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1. Introduction

Let X be a real Banach space and let J be the normalized duality mapping from X into 2%’
defined by

Jx = {j(x) € X"t (x,j(x) = IxI% (0l = [Ix]l}, (1.1)

where X* denotes the dual space of X and (-,-) the generalized duality pairing between X
and X*.
Recall that if

+ thl| -
i I+ il = 1)

lim ; (1.2)

exists for each x and h on the unit sphere Sx of X, the norm of X is Gateaux differentiable.
Moreover, if for each h € Sx the limit defined by (1.2) is uniformly attained for x € Sx, we
say that the norm of X is uniformly Gateaux differentiable.
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Definition 1.1. A mapping T : D(T) — X is said to be k-pseudocontractive (k € R) if, for every
x,y € D(T), there exist some j(x —y) € J(x — y) such that

(Tx =Ty, j(x~y)) < kllx -yl (1.3)

In the inequality (1.3), if 0 < k < 1, we say that T is strongly pseudocontractive. For k = 1, T is
called pseudocontractive mapping.

Among classes of nonlinear mappings, the class of pseudocontractions is probably
one of the most important classes of mappings. This happens because of the corresponding
relation between the classes of pseudocontractions and accretive operators. In fact, a mapping
A : D(A) — Xis accretive (i.e., (Ax — Ay, j(x —y)) >0, for all x,y € D(A)) if and only if
T := I — A is pseudocontractive.

Let T, V be two opportune mappings from C to C, where C is a closed and convex
subset of a Banach space X. Consider the variational inequality problem of finding a fixed
point x* of T, with respect to another mapping V, to satisfy the inequality

(x*=Vx*,j(y—x*)) >0, VyeFix(T). (1.4)

A particular case occurs when V = f with f a p-contraction (i.e., || f(x) — f(y)]| < pllx - y|| for
all x, y € C). In this case, the method (implicit or explicit) that permits to solve the variational
inequality problem is known as viscosity approximation method. It was first studied by
Moudafi [1] in Hilbert spaces and further developed by Xu [2] in more general setting.

Next results, due to Morales [3] (2007), are the more general results concerning the
convergence of implicit viscosity methods for continuous pseudocontractive mappings.

In particular, the author studies the convergence of the path defined as

X = tf(xt) + (1 — t)Txt, te (0,1), (15)

in more setting of Banach spaces and in more large class of mappings f including the p-
contraction mappings.

Theorem 1.2 (see [3]). Let C be a nonempty closed convex subset of a reflexive Banach space X with
a uniformly Gateaux differentiable norm. Let T and f : C — C be pseudocontractive and strongly
pseudocontractive continuous mappings, respectively. Suppose that every closed, bounded, and convex
subset of C has the fixed point property for nonexpansive self-mappings. If the sets

E:={xeC:Tx=Ax+(1-1)f(x) for some A > 1} (1.6)
and f(E) are bounded, then the path (x;),e 1) described by

Xt = (1 - t)Txt + tf(xt) (17)
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strongly converges, as t — 0, to a fixed point q of T which is the unique solution of the variational
inequality

(q-£(q),j(@-=2)) >0 Vze Fix(T). (1.8)

Corollary 1.3 (see [3]). Let C be a nonempty closed convex subset of a uniformly smooth Banach
space X. Let T,f : C — C be a pseudocontractive and strongly pseudocontractive continuous
mappings. If f is bounded and T admits at least a fixed point, then the path (x;)c 1) described by

Xt = (1 - t)Txt + tf(xt) (19)

strongly converges, as t — 0, to a fixed point q of T that is the unique solution of the variational
inequality

(9-f(q),j(q-2)) 20, Vz e Fix(T). (1.10)

Also in 2007, H. Zegeye et al. in [4] proved a convergence theorem of viscosity
approximation methods for continuous pseudocontractive mappings in reflexive and strictly
convex Banach spaces.

