T], t # 14,

m(1x+0) < Brm(1), (3.51)
m(0) <m(T),

(p) (gx(t:ﬁo) —fx(t’ﬁo)) (GL(ﬁO(Tk)) —Li(Bo(Tk))
m=(F),  Am-= , Bi= .
1 —fe(t.Bo) g« (t:P0) —Ii(Bo(tx)) G (Bo(7k))

3
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According to Lemma 2.6, m(t) < 0 on [0, T], that is, ap(¢) < a;(¢) and B, (t) < Bo(t) on
[0,T].

Following the same ideas as in the proof of Theorem 3.1, we can construct two se-
quences of functions {a,(t)}y and {Bn(t)}5> %m>Pm € S(dm-1,Bm-1) where the func-
tions are the unique solution of the boundary value problem for the linear system of
impulsive differential equations

X' () = f(6Pm(1)) +g (b ctm(t)) +ge (£ Bm) (x — atm)
+ fx(6,Bm) (y = Bm)  forte[0,T], t # 11,
Y () = f(t,0n(t)) + g (6:Bn(1)) + g (6:Bm) (v = Bm) + f (£, Bm) (x — )
x(7x+0) = Ik (Bin (1x)) + Gr (@ (1x) ) + G (B (7)) [x (k) — 0 (7x) |
+ I (B (7)) Ly (1) = Bn () ],
y (T +0) = I (am (7)) + Gi (B (7)) + G (Bon (7)) [y (7ic) = B (7) ]
+ I (B (7)) [ (7k) = aom (7)),
x(0) = x(T), y(0) = y(T).

(3.53)

The inequality &, (t) < B (t),t € [0, T], holds and both sequences are uniformly conver-
gent.
Denote

lim «,,(t) = u(t), lim B, (t) = v(t). (3.54)

m— oo m-—oo

From the uniform convergence and the definition of the functions «,,(t) and f3,,(t), the
validity of the inequalities

ao(t) < u(t) < v(t) < Polt) (3.55)

follows.
Since the functions «,,(t) and S,,(f) are solutions of the PBVP (3.53), we obtain that
the functions u(t) and v(t) are solutions of the PBVP

u' = f(tv(t) +g(tu(t), v =f(tu))+g(tv(t) fortel0,T], t+ 1w,
u(ti+0) = I (v(7x)) + Gr(u(1x))s
v(tk+0) = I (u(tx)) + Ge (v(7x)),
u(0) = u(T), v(0) = v(T).

(3.56)

As in the proof of Theorem 3.1, we can obtain that u(¢) = v(t) on [0, T].
We will prove that the convergence is quadratic.
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Define the functions py+1(t) = u(t) — oty (t) and g1 (t) = Bmer (1) — u(t), t € [0, T].
For t € [0, T], t # 1, we obtain the inequalities

P < f(tw) = f (6, Bm) +&(tsu) =g (tam) + fx(t:Bm) (Gm — Gmr1) + & (6:Bm) (Prnt1 — pim)

= ([ #terur - 0800 )0+ [ gledur 0 -Dan)ar)
+fx(taﬁm) (qm - anJrl) +gx(taﬁm) (Pm+1 _pm)

= (fx(t>/3)m) - fx(t: u))% + (gx(t’“m) _gx(t)ﬁm))Pm
- fx(t’ﬂm)qm+l +gx(t)ﬂm)pm+l

= gx(t>/3m)Pm+l - fX(t’ﬁm)qu +Sl||qm||qm +SZ||‘Xm _ﬁmnpm

~ 1o 3.
< gt Bn) et = £t Bon) o + (5 5 )l + 5l ol
(3.57)

~ ~ o~ ~ ~ ~ o~ ~ ~ n 1 ~ n 2
where S'= (51,8,...,5m), M = (11, Ma,...,My), S; = ijlSij, m; = Zj=lsij’ i=12,...,n.

