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We apply Rice’s multidimensional formulas, in a mathematically rigorous way, to several problems
which appear in random sea modeling. As a first example, the probability density function of the
velocity of the specular points is obtained in one or two dimensions as well as the expectation of
the number of specular points in two dimensions. We also consider, based on a multidimensional
Rice formula, a curvilinear integral with respect to the level curve. It follows that its expected value
allows defining the Palm distribution of the angle of the normal of the curve that defines the waves
crest. Finally, we give a new proof of a general multidimensional Rice formula, valid for all levels,
for a stationary and smooth enough random fields X : RY — Ri(d > j).

1. Introduction

In 1944, Rice [1] proposed the model

(1) = D cncos(ont + £4), (1.1)

to describe the noise in an electrical current. In this relation, o0,/ (27r) denotes the different
frequencies, ¢, are Gaussian random variables, identically distributed and independent, and
€y are random variables uniformly distributed in [0, 2r].

Later, in 1957, Longuet-Higgins [2] defined the following multidimensional general-
ization of Rice’s model:

¢(tx,y) = ch oS (UnX + UpY + Ont + £4). (1.2)

Since then this model has been used to describe the movement of the sea.
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The present work is aimed at studying functionals of random field level sets in order
to understand certain phenomena occurring in random sea modeling such as the movement
of the luminous points which appear over any water surface. These points are called specular
points and originate when the light is reflected in agreement to Snell’s Law from different
zones which act as small mirrors. They can be modeled as level sets of certain derivatives
of the original random field ¢. This type of phenomena leads us to study the size (cardinal,
length, area, and volume) and other measurements of level sets for Gaussian random fields.

It is thus necessary to consider functionals over fields defined by (1.2) or their
generalizations given in Section 3. Our study relates the expectation of such functionals with
the moments of the spectral measure of this process. The latter is important for applications,
as usually the spectral measure of the process as well as its moments may be estimated based
on data measured by buoys or satellites. The main tools that we use are given by Rice’s
multidimensional formulas.

Our main results include the probability density function of the velocity of the specular
points studied by Longuet-Higgins in [3-5]. First, we compute the probability density
function of the Palm distribution of the speed of the specular points in an arbitrary, but
fixed, direction. Then, using model (1.2) we are able to compute the density of the Palm
distribution of the speed of the specular points in a 2D space (see [6] for applications of this
type of densities). We are also interested in obtaining the expectation of the number of the
specular points in two dimensions. We provide an expression for this expectation by using a
multidimensional Rice formula recently proved in the books of Azais and Wschebor [7, page
163] and Adler and Taylor’s (page 267).

Also based on a multidimensional Rice formula we are able to study a curvilinear
integral with respect to the level curve whose expected value allows defining the Palm
distribution of the angle of the normal of the curve that defines the waves crest in a fixed
direction, such type of objects was recently introduced in [8].

All the expectations mentioned above can be rigorously computed by using the
multidimensional Rice formula for Gaussian random fields X : R? — R9, recently proved in
[7] and by using another Rice formula for random fields X : R? — R/ (d > j) established by
Cabaria in 1985 [9]. For the sake of completeness, we also include a simplified proof of the
latter, which allows a generalization of the original results. Namely, we show that the formula
holds true over the complete level set, instead of over the intersection of the level set with the
set of regular points, that is, those where the derivative of the random field has rank equal
toj.

This work can thus be viewed as the implementation of several applications suggested
in the book mentioned in [7] as well as a continuation of the second author’s articles [10, 11].

