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1. Introduction

Suppose we have a differentiable manifold M of dimension d. By the Whitney’s embedding
theorem, there exists an embedding i : M — RN such that i(M) is a closed subset of RN Tt
turns out that N’ = 2d+1 will do. We will identify M with the image i(M) and assume that M
itself is a closed submanifold of RN'. We will also assume that M does not have a boundary.
Let M U {0} be a one-point compactification of M.

Definition 1.1. An M-valued path w with explosion time e = e(w) > 0 is a continuous map
w : [0,00) > MU {0p} such that w; € M for 0 <t < e and w; = Oy forall t > e if e < oo. The
space of M-valued paths with explosion time is called the path space of M and is denoted by
W(M).

Let (Q, #.,P) be a filtered probability space and let L be a smooth second-order elliptic
operator on M. Using the coordinates of the ambient space {xi,...,xn7}, and extending L
smoothly to L in the ambient space, we may write

N’ Fa)
bz (1.1)
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with o0 := V/A, A a positive matrix. Since A is smooth, its square root is locally Lipschitz.
Construct a time homogeneous It6 diffusion process X : Q— W (M) which solves the
following stochastic differential equation:

dXs=b(Xs)ds+0(Xs)dBs, s>t; Xi=x (1.2)

in the ambient space RN ', where B, is N'-dimensional Euclidean-Brownian motion and b :
RN RN g RN S RN*N' guch that

[6Gx) =b@) || + [[o(x) = o()|| < DR)|x -y (1.3)

for some constant D(R) dependent on an open ball centered at x with radius R. Till the
explosion time e(X), X; € M for 0 < s < e(X). On M, L = L. Furthermore, uX =PoX'is
an L-diffusion measure on W(M). As a result, we use uX to be the probability measure on
W (M). Refer to [1] for a more detailed description.

Fix some positive integer N. Let My (R) and Sx(RR) be the spaces of N x N real-valued
matrices and symmetric N x N real-valued matrices, respectively. Also let M} (R) C Sx(R)
be the space of nonnegative matrices. Suppose that H : [0, co) — M3, (R) is locally Lipschitz
with 0 < H(s) < H(t) if s <t, H(0) = 0, and ' : M — M} (R) is locally Lipschitz. Also
assume that sup__,,[IT(x)|| is bounded, where || - || is the operator norm. Define Mrx) as the
multiplication operator with I'(X) and Yt as the integral operator with kernel H(s A t), that
is, for any f € L2([0,T] = RN),

T
(Yrf)(s) = IOH(S ADF(E) dt, (1.4)

where s At is the minimum of s and ¢. Note that under the assumptions on H, Yr is a positive
operator and is trace class (see Proposition 3.1.).
Consider the following integral operator: Kx r : L*([0, T] = RN) — L2([0,T] = RY),

T
(Kxrf)(s) = (YMroo f)(s) = J’ H(s A HT(X(D) £ (1) dt. (15)
0
It is a fact that for any trace class operator K, if we let ||K||; denote the trace of |K|, then
T
IKxrll, < supl [T [|IY]L < C f tr H(s) ds, (1.6)
xeM 0

for some constant C. Here, tr means taking the trace of a matrix. Thus Kxr is trace class.
Therefore,

T
| det (I+Kxr)| <exp (||Kxrl;) < exp (CI tr H(s) ds). (1.7)
0

Hence the Fredholm determinant is bounded for each T.
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Let f, V be continuous bounded functions taking x € M U {0M} — R. Fix some
number p > 0. Define a function A : [0,00) x M — R by

MT,x) 1= B[ f (Xr)e V4 (det (I + Kxr))], (1.8)

where the expectation is taken with respect to uX and the paths start from x. Note that A is
finite for any x, T from the above discussion. Let ki : [0, o0) x M x M N (R) — M (R) such that

h(t,x,v) = (v—-H(@))T(x)(v-H(t)). (1.9)

The main result is as follows.