For t € [0, T], t # 1%, from the definition of the functions &y, (t) and S,,(#) and the fact
that u(t) is a solution of the PBVP (2.1)-(2.2), we obtain

Qui1 = — fe(6Bm) Prnet + 8 (6 Bm) Gt + S1l|qm + Pl [P + S2 |G
3. R (3.58)
<~ FultsB) e + 85 (6B ) i + 53 1l + (4 53)

For k = 1,2,..., p, from the jump conditions, we have
Pt (1 +0) < Ie(u()) — I (et (7k) ) + G (u(7k))
= G (ot (7)) Iy (ot (7)) [t (7) — 0t (71) ]
= Gi(atm (7)) [Bms1 (7) = B (7) ] (3.59)
< =G (et (k) P (1) + I (ot (k) ) @1 (k)

+ gl [ P (T) | + 121 () |

g1 (15 +0) < L (0 (k) i1 (k) — G (m (7)) g1 ()

(3.60)
1o (0 I + 3l g (r0)

>

where p;, fI;, i = 1,2 are constant vectors.
The differential inequalities (3.57)—(3.60) and the periodic conditions for the function
p(t) and q(t) can be written in the form

rho1 < A e +P||rwl’s £ # 160

Funst (Tk +0) < Birmer (i) + Qil | (z20) | (3.61)
rm+1(0) = rm+1(T)>



S. G. Hristova and A. S. Vatsala 19

where

() =GR ()
A(t):<gx(t,ﬁm) —fx(t,ﬁm)>’ Bk:<G’k(/3m(Tk)) —1,;(/3,,1(1,{))).

—fe(t6:Bm)  &e(t:Bm) ~L (B (7k)) Gy (B (7x))
(3.62)

According to Lemma 2.10, the inequality

t
rm+1(t)sW(t,0)x0+J0 Wt )P ru()|Pds+ S Wt i+ 0)Qellrm(m) I (3.63)

O<tr<t

holds for t € [0, T], where

T P
xo = (E-W(T,0)" (L W(T,9)P||rw(s)|[*ds+ > W (Tt +0)Qk||7m(Tk)||2)
k=1
(3.64)

and W (t,s) is defined by (2.14).

From the inequalities (3.63), (3.64), it follows that there exists a number A > 0 such that
st Il < M 7w 1|2, where [[|7]]] = SUP;c(0,7] l(t)|l. This inequality proves the quadratic
convergence. (]

The next theorem is about the case when the PBVP (2.1)-(2.2) has a lower solution as
well as an upper solution.

TaEOREM 3.3. Let the following conditions hold.

(1) The functions ao(t),Bo(t) € PCH([0,T],R"), ap(t) < Bo(t) for t € [0,T], are natural
lower and upper solutions of the PBVP (2.1), (2.2).

(2) The functions fy, g exist and are continuous on O, o), fx(t,x) is nondecreasing
in x, gx(t,x) is nonincreasing in x for t € [0, T], and for x = y,

f(tx) = fi(t,y) < Sillx = yll, &(ty) —g(t,x) < Sllx = yll, (3.65)
where S1 >0, S, > 0 are constant matrices.
(3) The functions I, Gx € C'(Dk(a,B0), R"), I;.(x) are nondecreasing, G, (x) are nonin-
creasing, k = 1,2,..., p, and I} (ao(7x)) + G, (Bo (7)) = 0 and for x = y,

L) - L) =Lellx—yll,  G(y) = Gp(x) < Mllx = yll, (3.66)

where L >0, My >0, k = 1,2,..., p, are constant matrices.
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(4) The function (fi(t,00(t)) + g (t,Bo(t)))x is quasimonotone nondecreasing in x and
the function (fi(t,Bo) + g«(t,&0))e@x is strictly decreasing in x on [0, T].

(5) The inequality (I,.(Bo(tx)) + Gy (a0 (7%)) e < e holds.

Then there exist two sequences of functions {ea,,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (Ty, Tk+1] to the unique solution of

the PBVP (2.1)-(2.2) in S(ao,f0), k = 0,1,2,..., p;
(c) the convergence is quadratic.