The paper is organized as follows. Section 2 studies the coarea formula and its
application in the computation of the expectation of the Lebesgue measure of the level
sets and some related surface integrals with respect to the measure over the level set,
(see [9, 12, 13]). The formula holds true for all levels and this is a new result. Section 3
gives a stochastic integral representation of the Longuet-Higgins model and the relation
between this model and the directional spectrum. Section 4 gives the probability density
function for the speed of the specular points in a fixed but arbitrary direction. In Section 5,
the multidimensional Rice formula (cf. [7, 14]) is used to obtain the expectation of the
number of the specular points in two dimensions. Section 6 provides the probability density
function associated with the velocity of the specular points in all directions. These velocities
are computed both for Gaussian and non-Gaussian random fields, thus formalizing and
generalizing, the deep and inspired work of Longuet-Higgins. Finally, Section 7 establishes
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an application of Rice’s formula to study the asymptotic distribution of the normal angle to
the crests.

In what follows A4 and 04—, will denote, respectively, the Lebesgue measure in the
space R and the Hausdorff measure defined in the subspaces of dimension d — m, trivially
by definition A4 = 0g4.

2. The Coarea Formula and Its Application to Rice’s Formula

Before proving our main result let us give an overview of the area formula and its
probabilistic consequence, the Rice formula. Let g : R — R4 be a continuously differentiable
function. If we define

Né(y) =#{se Acr!: g(s) =y}, (2.1)
then if d = 1, one has

[ saEnlg@las=| rongmay, 02)
A R4

where f : R — R is a continuous and bounded function. This formula was obtained by
Banach in 1925 [15].

If Vg(x) is the Jacobian of g in x and f : RY — R is a continuous bounded function,
then the version of Banach’s formula for d > 1 is

[ FsEnldervs®lds = [ FoINT @)y, 23)

This expression is usually called the area formula (cf. [12]).
Now, let X : RY — R4 be a Gaussian random field with continuously differentiable
trajectories. The random number of times that X takes the value y in the set A is defined as

Nji(y)z#{seAcRd:X(s)zy}. (2.4)

Let px(s) denote the marginal density of X(s). By using formula (2.3), Fubini’s Theorem and
duality we get for a.s. y € R?

B[NX0)] = [ Elldet VX @)1X(6) = ylpxeo (). 25)

The fact that this formula is true for all y € R? is not trivial. The book by Azais and Wschebor
[7, page 163] contains a definitive proof. The motivated reader can also read the interesting
discussion given in Sections 11.2 and 11.4 of Adler and Taylor’s recent book [14] and the
references therein.
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We will study below the more difficult case when function g has a domain whose
dimension is greater than the dimension of the rank, namely, ¢ : R — R/ (d > j) is a
continuously differentiable function, with Jacobian Vg () defining the level set

Coy)={x€Q:gx) =y} =¢"(NQ, (2.6)

where Q is a compact set of R?. The following two results are well known as the Coarea
formula (cf. Federer [12, pages 247-249] and Cabarnia [9]). The reader may consult the
excellent set of lectures by Weizsidker and Geibler of the University of Kaiserslautern [13]
for an up to data exposition.

Theorem 2.1. Let f : R — R be a continuous and bounded function. Restricted to the set
{x € R : Vg(x) has rank ]}, (2.7)
the following formula holds:
172
fo(g(x)) det <Vg(x)Vg(x) ) dx = J‘R‘ f(y)oa-j(Coly))dy. (2.8)
d

Corollary 2.2. Let Y : R% — R be a continuous and bounded function under restriction (2.7), then

f f(y) I:J‘ Y(x)dod_]-(x)] dy = f f(g(x))Y(x)det <Vg(x)Vg(x)T>l/2dx, (2.9)
R Coly) R4

Remark 2.3. Formula (2.8) and (2.9) hold true without restriction (2.7). In fact it can be proved
that for

AcC {x eR?: Vg(x) has rank < ]}, (2.10)

04-j(g7'(y) N A) = 0 holds for almost all y. This also implies that

<IYll.0ai(s7 ) n4) =0. 211)

f YdO'd, j
ANCo(y)

Let us define for a compact Q the functions
Gy =oui(s'nQ),  Fo = | Y0dow (9 212)
oly

The following lemma holds true.
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Lemma 2.4. Under hypothesis of Theorem 2.1, functions G and F are continuous.