Theorem 1.2. Let (t,x,v) € [0,00) x M x Sn(R). Then
AT, x) = (" £)(0,x,0), (1.10)

where

0

— 0 X
H=L+—+)> h(f,x,v)ijﬁ

5 ~V(x) + ptr (HH)T(x) - 0T (x)). (1.11)

ij=1

Here, h(t, x,v)i]. is the i, j component of the matrix h.

Clearly, A is not in the Feynman-Kac formula form using the process X. The idea is to
construct a diffusion process Wy = (s, X5, Zs) € [0, 00) x M x Sy (R) such that

det (I +Kxr) =exp (JZG(WQ&ZS), (1.12)

and G is given by
G(t,x,v) = tr (H(t)[(x) —vI'(x)). (1.13)

If we can achieve this, then our result follows from a simple application of the Feynman-Kac
formula. Proving (1.12) requires the following 2 steps.

First, we have to prove an essential formula for the derivative of log det(I + zKx )
with respect to T, given by

A logdet (I + 2Kyr) = tr (H(T)T (Xr) - ZeT (Xr)), (1.14)

where z is a complex number and Z, r is some adapted process. For a precise definition of
Z, 1, see (4.1), with Kx s replaced by zKx . When z = 1, Z;r = Zr. The goal is to show that
the formula holds for z = 1 by analytic continuation.
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Fix a time T. By making |z| small such that ||zKx || < 1, we can use the perturbation
formula and apply it to the determinant; see (2.3). Differentiating this equation with respect
to T will give us (1.14). By analytic continuation, we can extend the formula in some domain
O C C containing the origin, provided we avoid the poles of the resolvent of zKy ; for all
s < T.If1 € O, then (1.14) holds with z = 1. By integrating both sides and raising to the
exponent, we will get (1.12). Note that if |[Kxr|| < 1 for some time T, (1.14) and hence (1.12)
hold. The details are given in Sections 2 and 3.

Now assume that (1.14) holds with z = 1. The second step consists of constructing
a diffusion process W from X by using a stochastic differential equation. To do this, we
differentiate Zr with respect to T and show that it satisfies the differential equation

dZr = h(T, Xr, Zr) = (Zr - H(T))I (Xr) (Zr - H(T))dT, (1.15)

and hence Wr = (T, Xr, Zr) satisfies the following stochastic differential equation:

dWr = (1,b(Xr), h(Wr))dT + (0,0(Xr),0)dBr, (1.16)

with explosion time e(W). From this stochastic differential equation, it is clear that W is a
diffusion process and by replacing the Fredholm determinant by the formula in (1.12), (T, x)
can be written as a Feynman-Kac form using this process W. However, if e(W) < T < e(X),
then (1.12) may fail to hold.

The positivity of H and I are used to show that Z;r = Zr exists for all time T and
hence (1.14) holds at z = 1. This will also imply that e(W) = e(X). In particular, only the
positivity of H is required to show that Kxr is a trace class operator. To avoid e(W) < e(X),
we can restrict ourselves to small time T such that (2.24) holds true.

We can weaken our assumptions on H and I' by not insisting that they are symmetric
matrices. If we only assume that Kx r is trace class, then we can replace Sy (R) with My (R).
Under these weaker assumptions, we have the following result.

Theorem 1.3. Suppose that, for a given locally Lipschitz H and T', Kx 1 is trace class. Assume that
there exists some constant C such that

sup||T(x)|| < C < oo,
xeM (1.17)
|H(s)|| <Cs, s>0.

Let (t,x,v) € [0,00) x M x Mn(R). Then forall T < 1/C?,
AT, x) = ("™ £)(0,x,0), (1.18)

where

- N
H=L+ % + Z h(t,x,v)ij% - V(x) +ptr (H(H)I (x) — o' (x)). (1.19)

ij=1
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From Lemma 2.4, using the assumptions on H and T, ||[Kx || < C*°T.If T < 1/C?, then
the norm is less than 1. Hence (1.14) holds and thus (1.12) holds true.