Theorem 1.4 (see [4]). Let C be a nonempty closed and convex subset of a real Banach space X
reflexive, strictly convex that has uniformly Gateaux differentiable norm. Let T : C — C be a
continuous pseudocontractive mapping and f : C — C be a p-contraction. Suppose further that
Fix(T) # @. Then, (X)) strongly converges, ast — 0, to a fixed point q of T that is the unique
solution of the variational inequality (1.8).

Another interesting implicit-type Halpern algorithm has been recently introduced by
Yao, Liou, and Chen in uniformly smooth Banach spaces.

Theorem 1.5 (see [5]). Let C be a closed and convex subset of a real uniformly smooth Banach space
X. Let T : C — C be a continuous pseudocontractive mapping. Let (atn) ,en, (Pn) pery 41d (Yn) ey b€
three real sequences in (0, 1) satisfying the following conditions:

(i) a, +ﬂn+Yn =1;
(ii) limy, — oo (a0n/ Bn) = limy oo = 0;

(iii) X, en(@n/ (Pn + an)) = +o0.

Then, for arbitrary initial value xo € C and a fixed u € C, the sequence (x,),cy defined by
Xn = Apld + PuXp_1 + YnT Xy (1.11)

strongly converges to a fixed point of T.

In our first result (Theorem 2.1), we prove the strong convergence of the viscosity
implicit approximation method

Xn = Anf(Xn) + PuXna + YnT Xy, (1.12)
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where f : C — C is a continuous strongly pseudocontractive mapping. This result has as
particular case Theorem 1.5 when f is a constant mapping.

On the other hand, on the idea of the implicit scheme (1.11), Zhou in [6] defines
a Halpern explicit method for suitable continuous pseudocontractive mappings. Fixing an
element u € C and an initial point xg = x) € C, he constructs elements (x7'), .\ as follows:

X = wu Buxn +yuTxl, m=0,1,2,.... (1.13)

If for any n > 0 the continuous pseudocontractive mapping T admits an integer m that

satisfies the following condition:

Tt = Tx|| < vy (1= yu)en, (1.14)

then he defines iteratively a sequence (x,), as follows: called N (n) the least positive integer
m satisfying (1.14),

0 N(n)+1

N
Xnal = Xoyq = Xy = aptd + Py + YuTx, o (1.15)

N(n)+1
) = N one

and he proves the convergence for this explicit method. Of course if xpy ™ =
reobtains the implicit method (1.11).

In our second theorem, we improve Zhou's result [6] to the viscosity setting. In both
proofs, we use Morales’s Theorem 1.2.

Let us conclude this section by two lemmas that are useful in many convergence
results.

Following the proof of Theorem 2.3 in [7], one can show the following.

Lemma 1.6. Let C be a nonempty closed convex subset of a real Banach space X with a uniformly
Gateaux differentiable norm, let T, f : C — C be a pseudocontractive and strongly pseudocontractive
continuous mappings with Fix(T) # @. Let (xy),ey be a bounded sequence such that lim,, _, ;o |x, —
Tx,| = 0. Define, forall t € (0,1),

Xt = tf(xt) + (]. — t)Txt, (116)

and let us suppose that q = lim;_, gx; exists.
Then,

limsup(f(q) —q,j(xn—q)) <0. (1.17)

n—+oo

The following lemma on real sequences can be found in Liu [8].

Lemma 1.7. Let (an),cy be a sequence of nonnegative real numbers satisfying the following
inequality:

a1 < (1 —ty)a,+o(ty) +s,, VYn>0, (1.18)
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where (t,) ,en s a sequence in 10, 1[ such that 3, 4t, = +oo and (sy),cn is a summable sequence of
positive numbers.
Then, (a,),cn converges to zero.

2. Convergence results

In this section, we prove the convergence’s theorems on implicit and explicit viscosity
method.