The following results are simple consequences of Theorem 2.1 and Corollary 2.2.

Let X : Q x R4 — RJ (d > j) be a stationary random field belonging to C' (R4, R/) and
suppose that for all x € R4, the density of X(x), Px (v (-) exists (in the Gaussian case this holds
whenever Var X(x) > 0). We have

(i) For almost all y € R/,

Eoa;(Co)] = fQ Px(o(YE [det (vX(vX(0T) | X(0 = y] dx. (2.13)

(i) For almost all y € R/,

EU Y(0dou (x)] = [ prcoE Yoo det (vx07x00T) 1 x00 =] e
Co(y) Q
(2.14)

Let us remark that formula (2.13) and (2.14) hold for almost all y € R/. However in
applications, as we will see in the next sections, they are needed for a fixed y. We will prove
in what follows that the formulas hold for all y.

Define the set D" = {x : VX(x) has rank j}. We will establish the continuity of the
left-hand side term in formulas (2.13) and (2.14) restricting ourselves first to this set. Thus let
us define Cg' (y) = Co(y)nD". The following theorem was proved in 1985 by Cabatia [9]. The
article was written in Spanish and had a very limited diffusion. We give a new and slightly
more general proof. We point out that Theorems 6.8 and 6.9 of [7] yield the same result as our
Theorem 2.8. However, in this book the proofs of these results are only sketched.

Before stating the proof we include two useful conditions.

(i) Ap: forall x € R4, Px(x) (*) exists and is continuous. For a continuous function H :
R4 x R — R the following expression:

fQ pxoo EH(VX(9) | X(x) = yldx (2.15)

is a continuous function in the y variable.

(ii) Ajp: the expression
J| o OB 0 HTX09) 1 X0 = y)a 216)

is a continuous function in the y variable. Let us note that if Y'(x) = Y(VX(x)), then
A1 is sufficient for A, to hold.
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Theorem 2.5. Consider X : Q x R? — RI(d > j) a random field belonging to C} (R4, R/).

(i) Then under A; forall y € R,

Eloa; (¢ )] = fQ prooWE[det (TXWTXWT) 7 [ x00 =y @)

(ii) If Y is an almost sure continuous function under Ay, for all y € RJ one has

Eleg ) Y 0ot 0] = fQ P () [¥(0) det (VX0 7X007) " | X0 =y .
(2.18)

Proof. We begin proving formula (2.17). Let the differentiable function ¢ : R* — [0,1] be
such that ¢(t) =11f 0 <t <1and ¢(t) = 0if t > 2. Let us define the function

1

, 2.19
mdet(VX(x)VX(x)T> 219

Y (VX (x)) = (p(% det(VX(x)VX(x)T>>(,u

Y (VX(x)) = 0if x € {y : det (VX () VX(x))" >2m} U {y:1/(det(VX(x)VX(x)")) > 2m}.
For x belonging to the complement of this set and defining A;(x) < A2(x) < --- < 4;(x)
the eigenvalues of VX (x)VX (x)T, it holds

det (VX(x)VX(x))" <2m, ! <2m, (2.20)

det<VX(x)VX(x)T) -

and moreover, defining V = ker(VX(x)) and V* its orthogonal subspace, we have

1/2
_ i) ;
VX i/ 1L, <V2m x |VX U2,
[vxeowa™| = = (T 07X mx [VX Ly

(2.21)

Observe that the hypothesis of continuity of VX(x)|y, and the compactness of Q imply a
uniform bound for the inverse. Lemma 2.4 implies that the following function:

B =y (o8 ) [, Tumxodon o) (222
Q

is a.s. continuous, also the sequence Fy™ is nondecreasing in both indexes. Moreover, the

inequality ﬁ;m (y) < nyields that E [ﬁ;m (y)] is a continuous function. Using formula (2.9)
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applied to the field X and the function F}.", we have

JL o Grosi(e8 ) [, Fatox 0o 02y
(2.23)