Proof. Consider the periodic boundary value problem for the system of impulsive differ-
ential equations

x'(t) = f(tao(t)) +g(ta0(t)) + (fe(t,x0) + g (£, 0)) (x —a0), £+ Tk,
x(1k +0) = I (ao (1)) + Gr (o (7)) + (I (@0 (7x)) + G (Bo(7k))) [ (7k) — o () ],
x(0) = x(T).
(3.67)

From conditions (2), (3), (4), and (5) of Theorem 3.3, it follows that the matrices A(t) =
fe(t,a0) + ge(t,fo) € B and By = I (ao(1x)) + G,.(Bo(7x)) € V. According to Lemmas 2.8
and 2.9, the PBVP (3.67) has a unique solution «; (t).

Consider the periodic boundary value problem for the system of impulsive differential
equations

y' ()= f(t.Po(1) +g(t,Bo(1)) + (fu(t,0) +g(t,0)) (y — Bo), t#7,  (3.68)
y(1+0) = I (Bo(7k)) + Gi (Bo(7x))

+ (I (a0 (7)) + G (Bo (1)) [y (76) — a0 (7)) ],
y(0) = ¥(T). (3.70)

(3.69)

According to Lemmas 2.8 and 2.9, the PBVP (3.68)—(3.70) has a unique solution j3; (t).

We will prove that ao(t) < a1 (¢) and So(t) = B1(¢) on [0, T]. Set p(t) = ap(t) — a1 (¢),
q(t) = () — Bo(t). The functions p(t) and q(¢) satisfy the following impulsive inequali-
ties:

m, = (fx(t>(x0) +gx(t)[;0))m fort € [0> T]) t?é Tk>
m(tx+0) < (I (ao (7)) + G (Bo(1x))) m (1), (3.71)
m(0) < m(T).

According to Lemma 2.6, m(t) < 0 and p(t) <0 and q(t) <0 on [0,T], that is, ayp(t) <
a1 (¢) and B, (t) < Bo(t) on [0, T].

Consider the function p(t) = a;(t) — 1(¢). Then from the PBVP (3.67)—(3.70), condi-
tions (2), (3), (4), and (5) of Theorem 3.3, and Lemma 2.11, we obtain that the function
p(t) satisfies the inequalities (3.71). According to Lemma 2.6, we have p(t) <0 on [0, T],
that is, a1 (£) < f31(8).
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As in the proof of Theorem 3.1, we can obtain both sequences of functions {«, ()}
and {,,(t)}, which are the unique solutions of the PBVPs

x'(t) = f(t,om-1(t)) +g(t,am-1(t))
+ (fe(tbam—1) + g (t:fm=1)) (x —am—1) forte[0,T], t +# 11,
%(tk +0) = I (am-1(7k) ) + Gx (etm-1(7x))
+ (I (etm—1 (16)) + G (Brn—1 (&) )) [ (k) — @1 (7)) ],
x(

x(0) = x(T);

(3.72)
Y () = f(t,Bm-1(1) + g (tBr-1(1))
+ (fi(tbam-1) +ge(t:Bm-1)) (y = Pm-1), fort €[0,T], t # 7,
Y (1 +0) = L (Bn-1(7k)) + G (Bin-1(7x) )
+ (L (-1 (k) + G (Brn-1 (7)) [y (7) = B () ]
y(0) = y(T).

We can prove that o, i € S(@pm—1,Bm-1)> &m(t) < Bn(t), t € [0,T], and both sequences
are convergent.

Let their limits be u(t) and v(t) correspondingly.

The functions u(t), v(t) satisfy the inequalities

ao(t) < u(t) < v(t) < Po(t) (3.73)

and are solutions of the PBVP (2.1)-(2.2). Since the functions f, g and I, Gk are Lipschitz,
it follows that u(t) = v(t) on [0, T].

We will prove that the convergence is quadratic.