2. Functional analytic tools

Notation 2.1. Suppose that K is an integral operator, acting on L?([0, T] = RY) — L*([0,T] —
RN). We will write K f to mean

T
KA = [ Ksnsma @.1)

where T < oo. To distinguish the operator K from its kernel, we will write K (s, t) to refer to
its kernel. This may be confusing, but it is used to avoid too many symbols. In this article, our
integral operator is always trace class and the kernel is a continuous N x N matrix-valued
function. By abuse of notation, K" (s, t) refers to the kernel of the integral operator K".

Notation 2.2. We will use tr to denote the trace of a matrix and Tr to denote taking the trace of
a trace class operator. || - || will denote the operator norm.

It is well known that for a trace class operator A and z € C, Tr log(I + zA) is a
meromorphic function and has singularities at points z such that ~z! € ¢(A). Define the
determinant det(I + zA), given by

det(I + zA) = e 108I+z4) (2.2)

However, this determinant, also known as the Fredholm determinant of A, is analytic in z
because the singularities z such that —z™! € o(A) are removable; see [2, Lemma 16].

We want to differentiate the function log det(I + Kr) with respect to T, where we write
K7 to denote the dependence on the domain [0, T]. If the kernel of K7 is given by K(s, t), then
for small z such that ||zKr]|| < 1, using the perturbation formula,

~ [*9) (_1)n+1 "
det (I +zKr) =exp (; —Tr (zK1)" ). (2.3)
If weletr = ||K7|| <1, then
IO o 1Kz
; —Tr Ky g; —|IKr]l; < 1_r1. (2.4)

Thus the series in the exponent converges absolutely.
We will define the resolvent Rr by Kr(I + KT)_l. Since we can write Kr(I + KT)_1 =
Kr—-Kr(I+ KT)flKT, the kernel of Rt can be written as

Rr(s,t) = K(s,t) - Kr (I + K1) " Kr(s, t). (2.5)
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When we write K7 (I + KT)flKT(s, t), we mean
T
Kr(I + Kr) ' Kr(s, t) = f K(s,u)((I +Kr)'K(, 1)) (x) du. (2.6)
0

We will also write the resolvent of the operator zKr, z € C as Rr;. One more point to note is
that we assume that K(-,0) = K(0,-) = 0.

Now the operator K; is an operator defined on different Hilbert spaces L?[0,s].
Therefore, we will now think of our operator K; as acting on L?[0,T], defined as

T
(Kof) (@) = foKw,vmo,s] (0)f (0) do, @7)

where y is the characteristic function. Hence now our operator K has a kernel K (u, v) x[0,s](v)
dependent on the parameter s. Note that our K is continuous in the u variable but is
discontinuous at v = s. Thus when we write K4 (1, s), we mean

Ks(u,s) = li%nKS (u,v). (2.8)

Definition 2.3. Let K(-,-) be a continuous matrix-valued function and let |[K(:,-)|| be the
matrix norm of K(-,-). Define Cr to be the maximum value of ||K(:,-)|| on [0, T] x [0, T].

The next lemma allows us to control the operator norm of the operator by controlling
the sup norm of the kernel.