Theorem 2.1. Let C be a nonempty closed convex subset of a reflexive Banach space X with a
uniformly Gateaux differentiable norm. Suppose that every closed, bounded, and convex subset of
C has the fixed point property for nonexpansive self-mappings. Let T : C — C be a continuous
pseudocontractive mapping and let f : C — C be a continuous strongly pseudocontractive mapping
(with constant 0 < k < 1) such that the sets

E={xeC:Tx=Ax+(1-1)f(x) for some A > 1} (2.1)

and f(E) are bounded.
Let (atn)pens (Br)nen, and (yn),on be three real sequences in (0,1) satisfying the following
conditions:

(1) Xp +,6n+Yn =1
(i) limy, 1oy = limn—>+oo,6n =0;

(iii) > pen(@n/ (Bn + (1 = K)ay,)) = +oo.

For arbitrary initial point, xo € C and a fixed n > 0, we construct elements (x,),cy as follows:
Xn = Anf(Xn) + Prnxn-a + YT xy. (2.2)
Then, (x,) ey Strongly converges to q, where q € Fix(T') is the unique solution of (1.8)
(- £(q),j(q-p)) 20, VpeFix(T). (23)
Proof. First of all, from [3], it follows that Fix(T) # @.
Now, we verify that the sequence (x;),,cy exists.

We prove that, for fixed a, f,y € (0,1) witha + f+y = 1 and z € C, the map

Sx=af(x)+pz+yTx (2.4)

has a unique fixed point. By Deimling [9], it is enough to show that S : C — C is strongly
pseudocontractive and continuous. Now,

(Sx-Sy,j(x-y)) =(a(f(x) - f(y) +y(Tx-Ty),j(x-y))
=a(f(x) - f(y),jlx-y)) +y(Tx-Ty,j(x-y)) (2.5)
< akllx - yl* +yllx - yl* = (ak +y)llx - y|*.
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Since (ka +y) < 1, then S is a strongly pseudocontractive. To prove the claim of the theorem,
we show firstly that (x;),,cy is bounded.
Picking p € Fix(T), we have
ll2cn — P||2 = ay(f(xn) =P, j(xn =) + PulXn-1 =P, j(xn =) + YulTxn —p,j(xn — p))
= an(f(xn) = f(P), j(xn =) + @l f(p) =P, j(xn = P))
+ PulxXn-1 =P, j(Xn =) + ¥ulTXn = p, j(Xn = p)) (2.6)
< [katy + (1= an = fu)]llxn — P||2 +au| f(p) = pllllxn = pll
+ Bullxn-1 = plllxn - pll

which implies that
I =PIl € ——5 ()~ pll + ——L—|xyes @7)
L G S A G S R e '
By a simple induction, we get that
I.f (p) —pll
= pl < max { L2,y . 28)
Moreover, we have that lim,, _, 1, ||x, — Tx,|| = 0.
In fact,
”xn - Txn” = ”anf(xn) + ,ann—l - (“n + ,Bn)Txn”
(2.9)
< aullf (xxn) = Tl + Pullxn-1 — Txall,
and by boundedness of (x;),cy and condition (ii), it follows the statement.
Let, for every t € (0,1),
xe=tf(x) + (1 -1)Tx. (2.10)

By Morales’s Theorem 1.2, this implicit method converges to a unique point g € Fix(T) that
is the unique solution of (1.8). Next, we show that x, — g.
By Lemma 1.6, we obtain

limsup(f(q) —q,j(xn—q)) <0; (2.11)

n—oo
then, if we define the real sequence
on :i=max{0,(f(q) —q,j(xn—q))}, (2.12)

we can show that o, > 0 and lim,,_, ,,0,, = 0.
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So we conclude
1% = qlI* = el f (xn) = 4, j (X0 = @) + Pu{Xn1 = G, (X0 = @) + ¥ TXn = G, j (X0 = )
<San(f(xn) = f(q),j(xn =) + an(f(q) —q,j(xn - q))
+ Ballocn-1 = qllllcn = qll + +yallen — gl
< (kan + o3 ) =gl + Bl -l + a0 1)