- IQ‘I’G%-; CS’(X(x)))Ym(VX(x)) det (vX(x)VX(x)Ty/zdx

From this we have that for almost all y € R/,
E[Fy" ()]

= IQ pxe (Y)E [qx(%ad,jcg (X(x))>1~/m(VX(x)) det (VX(X)VX(X)T>1/2 | X(x) =y ]dx.
(2.24)

Thus,

B[R )] < [ =lae (vxeovxe) T X <y]pwmax @2s)

Condition A; implies that the function in the right-hand side is continuous, hence the
inequality holds for all y. Taking limits as n — oo and m — oo and using Beppo-Levi’s
Theorem, we have that

E[os;(c5 )] < fQ B [det (vX00vX07) 1 X0 =3[P0k @26)

To prove the other inequality, let yn — y be such that for all N equality (2.24) holds. This is
possible because the equality is satisfied for almost all y. Thus by applying Fatou’s Lemma,
we obtain

E[Fy"(y)] = lim E[Fy" (yn)]
- tim | Blo(Goes(cBom))
< [T (700 det (VX0 TX(0") 1 X0 =y | co (ywts
(b Conteion)

~ 1/2
xE[Ym(VX(x)) det <VX(x)VX(x)T> |X(x) =y

Px o (y)dx.
(2.27)
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By using Fatou’s Lemma again and that ¢s(-/n) is a nondecreasing sequence, we obtain

Jim lim B[Fy ()] = [ E [det (vx00vx007) 1 X00 =y pxwmidx. @29)
Finally
Rrw <[ TaVX0)dan 00 <o (CR ) <o as 229)
)

Moreover Fy™ (y) 1 fcgr ) ?m(VX (x))dog-j(x) when n — oo. Clearly applying Beppo-Levi’s

Theorem we get

£lous (€5 9)] = s Jmy sl

(2.30)
> IQ E [det <VX(x)VX(x)T>1/2 | X(x) = y] Pxx (y)dx.

Obtaining formula (2.17), formula (2.18) follows by approximating Y uniformly by a nonde-
creasing sequence of simple functions. O

The following two propositions of Azais and Wschebor [7, pages 132-134] provide
the arguments to improve Cabafia’s result. In the book, however, the hypothesis is a little
different.

Proposition 2.6. Let X : U C RY — R™** be a random field and I a subset of U, and let u € R™*k,
Omne supposes that X satisfies the following conditions:

(1) the random field VX is a-Holder continuous with m/(m+ k) < a < 1;

(2) for each x € U, the random vector X(x) has a density py, (y) such that pxx (y) < C, for
x € I and 'y in some neighborhood of u;

(3) the Hausdorff dimension of I is smaller than or equal to m.

Then, almost surely, there is no point x € I such that X(x) = u.

Proposition 2.7. Let X : U ¢ RY — R be a random field and U an open set of R? and y € RJ.
Suppose that VX is a.s. a-Holder continuous with 1 — (1/(d + j)) < a < 1 and moreover for all
x € U the random vector (X(x), VX(x)) has a bounded continuous density px),vxx) (W, ¥), for uin
a neighborhood of y and (x,y) varying in a compact set of U x R%I. Then

P{w: 3x X(x) =y, rank VX(x) <j} =0. (2.31)
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Theorem 2.8. Under the hypotheses of Theorem 2.5 and that VX(-) is a.s a-Holder continuous with
1-(1/(d +7j)) <a<1,one has the following.

(1) Under Ay, forally € RJ,

o (Coly)] = | PR OE [det (vx00vx007) " 1 X0 = ] (2:32)

(2) Under A, and if Y is an almost sure continuous function, for all y € R/ one has

EU Y(x)dou <x>] - [ proE|veo det (vx7x007) 1 X00 = y] ax
Coly) Q
(2.33)

In what follows we give two examples under which the hypotheses A; and A; hold.