Lemma2.4. For0<s<s' <T,

Ky - Kq|| < Cr\/T (s - 5). (2.9)
Proof. For f, g € L> and any s € [0,T],
T
(K=K £)] < [ [ g0 xtsen @)K 0)£0) | o

T
= H Xs51(@)Cr|g(w) || f (v)|dv du
0

<o Z|g<u>| u) (fjx[s,s'] (10|

<Cr < f Z| g(u)|*du- f :1 du>1/2<f:| Fuw) | du- JOT x[s,s,](u)du)
<Cr\T(s' = 9)lIfIl,lIgll,-

1/2

(2.10)
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Hence,

|Ks - Ko|| < Cry/T(s' - s) (2.11)

forall0<s<s <T. O

Lemma 2.5. Fixa z € C. For any T such that |zCrT| < 1 and if K (s, t) is continuous, then
d
o7 (logdet (I +zKr)) = tr Rr.(T,T). (2.12)

Proof. Since z is fixed, we will replace zKt by K and hence assume that |CrT| < 1. Lemma 2.4
tells us that ||[Kr|| < 1 and thus (2.3) holds true. Taking log on both sides of (2.3), we
have

0 (_1)n+1 .
logdet (I +Kr) = nz; - —Tr K. (2.13)
Now
T T n
Tr K7 = f f tr [ [K (s, si1)ds1 -+ dsn, (2.14)
0 0 i=1

where s,,1 = s;. Differentiate with respect to T and using the fundamental theorem of
calculus, we get

d T T n
ﬁj‘o ---fotrll:[K(si, Siv1) dsq -+ - dsy

T T n-1
= ntrf f K(T,s,) <H K(si, Si+1)>K(sn,T)d52 -..ds,
0 0 i=2

=ntr Ki(T,T).

(2.15)

Let CrT = a. Thus,

[©e] . [*e] . 0 . B [ee] NCT
;Hr KMT,T)| < N%”KT(T, T)|| < ND.CIT" ' < NCr)la" = T < (2.16)

n=1 n=0
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Thus

o n+l
(logdet (I+Kr)) = di<( 12 Io ’[ HK(S,,S,+1) dsy - >

n= 0 =1
217
:trZ( )™ KT, T) (2.17)
n=1
=tr Kr(I + Kr) " (T, T)
=tr R (T, T).
O

Lemma 2.6. Let K(,-) be continuous. For all z € C such that —z7' ¢ 0(K5) for all s € [0,T], then
trR. (-, -) is continuous.

Proof. Fix a z and write zK; as K. By assumption, I + K is invertible for all s. By Lemma 2.4,
K;— K, as s — sy. Note that

T+Ko=T+Kg+K,—Kg = (I+K)(I+(IT+Kg) " (Ks—Ky)), (2.18)
and if we let G; = K — K, then
(I+K) = (I+(1+K.)"G) (I+Ks) ™ (2.19)

By the open mapping theorem, because I + K, is a surjective continuous map, it is an
open map. Therefore, its inverse is a bounded operator. Since G = K; — Kz, —0, thus

I+ I+ Ks(,)_le)_1 — I and hence (I + K,)™ converges to (I + KSU)_1 as s—sg. This shows
that (I + K,)! is continuous in s. Note that

Ri(s,s) = K(s,s) = K (I + K;) ' K(s, s). (2.20)

Since K (s, s), Ks and (I + KS)’1 are continuous in s, hence R;(s, s) is continuous in s. O
Lemma 2.7. Let K(:,-) be continuous. If there exists an open-connected set O containing 0 such that
forze O, I+ zK) Vs analytic for all s € [0,T], then

T
logdet (I +zKy) = f tr R, .(s,s) ds (2.21)
0

forallz € O.

Proof. For all z € O, I + zK is invertible for all s € [0,T] and hence tr R, . (s, s) is analytic in
O. Therefore, it follows that f gtr R; - (s, 5) ds is analytic in O, because

d (T Td
EIO tr Rs2(s,s) ds = fo Etr R;-(s,s)ds. (2.22)
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By Lemma 2.4, | K| < TCr for all s € [0,T]. Thus if we choose U := {z]||z| < 1/(TCr)}, then
U is an open set containing 0 and for z € U, ||zK;|| < 1 for all s € [0, T]. From Lemma 2.5, for
zelU,

T
logdet (I +zKy) = f tr Rs - (s, s) ds. (2.23)
0

Since log det(I + zKr) is also analytic in O and agrees with foTtr R;2(s,s)ds in U, it follows
that both functions are equal for all z € O. O

The proof in the previous theorem gives us the existence of a small neighbourhood
containing 0 such that (2.21) holds. Hence we have the following corollary.