Pn

= [e- a0 - 22+ 1] s - gl + B -l +

ap n n
<[oe-0% - Bat] - gl + Bl - a7 + oo,

2
which implies that
2a,0,
—al? < 'ﬁ—" —g|? 4 — =
||x1’l q” — (1 _ k)lxn +ﬁn ||x1’l*1 ‘1” + (1 _ k)an + ﬁn
(2.14)
1-k)ay 2 20,0y,
=|1-— 4 - —_
T-Ra ) " T 0w, <,
By Liu’s Lemma 1.7 and condition (iii), we obtain that x, — g,asn — oo. O

In the next theorem, we consider a viscosity explicit method which extends (1.15)
substituting the constant u with a p-contraction f, and we establish a convergence’s result
for this scheme.

Theorem 2.2. Let C be a nonempty closed convex subset of a reflexive Banach space X with a
uniformly Gateaux differentiable norm. Suppose that every closed, bounded, and convex subset of
C has the fixed point property for nonexpansive self-mappings. Let T : C — C be a continuous
pseudocontractive mapping and let f : C — C be a p-contraction such that the set

E={xeC:Tx=Ax+(1-1)f(x) for some A > 1} (2.15)

is bounded.

Let (atn)uens (Pn)nens and (Yu),on be three real sequences in (0,1) satisfying the following
conditions:

(1) “n+ﬁn+Yn =1;

(ii) limy, 1oy = limn—>+ooﬁn =0;

(iii) ZneN(‘xn/(l - Yn)) = +co.

Let (€n),50 be a summable sequence of positive numbers.
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For arbitrary initial point xg = x € C and a fixed n > 0, we construct elements (x),_\ a5

follows:

xZHl = (an(xn) + Pnxn + YnTle' m=0,1,2,....

Suppose that there exists N (n), the least positive integer satisfying the following condition:

”Txrll\f(n)ﬂ _ Txrll\T(n)” < yrfl(l ~Yu)en.

Then, (x,) ey defined as

N(n)+1 _ N(n)

Xntl = x(,), 1= Xn = “nf(xn) + ﬁnxn + YnTx
strongly converges to q, where q € Fix(T) is the unique solution of (1.8),
(q-f(a),j(a-p)) 20 Vp € Fix(T).

Proof. We divide the proof into three steps.

Step 1. (xp) e is bounded.
Proof of Step 1. Picking p € Fix(T), we have

%1 =PI = anlf (n) = P, j Gner = P)) + B = P, j(Xns1 = p))
2 = p, i1 —p))
=, (f (xn) = f(P), j(Xne1 = P)) + au(f(p) = P, j (X1 = P))

+ pn<Xn - p/j(Xn+1 - p)> + Yn<Tx,]l\I(n) — Tx,ll\T(nHl,j(anrl — p)>

+ Yu(Txp

+ Yu(TxXps1 = P, j(Xna1 — p))
< (pan + Ba) %0 = pllllxnes = pll + anll f (p) = pllllxnes — pll

+ (1 - Yn)€n||xn+1 - P” + Yn”xn+1 - P”ZI

which implies that

l[%n1 = pll <

pan + Pn _
PP -l + 1

By a simple induction, we get that

”xn‘PHSmax{”xO ol IIf(p) pl } Z

k=0

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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Step 2. limy, ool pe1 = Txpia || = 0.

Proof of Step 2. Since

2 = Tt || < el £ () = Totwar || + Bl = Tt || + ¥l | T ™ = Ty ™|

(2.23)
< “n“f(xn) - Txn+1” + ﬂn”xn - Txn+1|| + €n,

by the boundedness of (x,),y, condition (ii), and the summability of (e,),cn, We obtain the
claim. O

Step 3. limy, 10Xy = q.