(1) Suppose that X(x) is a Gaussian field verifying the hypothesis of Theorem 2.8 and
that Var(X(x)) > 0 for each x. By considering the regression model,

VX(x) = a(x)X(x) + [(x)¢(x) (2.34)

with a Gaussian ¢(x) L X(x), where

a(x) = ]E[VX(x)X(x)T] <E[X(x)X(x)T]>71,

T)rx)7" = E[VX(x)VX(x)T] - E[VX(x)X(x)T] (E [X(x)X(x)T]>_1E[X(X)VX(X)T],

(2.35)
the following equality in law is satisfied:
2(VX(X) | X(0 = y) =y a(x) + T(E(x). (2.36)
This result entails that the expression
E [det (VX(x)VX(x)T>1/2 | X(x) = y] = yTa(x)a(x)Ty + T)T(x)" (2.37)

is a continuous function of variable y. Moreover, the hypothesis Var(X(x)) > 0 yields the
continuity in y of px(x (y)-
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(1) Finally let us consider the case of the real envelope of the stationary Gaussian
field ¢(t,x, y). As in [16], we define the envelope of the Gaussian field {(t, x, y) as

follows. Let us consider the random spectral measure M (A1, A2, w) restricted to the
Airy manifold A defined below in (3.1). In this manner if we restrict the stochastic

integral to theset A* = {(Ay, Ay, w) : w >0, |E| = (w?/g)}. By using polar coordinates
we can write

¢(tx,y) =ZJ f cos<|E|cos®x+ |1€| sin@y+wt>dc(w,@). (2.38)
0 J-uo
We define the Hilbert transform of § as the Gaussian field

E(t, xX,Y) = ZIOO Jm sin<|E| cos Ox + |1¥| sin@y + wt)dc(w, Q). (2.39)
0 /-

The real envelope E(t, x, y) is defined as

E(t,x,y) = \/gz (t,x,y) + 22 (t,x,y). (2.40)
It holds

E[||VE(t x,y)||E(t x,y) =u] = %E[”V@(O, 0,0) +v¢(0,0,0)||] (2.41)

This expression is continuos whenever u > 0. Moreover the density of E(0,0,0), in

—u?/20?

the point u, is the Rayleigh density (1/ og)ue ¢, that exists and is continuous if

0'2 = Var(¢(0,0,0)) > 0.

3. Representation with Integrals and the Directional Spectrum

In this section, we study a generalization of the Gaussian random fields defined in (1.2) that
model the waves of the sea. We use its representation as a stochastic integral which also yields
the spectral representation of a stationary mean zero Gaussian random field. The approach
will be somewhat informal in order to make the reading easier. The interested reader can
consult Krée and Soize “Mecanique Aleatorie,” [17, pages 366-376], or the very readable
article [18] in which. Lindgren gives a definitive treatment for this type of spectral stochastic
integral models.
Another way of looking at Longuet-Higgins” model is

4
¢t x,y) = ’[A e/ MRyt gNT(Ay, Ay, w),  where A is the Airy manifold{)ﬁ +A3 = % },

(3.1)
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g is the gravitational constant and M is a random Gaussian orthogonal measure defined on A.

Defining k= (A1, 12) and the following change of variable |E | = (w?/g) and A1 = (w?/g) cos©
and A, = (w?/g) sin O (see [17]), we obtain

© AT - -
g(t’ x, y) — j J‘ ei(\k\ cos © x+|k|sin© y+wt)dc(wl @)
-0 J -

(3.2)
[ee] v/ -
= expli( k- X+ wt)|dc(w,®),
[ ] expfi(k-z+wr)]

where dc(w, ©) is a random measure. The covariance function, K(7, X, Y), is defined as

K(1,X,Y) = E[g(t,x,y)E(HT,x+X,y+Y)]. (3.3)
Then by using that

E [dc(w, O)dc(w!, @')] = 5(w,0)6(w - w')6(0 - ©)dw dw' dO de, (3.4)

where § (w, ©) is the two-dimensional spectrum of the wave surface and 6 represents Dirac’s
delta function. Then,