Corollary 2.8. Fix T > 0 and Cr = supy ;o 11K (s, £)||. There exists an open set Ut := {z]|z| <
1/(TCr)} such that (2.21) holds for all z € Ur.

Corollary 2.9. Let O be an open-connected set as in Lemma 2.7 such that 1 € O. Then for s € (0,T),
d
% logdet (I + K;) = tr Ry(s, s). (2.24)

Proof. The corollary follows from differentiating (2.21). By Lemma 2.6, tr Rs(s, s) is continu-
ous and hence the fundamental theorem of calculus applies. O

3. Fredholm determinant

The kernel we are interested in is Kxr = H(s At)I'(X(t)), for some process X. More generally,
the kernel we are interested in is of the form Kr(s,t) = H(s A t)A(t) for some continuous
matrix-valued A. The Hilbert space is L?>([0,T] — RY) for some positive number T. Without
any ambiguity, we will in future write this space as L2. We will also use || - ||, to denote the L?
norm.

Proposition 3.1. If H is continuous, 0 < H(s) < H(t) for any s < t and A continuous, then Yr as
defined in Section 1 is a trace class operator.

To prove this result, we need the following theorem, which is [3, Theorem 2.12].

Theorem 3.2. Let p be a Baire measure on a locally compact space X. Let K be a function on X x X
which is continuous and Hermitian positive, that is,

J
> ZizjK(x;,xj) 20 (3.1)
ij=1

forany x1,...,x; € X, z1,...,z; € C and for any J. Then K(x,x) > 0 for all x. Suppose that, in
addition,

fK(x, x) dp(x) < oo. (3.2)
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Then there exists a unique trace class integral operator A such that

(Af)(x) = jK(x, WV F ) du(y),
(33)

1Al = fK(x»c) du.

Proof of Proposition 3.1. Let X = [0,T] and p be Lebesgue measure. Using Theorem 3.2, it
suffices to show that H (s A t) is Hermitian positive. Let z1, z, ..., z; be any complex column
vectors. Note that there are N entries in each column and the entries are complex valued.
Let sq,...,s7 € [0,T]. The proof is obtained using induction. Clearly, when J = 1, it is trivial.
Suppose it is true for all values from k = 1,2,..., ] — 1. By relabelling, we can assume that
s1<sk, k=2,...,]. Hence s1 A si = s; for any k. Let (-, -) be the usual dot product. Then

J J J /
:1<H(51 Asj)zj Z) + §1<H(51 As$1)z1,Z)) = ;(H(Sl)zjrz_ﬁ + ;(H(Sl)zlrz_f>

]

- <§H(sl)zj, il z7~> - z]](H(Sl)Z]‘rZ_O-

j ij=2
(3.4)

Therefore,

J J J ] J
3 (G 5)55) = (S H(02 35 ) - 3 (02 ) + SH:05)3,7)

ij=1 ij=2 ij=2

] ] ]
= <Z H(s1)z;), 3 Z_j> + D ((H(sinsp) - H(s1))z), Zi)-

j i,j=2

]

-
11
—_

(3.5)

Since s; A'sj > 51,1 = 2,...,] and hence H(s; A s;) > H(s1) by assumption on H. Thus by
induction hypothesis, (replace H by H(-) — H(s1)),

]
Z<(H(Si/\sj) —H(S1))Z]',Z_i> >0 (36)
=2
and hence
J (3.7)
Z <H(S,’ A S]')Z]',Z_i> > 0.
ij=1
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Notation 3.3. By abuse of notation, (:,-); will denote integration over [0, T],

T

f g)p = foﬂu) g(w)du, (3.8)

where - should be interpreted as matrix multiplication or inner product, depending on the
context. To ease the notation, we will write in future K(T) := K(T,T).