Proof of Step 3. As in Theorem 2.1, set

q:= }E% X, (2.24)

where x; = tf(x;) + (1 —t)Tx;, and
on :=max{0, (f(q) = g, j(xn1 — ) }. (2.25)
We known that lim,,_, ,,0,, = 0; now we show that x, — g. In fact,

|2p+1 — f1||2 = “n(f(xn) - qrj(xn+1 - ‘])> + ﬁn(xn - q/j(xn+1 - q)) + Yn<Txrll\[(n) - q/j(xn+1 - ‘])>
< an(f(xn) - f(q)/j(xnﬂ - q)> + an<f(q) - q/j(xn+1 - Q)>

N (n) _ TxN(n)+1
n

+ Bu(xn = q, 7 (Xna1 = q) ) + yn(Txy L7 i1 = @) + Yullxnsr — g7

< (Pan + ﬁn)”xn - qn”xnﬂ - QH + a0, + (1 - Yn)en”xnﬂ - l]” + Yn||xn+1 - l]HZ

o, +
<P g

a, +
B P - gl + a0

+(1- Yn)€n||xn+l - CI” + Yn”xn+1 - q||2

o, + 1+
= %llxn =l + w1 = g1 + a0 + (1 = penllxn gl
(2.26)
which implies that
1-y,) -1 -pay 2a,0y,
llotns1 — QHZ < =y -(=p) [l — q||2 + —— +2de,, d:=sup|x,—q (2.27)
L=7n 1- Yn neN
(1-p)ay, 2a,,0,

= <1—#>”xn—q”2+m+2den. O

By Liu’s Lemma 1.7, we obtain that x, — g,asn — co. ]
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Remark 2.3. We can prove that if T is a nonexpansive mapping and x)’ is defined as (2.32) of
Theorem 2.2, then there always exists a positive integer N (n) satisfying

||Tx711\f(n)+1 _ Txrll\f(n)” < (1;—}/”)6”' (2.28)
n

In fact, fixed n € NU {0}, for every k € NU {0}, we have
IT2n™ = Tl <yl = - (2.29)

If x} = x0, we are done. Otherwise, since 0 < ¥n < 1, it follows that there exists a sufficiently

large k = N (n) € NU {0} such that

ko (1 =Yn)en

. 2.30
"= e -2 (2:30)

It is also well known [3, 5, 10] thatif T : C — C is a continuous pseudocontractive
mapping, defining the mapping g : C — C as g(x) = (2 - T) ™' (x), we can observe that the
following hold:

(1) g is a nonexpansive mapping;

(2) Fix(T) = Fix(g);

(3) lx = g(x)|| < |lx = Tx]|, for all x € C.

By Remark 2.3 and Theorem 2.2, we have the following.

Corollary 2.4. Let C be a nonempty closed convex subset of a real reflexive Banach space X with
a uniformly Gateaux differentiable norm. Suppose that every closed, bounded, and convex subset of
C has the fixed point property for nonexpansive self-mappings. Let T : C — C be a continuous
pseudocontractive mapping and let f : C — C be a p-contraction such that the set

E={xeC:Tx=Ax+(1-1)f(x) for some A > 1} (2.31)

is bounded.
Let (an)pens (Bn)nens and (Yn),cn be three real sequences in (0,1) satisfying the following
conditions:

A an+Pu+yn=1
(ii) limy oty = limy, oo = 0;
(iii) 3, en(@n/ (1 =7yn)) = +oo.

Let (€n) 50 be a summable sequence of positive numbers.
For arbitrary initial point xo = x; € C and a fixed n > 0, we construct elements (x') . a5

follows (here, as above, g = (2 = T)™"):

xn"‘+1 =a,f(x) + Puxn +yng(xy), m=0,1,2,...,N(n), (2.32)
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and we define (xy,),cx a5

Xer = X001 = f(%0) + Butn + Yug (' ™), (2.33)

where for every n € N, N (n) is the positive integer such that

n)+ n 1_ n
g (N - g ()| < % (234

Then, (x,),en converges strongly to q € Fix(T'), where q is the unique solution of (1.8),
(4-f(@),j(q-p)) 20 Vp e Fix(T). (2335)
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