K(t,X,Y) = J‘OO qu exp [1(12 X+ w7>]§(w, 0)dw do. (3.5)

This procedure is justified formally in [17, 18]. If in (3.5) we let X = 0 and Y = 0, then we
obtain

K(t) := K(7,0,0) = fw f” S(w,©)e™“dw do, (3.6)

or equivalently K(r) = [* S(w)e“Tdw, where S(w) = [ S(w,©)dO. Function S(w)
represents the frequency spectrum of the sea surface. This spectrum contains the distribution
of the wave energy in the frequency domain. The autocorrelation function K(7) for the
elevation surface {(t), in a fixed location, is a real even function.

Definition 3.1. The spectral moments of order ijk are defined as
QAT L
Miji = J I u'vlwkS(w,©)dO dw, (3.7)
0 J-r

where u = (w?/g) cos(® — ©y), v = (w?/g) sin(® — O), and g is the gravitational constant. If
in (3.7)i=j =0, then

Mook = f f w*S(w,0)dO dw, (3.8)
0 —ar
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and this can be rewritten as mgyy = fgo wkS(w)dw. The previous relation corresponds to the
one-dimensional moment of order k, my = fooo wkS(w)dw. Also m;j; and m;j; will be denoted

by

m;.jzf J wi'v! S(w,0)dO dw, m;.'jzf I w*u'v! S(w,©)dO dw, (3.9)
0 - 0 -
respectively.

4. Velocity of the Specular Points in an Arbitrary Direction

We are now able to study the dynamical behavior of the specular points. Thus let {(t, x, y)
be the random field (3.2) representing the sea height and suppose that it belongs a.s. to
C3(R3,IR). We observe the random field (8¢/0x)(t,x,y) in a fixed direction, y = 0, for
instance. The place where reflection occurs, when the surface {(¢, x,0) is illuminated by a
light source, placed in (0, k1) and observed in (0, hy), for each fixed ¢ is the level curve

%(t, x,0) = ¢y (t, x) = kx, (4.1)

where k = (1/2)[(1/h1) + (1/hy)]. This condition is approximately true, whenever k¢ and ¢y
are both small quantities, see [4, page 845].
A consequence of the implicit function theorem is

(Cxx — K)dx + Ldt =0, (4.2)
that is,
_ dx _ gxt
N T e S} (&)

This expression defines the velocity of the specular points. Thus let us define the number of
specular points in [0, M] having a speed in [a1, a2] as N, (s, 0, a1, a2), where

Nsp(s,u,a1,a2) = #{x <M :¢(s,x)=kx+ua < (C§+k) < az} for0<s<t. (4.4)

Now, define the latter number per unit time as

1 (=
Ngp(u, a1, a0, t) := ?J Ngp(s,u, a1, a2)ds. (4.5)
0

Notice that the process Z(t) = N. sp(t,u, a1, ;) is stationary, has finite mean, and it is Riemann
integrable, as a function of t. Define «#; = o{{(7,x,0) : T > t,x € [0, M]} and the c-algebra
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of invariant events o/ = Ne#;. Under the hypothesis that for each x € [0, M], K(t,x,0) — 0
whenever t — 0 the o-algebra < is trivial. By the Birkoff-Khintchine Ergodic Theorem, we
have

t
@ — E5[2(0)], (4.6)

where B is the o-algebra of t-invariants associated to Z. Since for each t, B; = o{Z(7) :
T >t} C o, it follows that B C &4, so that Ez[Z(0)] = E[Z(0)] = ]E[NSP(O, u,ay,ay)] (for
references, see [19, page 151]).

Our interest here is to compute the Palm distribution of the number of specular points
having speed between [a1, a;] defined as

Ngp(0,a1,a0,t) E[NSP(OI 0, a1, (Xz)]
NSP(O/ —0o0, o, t) E[NSP(O/O/ —0o0o, OO)]

F(ay) — F(my) = tli_)m (4.7)

The last equality, as we have seem, is a consequence of the Ergodic Theorem. We will show
the following result.