Remark 3.4. If we assume that H(s) — H(t) is strictly positive if s > ¢, which is the case we
are interested in this article, then the proof of Proposition 3.1 shows that the operator Y with
kernel H(s A t) is strictly positive, that is, (Y7 f, f); > 0if (f, f); > 0. This follows using a
Riemann lower sum approximation on a double integral and that for any complex vectors
Z1,--4,27,

J T2
”Zl<H<Si/\S]')Z]',Z_i>ﬁ >0 (39)
ij=

under the strict positivity assumptions.

The next proposition is a crucial statement. For the time being, we will assume that
(I + K1) ™" exists for any time T without any further justification. Later on, we will prove that
for our operator Kxr, this is true; (see Proposition 5.2.). Writing in our new notation, we
obtain the next proposition from Corollary 2.9.

Proposition 3.5. Let Kt be an integral operator with kernel Kr(s,t) = H(s A t)A(t) for some
continuous matrix-valued A:

6% (logdet (I +Kr)) = tr [K(T) - (HA, (I + K1) H),A(T)]. (3.10)

Proof. We will use (2.5). So

Rr(T,T) = K(T,T) - (K(T,-), (I + Kr) ' K(-, T));
= K(T,T) - (HOA(), (I+Kr) " HAD)), (3.11)
= K(T) - (HA, (I +Kr) 'H),A(T).

Taking trace completes the proof. O

Definition 3.6. Let

Zr = (HA, (I +Kr) 'H),. (3.12)

To ease the notation, we will now write L := (I + Kr)™! and L(s,t) to be the kernel
of L. Note that in future we will drop the subscript T from the operator K and it should be
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understood that K is dependent on T. Operators with a prime will denote its derivative with
respect to T. Our task now is to differentiate Zr.
Define a distributional kernel

p(s,t) = R(s,t) - 6(s — 1), (3.13)

where 6 is the Dirac delta function and R is the resolvent.
For any operator depending smoothly on some parameter T, we have the differentia-
tion formula

L = I;iT(nKT)‘l = —(I+K7) 'K, (I+Kp) (3.14)
For the integral operator K’, its kernel is given, by the fundamental theorem of calculus, by
K'(s,t) = K(s,T)6(t - T); (3.15)

and hence combining with (3.14), we have

L'(s,t) = —=LK'L(s,t)
= —LK'(s,t) - (LK (s, T)6(- - T), K L(- ),

=-LK(s,T)6(t—T) + LK(s,T)(6(- - T), KL(-, 1)) (3.16)
=-R(s,T)6(t-T) + R(s, T)R(T, t)
=R(s, T)p(T,t).

Notation 3.7. Let K be an integral operator with kernel K (s, t). We define the adjoint K* by
T
(K PO = [ FOKG 617)
0

Here, f is an N x N matrix-valued function. We will also write A7 = A(T) and Hr = H(T).
The following lemma defines the relationship between R and L.

Lemma 3.8. It holds that

R(s,T) = (LH)(s)Ar,

(3.18)
R(T,t) = (L*HA) ().
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Proof. We write the identity operator I as If(s) = f(s) = fgé(s —t)f(t)dt, where 6 is Dirac
delta function. Then

R(s,T) = (L(s,-), K(-, T))y = (L(s,-), H(- AT)Ar); = (L(s,"), H()Ar); = (LH)(s)Ar,
R(T, ) = (K(T,-), L(-,£))y = (H(T A)A(), L(-,£))y = (L"HA) (D).