Define the functions py+1(t) = u(t) — o1 (t) and g1 (t) = Ber (1) — u(t), t € [0, T].
For t € [0, T], t # 1, we obtain the inequalities

Pt = f(6u) = f(60m) +g (1) = g (t,0m) + (fe (6 0m) + 8 (6:8m)) (Pms1 = pim)

- (Jolfx(t,)mm —)t)ocm)d)t>pm+ (ngx(mmu —)L)ocm)d)t>pm
+ (fe(t,am) + & (t,Bm)) (Pme1 — Pim)

< (filt,u) = fi(tam)) pm+ (ge(t:0m) — & (£, Bm)) Pm
+ (ﬂc(t:am) +gx(ta/3)m))pm+1

< (fe(tam) +ge(t:Bn)) pmet + Sil[ Pl pin + Salletis = Binl [P

< (fe(tstn) 4668 pwer + (34 37 )l + Sl
(3.74)

~ ~ o~ ~N O~ ~ ~ ~ o~ n (1) ~ n 2) .
where s = (51752)--~:Sm))m: (mbm2>--->mm))si: Zj:lsij > M = Zj=lSij 1= 1:2>---:n
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For t € [0, T], t # 1, from the definition of the functions a,,(t) and f3,,(¢) and the fact
that u(t) is a solution of the PBVP (2.1)-(2.2), we obtain

A < f(6Bm) = f(tu) +g(t,Bm) — g(t,u) + (fu(t,m) + & (£, Bm) ) (qme1 — Gm)

= (Jolfx(t,)u?m +(1 —A)u)d)t)qm+ (ngx(t,)lﬁm +(1=Vu)dr)qm

+ (fx(ta‘xm) +gX(t’/3m)) (qmﬂ - qm) =< (fx(t>ﬁm) - fX(t>‘xm))qm
+ (gx(t: u) _gx(t)ﬁm))‘bn + (fx(t>ﬁm) +gx(t’/3)m))qm+l
< (fe(tom) +ge(t:Bm)) qm1 + Sullam = Bl |G + Sal [ gml[gm

(3.75)

< (felts ) + e (68)) s + 33012l + (35450 g
For k = 1,2,..., p, from the jump conditions, we have
Pt (T +0) < I (u(t)) — I (am (k) + G (u(7x)) — G (@ (1))
+ (I (@ (7)) + Gr (B (1) )) [ 1 (k) — P (70) ]
< (0@ (1)) + Gy B (7)) P (70 370
1l [P (T + 12 g (22
oot (76 +0) = (I (@t (1)) + G (B (70))) @1 (70)
y 5 (3.77)
+ilpm (T ||” + @2l lgm (7o) [

where y;, ;7,-, i = 1,2 are constant vectors.
The differential inequalities (3.74)—(3.77) and the periodic conditions for the func-
tions p(t) and q(t) can be written in the form

Pt < AWOTmir +P||rl’s t £ 70 (3.78)
Fms1 (Tk +0) < Beryrr (x) + Qk||rm(rk)||2, (3.79)
Tm+1(0) = 11 (T), (3.80)
where
_ pm+1 _ ?‘f'”N’l
) (D
fx(ta‘xm) +gx(t:ﬂm) 0 )
A = b)
® ( 0 fx(t>0¢m) +gx(t’/3m)
B, — (IIL(‘Xm(Tk)) +G;<(/3m(7k)) 0 ) Qi = (//ll +//l2)
¢ 0 I (o () + Gy (Bu()))” 7 i +)

(3.81)



S. G. Hristova and A. S. Vatsala 23
According to Lemma 2.10, from the inequalities (3.78)—(3.80), the inequality

rm+1(t)sW(t,O)xo+L WP rullfds+ S Wtte+)Qllrm(@)IF (3.82)

O<tr<t

holds for t € [0, T], where
T p
xo = (E— W(T,0))”" (L W(T,$)P||rn|[*ds+ > W (T, t; + )Qk||rm(‘rk)||2> (3.83)
k=1

and W (t,s) is defined by (2.17).

From the inequalities (3.79), (3.83), it follows that there exists a number A > 0 such that
st Il < Ml rmll|2, where [[7]]] = sup, (o, (1. This inequality proves the quadratic
convergence. ]

As particular cases of the proved theorems, we can obtain some results for the PBVP
for systems of nonlinear ordinary differential equations.
Consider the PBVP for the system of ordinary differential equations

x' = f(t,x(t)) +g(t,x(¢)) forte[0,T],

(0) = x(T), (3.84)

where x € R”, f,g:[0,T] X R" — R".

We note that PBVP (3.84) can be considered as special cases of PBVP (2.1)-(2.2) when
Iy =E,Gy=Efork=1,2,...,p.