Proposition 4.1. Let {(t,x,y) be a Gaussian random field (3.2) and assume that it belongs to
C3(R3,R) and for each pair (x,y), K(t,x,y) — 0 whenever t — 0. The Palm distribution F
defined above satisfies

E[1[a,,] (62(0,0)/ (82x (0,0) = k))[4xx(0,0) — k]

F(ap) — F(a1) = 4.8
(22) = F(a) N5 (48)
where R(k) = (\/2/7) (e /2 4 (k/ /o) [y V"™ e /2dv).
Proof. For a continuous and bounded function h, we have
© 1 t oo —
f h(u)Ngp(u, a1, a0, t)du = ?f f h(u)Ney(s, u, a1, a0)du ds, (4.9)
- 0/ -
and by the area formula (2.3), we have
J h(u)Ngp(u, a1, az,t)du
- (4.10)

= L Y gxt(sl x)
=7 fo L h(Gx(s, %) = kxX)1[a;,ay] <m> |(Lxx (s, x) = k)|dx ds.
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Taking expectations, by stationarity and duality, for almost all #, it follows that

E [Nsp(u/ oy, 0, t)]

™ $x(0,0) _
- Jo Pe.00) (U + kx)E |1[a1,a2] <m> [Cxx(0,0) = k| | ¢x(0,0) = u + kx| dx.

(4.11)
This may be written, in the Gaussian case, by independence, as

M exp{—(u + kx)2/2m200}
E[Ngp(u, a1, a2, t)] = j dx
0

V2t (4.12)

<E [1[“21 ((gg(;)(—oo)oka £2x(0,0) - k|] -

The formula is true for all u as it follows analogously to the result shown by Azais and
Wschebor [7, page 163].

For the specular points, the interesting level is u = 0, thus we obtain that the
expectation of the number of specular points having speed between a; and a; is

M gxt(olo) _
[ Pron k2 [140,00 (G o0, 0 - Kl 16:0,0) = ko, 413)

which in the Gaussian case may be written as

exp{—k>x?/2map } I

\/27rmaono

xE [1[a1,a2] (%) |¢xx(0,0) - k|] :

M
E[Nap(0, a1, a3, 1)] =E[N’sp(o,0,al,a2)] = L
(4.14)

Moreover, the expectation of the number of specular points per unit of time N, (0, o0, oo, t)
is easily computed yielding formula (2.14) of [4, page 846]

M _K2x2/2
E [Ny (0, 00, o0, )] =f DP9 10 (0,0) - K

0 \/27rm500
M 2.2
[ mano k*x
=R(k)A/——— expi — dx
(k) 27rmono J‘ 0 p{ 2mono }

where R(k) := \/2/ (e % /20 1 (k/ \fritao) [V e 2dv).
As the process ¢ satisfies that K(t, x,0) — 0, we obtain (4.8) by simple division.

(4.15)
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Let us now define py;(é1,¢2) the Gaussian density of the random vector ({,(0,0),
Gxx(0,0)). We may write (4.8) as

F(a) — F(m) = 2 — k)2 pas(c(@y — k), &)dc dé. (4.16)

O

W f f: (¢

Remark 4.2. Differentiating the previous expression one obtains the density of the velocity of
the specular points:

[oe]

m f (&2 kpas(c(a — k), &), (4.17)

pr(c) =

If k = 0 we recover formula (2-5-19) of [2] (modified in order to consider the case of specular
points)

. A _ o\ -3/2
po(c) = 2m22 ((c -0+ Azm4§0) , (4.18)
004

where

-1
00 MM110

Az = [det( >] ,
mi1o 1Mo20

- ms3o1
c =

(4.19)

mM400

5. Number of Specular Points in Two Dimensions

The specular points in two dimensions are described, as we have seen in the last section in
the one-dimensional case, by the condition (¢x(t, x,y), ¢y (¢, x,y)) = (kx,ky) at point (x,y)
and for a fixed time t.