(3.19)
O
Theorem 3.9. Zr satisfies the following differential equation:
7\ = (Zr - Hr)Ar(Zr - Hy). (3.20)
Proof. Now by definition of Zr,
Zr = (HA, (I +Kr) 'H), = (HA,LH); = (L"HA, H).. (3.21)
Using (3.16) and from Lemma 3.8,
(L'H)(s) = (R(s, T)p(T, "), H(:))7
= (R(s,T)R(T,-),H(-)); — R(s, T)Hr (322)

= (LH)(s)Ar(L*HA, H) - (LH)(s)ArHr
= (LH) (S)ATZT - (LH) (S)ATHT.

Hence differentiating with respect to T, using the fundamental theorem and (3.22), gives

d )
<7 Zr = (HALH)(T) + (HA, L'H);

= (HALH)(T) + ((HA) (), (LH)()ArZr = (LH)()ArHr ), (323)

= (HALH) (T) — ZTATHT + ZTATZT.

But
(KLH)(T) = (K(I + K)""H)(T)
= (H(T A)A(), (LH)())y (3.24)
= (HA,LH); = Zr.
Hence

(HALH)(T) = (HAH)(T) - (HAKLH)(T)

(3.25)
= (HAH)(T) - (HA)(T)Zr.
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Therefore
d
ﬁZT = (HAH)(T) - (HA)(T)Zr - ZrArHr + Zr At Zt (3.26)
= (ZT - HT)AT(ZT - HT)
This completes the proof. O

4. Integral operator driven by a diffusion process

Now back to the integral operator Kxr defined in Section 1. Define a process Z; : Q —
Mn (R),

Zs = (HTx, ((I+Kxs) 'H)),, (4.1)

where I'y := I'(X) (see Notation 3.3 for the definition of the angle brackets). From the
definition, it is clear that Z; is . adapted. In fact, Z, is a symmetric matrix under the usual
assumptions on H and I'.

Proposition 4.1. If H and T are symmetric matrices, then Z is symmetric as a matrix.

Proof. Since s is fixed, we will drop the subscript s. Also fix an w € Q, so we will also drop the
subscript X. Let K* be the adjoint of K with kernel I'(s) H (s A t). By assumption of symmetry
and by definition,

7" = (H((I+K*)™"), TH)
= (HT,H) - (HK*((I+K*)™"),TH)
= (HT,H) - (HTK((I+K)™"),H) (4.2)
=(HT((I+K)™"),H)

=(HT,(I+K)")H) =2 -

Theorem 4.2. Let X, be an L-diffusion process satisfying (1.2) and H : [0, c0) — M}, (R) and let
I': M — My, (R) be continuous. Further assume that H(s) > H(t) > 0 for s > t. Let Kx be an
integral operator defined by (1.5) and

Z, = (HTx, (I +Kxs) ' H)).. (4.3)

Let e(Z) be the explosion time of Z. Then for s < e(Z), Wy = (s, X5, Zs) : Q— [0, o0) x M x SN (R)
satisfies the following stochastic differential equation:

AW, = (1,b(Xs), h(Ws))ds + (0,0(X;),0)dBs, s>t; W;=(tx,v), (4.4)



Adrian P. C. Lim 15

where

h(t,x,v) = (v-H(t))I'(x)(v—-H(t)). (4.5)

Proof. In the ambient space RV, (s, X;) is a diffusion satisfying the stochastic differential
equation of the form

d(s,Xs) = (1,b(Xs))ds + (0,0(Xs))dBs. (4.6)
Now by Theorem 3.9, Z; satisfies the following differential equation:

dZs = h(s, X, Zs)ds, (4.7)

where h is defined by (4.5) and by Proposition 4.1, Z; € Sy (R). Thus we can write

d(s,Xs, Zs) = (1,b(Xs), h(s,Xs, Zs))ds + (0,0(X5),0)dBs, (4.8)

which is (4.4). The existence of Z for small time is guaranteed by Lemma 2.4. O
Lemma 4.3. If T is locally Lipschitz, then Wy is the unique solution (path-wise) to (4.4).