Let o, 3 € C([0, T],R") be such that a(t) < (). Consider the set

CS(a, ) = {u e C([0,T],R") : a(t) < u(t) < (t) for t € [0,T]}. (3.85)

From Theorems 3.1, 3.2, and 3.3, we obtain the following special cases for the system of
periodic boundary value problem (3.84).

THEOREM 3.4. Let the following conditions hold.
(1) The functions ay(t),Bo(t) € C([0,T1,R"™), ay(t) < Bo(t) for t € [0,T], and

ao(f) < f(tao(t)) +g(,B0(1)),
Bo = f(t,Bo(t) +g(t,ao(t)) forte[0,T], (3.86)
a0(0) < ao(T), Bo(0) = Bo(T).

(2) The functions fy, g« exist and are continuous on Q(ao, o), fx(t,x) is nondecreasing
in x, g¢(t,x) is nonincreasing in x for t € [0, T1, f.(t,Bo(t)) <0, and for x = y,

Lbx) = Lt y) <Sillx=yll, gt y) —gl(tx) < Sallx = yll, (3.87)

where S; >0, S; > 0 are constant matrices, || - || is a norm in R".
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(3) The function f.(t,Bo(t))x is quasimonotone nondecreasing in x and the function
(fx(t,Bo(t)) — (8, Po(1)))e@x is strictly decreasing in x on [0, T].

Then there exist two sequences of functions {e,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (T, Tk+1] to the unique solution of
the PBVP (3.84) in CS(atg, o), k = 0,1,2,..., p;
(¢) the convergence is quadratic.

THEOREM 3.5. Let the following conditions hold.
(1) The functions ay(t),Bo(t) € C([0, T1,R"™), ay(t) < Bo(t) for t € [0,T], and

“O(t f(t ﬂO ) +g(t,0€0(t)),
Bo(t) = f(t,ao(t)) +g(t,Bo(t)) forte[0,T], (3.88)
a0(0) < ao(T), Bo(0) = Bo(T)

(2) The functions f, g exist and are continuous on Q(ag, o), fx(t,x) is nondecreasing
in x, g¢(t,x) is nonincreasing in x for t € [0, T1, f.(t,Bo(t)) <0, and for x = y,

fe(t,x) = fu(t,y) < Sillx = yll, &(ty) —g(t,x) < Sllx — yll, (3.89)

where S; >0, S > 0 are constant matrices, || - || is a norm in R".

(3) The function g.(t,Bo(t))x is quasimonotone nondecreasing in x and the function
(—fe(t,a0) + g (t, &0) ) e@x is strictly decreasing in x on [0, T].

Then there exist two sequences of functions {e,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (Ti, Tk+1] to the unique solution of
the PBVP (3.84) in CS(a,0), k =0,1,2,...,p;
(¢) the convergence is quadratic.

THEOREM 3.6. Let the following conditions hold.
(1) The functions ay(t),Bo(t) € C([0,T],R"), ao(t) < Po(t) for t € [0, T], are such that
< f(tao(t)) +g(tao(t)),
Bo(t) = f(t/30 1)) +g(t,Bo(t)) forte[0,T], (3.90)
ao(0) < ao(T), Bo(0) = Bo(T).

(2) The functions fy, g exist and are continuous on Q(ag,Bo), fx(t,x) is nondecreasing
in X, g¢(t,x) is nonincreasing in x for t € [0,T], and for x = y,

L6:x) = it y) <Sillx =yl gt y) —ge(6,x) < Sallx — yll, (3.91)

where S; >0, S, > 0 are constant matrices, || - || is a norm in R".

(3) The function (fi(t,00(t)) + g (t, fo(£)))x is quasimonotone nondecreasing in x and
the function ( fi(t,B0) + g«(t, a0))e@x is strictly decreasing in x on [0, T].
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Then there exist two sequences of functions {e,(t)}y and {Bm(t)}q such that

(a) the sequences are increasing and decreasing correspondingly;

(b) both sequences uniformly converge on the intervals (Ti, Tk+1] to the unique solution of
the PBVP (3.84) in CS(atg, o), k = 0,1,2,..., p;

(c) the convergence is quadratic.
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