Proof. Now by the definition of X, b and o are locally Lipschitz. However, since I' is locally
Lipschitz on the manifold M with bounded operator norm, it follows that h is locally
Lipschitz. Therefore (4.4) has a unique solution and is given by W;. O

5. Long-time existence of W,

We had addressed the existence and uniqueness of the solution to (4.5), given by W, =
(s, Xs, Zs), with e(W) < e(X). We will now give sufficient conditions for e(W) = e(X).

Proposition 5.1. Suppose that the integral operator Yt with kernel H(s A t) is a strictly positive
operator and T is a symmetric nonnegative matrix. Then for z € C such that Re(z) > 0, (I + zKx )"
exists for all T < e(X).

Proof. When z = 0 is trivial. So assume z # 0. Fix an w € Q and any T < e(X(w)). Since
Kx = Kxr is a compact operator, it suffices to show that the kernel of I + zKx is 0. Write
[(X(w)) = T and Kx(,) = K. Let 0#v € L? such that (v,v) > 0 and I'v = 0. Then
(I + zKx)v = v is nonzero. Hence we can assume that (I'v,I'v) > 0. Note that K = YMrp
and (Mr + MrYMr) is a symmetric operator (see Section 1 for definitions of Y and Mr.)
Therefore,

((Mr + zMrYMr)v,v) = (Mrv,v) + z{ MrYMrv,v)
(5.1)
= (I'v,v) + z(YTv,I'v).
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Since I' is a nonnegative matrix, (I'v,v) > 0, and because Y is a strictly positive operator,
(YI'v,Tv) > 0.If Re(z) >0,

Re((Mrv,v) + z(YMrv, Mrv)) > 0. (5.2)

Otherwise, Im(z) # 0 and hence we have

Im(z){(YMrv, Mrv) # 0. (5.3)

Either way;, if Re(z) >0,

(Mr + ZMFYMF)’U = Mr (I + ZYMF)’U (54)

is nonzero, and therefore (I + zYMr)v is nonzero. Thus for any nonzero L?[0,T] function
v, (I + ZYMTr)v is never zero and since w is arbitrary, hence I + zKx is invertible for any
w e Q. m

Proposition 5.2. Suppose that the usual assumptions on T and H hold. Then (I + Kx ;)" exists for
all 0 < s < e(X). Furthermore, (3.10) holds for all 0 < s < e(X).

Proof. Under the assumptions on I' and H, Proposition 3.1 and Remark 3.4 will imply
Proposition 5.1. Fixan w € Q,a T < e(X(w)) and let Cr be as defined in Lemma 2.4. Then on
U={z]||z|<1/Cr}, (I+zKxs)isinvertible forall s € [0,T]. Hence O = UU {z | Re(z) > 0}
is an open-connected set containing 0, and (I + zK X,S)_1 exists for all s € [0, T]. In particular,
at z = 1. Then the assumptions in Corollary 2.9 are met, and hence (3.10) holds. O

6. Proof of main result

The proof of Theorem 1.2 now follows from Theorem 4.2 and Proposition 5.2. Integrating
(3.10), we have for T < e(X),

log det (I + Kx1) = f e (H(5)T(X,) ds — Z,T(X.)) ds. 6.1)
0
For (t,x,v) € [0,0) x M x SN (R), define
T

W(T,1,%,0) = Egan [ F(Xr) exp ( - f V(%) ~ptr (HET(X) - ZI(X,)) ds)] 62)

and observe that

W(T,0,x,0) = E, [ F(Xr)e VX ds (det (I + KX,T))P] = \(T, x). (6.3)
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By the Feynman-Kac formula, ¥ satisfies the following partial differential equation:

a%,‘P(T, t,x,v) = ﬁ‘P(T, S, Xx,0). (6.4)
Thus
W(T,t,x,0) = ("7 £)(t,x,0), (6.5)
and therefore from (6.3),
AT, x) = e £(0, x,0). (6.6)
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