Defining the vectorial process

Z(tx,y) = (G(tx,y) —kx, &y (X, y) - ky), (5.1)

we say that we have a specular point if Z = 0 and the number of such points in a fixed time ¢
and in a region Q C R? will be

NE(0,0) =#{(x,y) €Q : Z(t,x,y) = (0,0)}. (5.2)
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We denote as in formula (2.5) x = (x, y) and w = (w;, w,). Then applying this formula to the
process Z, we get for almost all (w1, w;)

E Né(wl,wz)] = Lz Pzoxy) (W1, w)E[|A(L x,y)|/Z(0,x,y) = (w1, w2)|dxdy,  (5.3)

where A(t %, ) = (Gex(t %, ) = k) Gy (%, y) — K) = &, (%, ).

This formula turns out to be valid for all (w1, w;) under the hypotheses of Theorem 6.2
in [7] (in our case ¢ € C3(R%) and Var Z > 0 will be enough) and in particular for the specular
points, that is when (w1, w,) = (0,0),

E[NZ(0,0)] = fg P20 (0,0E[|A(0,0,0)|/Z(x,y) = (0,0)]dx dy. (5.4)
The independence property allows writing
E[NZ0,0] =EIA0,000 [ paosy (©0)dxdy, 55)

obtaining finally the following result.

Proposition 5.1. Let the stationary mean zero Gaussian random field {(t, x,y) € C*(R?) a.s. and
Var Z > 0. Then,

E[Ng (0,0)] - IEH (&x(0,0,0) = k) (& (0,0,0) = k) = (£ (0,0,0))° |] fQ P20 (0,0)dx dy.
(5.6)

Remark 5.2. The Li and Wei formula (cf. [20]) provides a way to compute the expectation of
the absolute value of the determinant in the above formula, see Azais et al. [10], which one
will not pursue. Instead one will apply a Monte Carlo method. Let us consider the regression
model

Gyy(0,0,0) = alxx(0,0,0) + BCxy(0,0,0) + o161, (5.7)
where
_ M350 = M310M130 _ My0M30 — M310M200 58
a= BT e T, (5:8)
40071220 — M3y Hl4001M220 — M3

£1=N(0,1) L ($xx(0,0,0), 4+, (0,0,0)) and 02 = —mago + a®mmago + f*1maz0 + 2a . Therefore
it yields

E[|A(0,0,0)[]=E|

(6x(0,0,0) = K)((£x(0,0, 0+ (0,0,0)+0e1) =) — (6 (0,0,0))*|.
(5.9)
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This last expression can be evaluated readily by using Monte Carlo. Indeed let & = (¢!, €}, sg)t,
i=1,...,N, be asample of standard Gaussian vectors in R3. We have

(5.10)

6. Movement and Velocity of the Specular Points

In this section we will compute the density of the velocity of the specular points in two spatial
dimensions. Let us consider the random field Z(t, x,y) = ({x(t, x, y) —kx, §y(t, x,y) — ky); the
number of specular points of the field ¢(t, x, y), in a fixed time t and in a region Q C R?, was
defined in (5.2) and denoted as N, é (0,0). We have already computed the expectation of the
number of specular points

E[Ng(o, 0)] = E[|A(0,0,0)|] fg P20 (0,0)dx dy. (6.1)

The condition satisfied for the specular points (i.e., ({x(t, x,y), Gy (¢, x,v)) = (kx,ky)) and the
implicit function theorem entails

d
P S 4
6.2)

dx dy
Gyt = _nym = (yy - k)m‘

Let us define as Longuet-Higgins c, = dx/dt and ¢, = dy/dt. The objective is to find the
Palm distribution associated to the velocity field (cx,c,) = (dx/dt), (dy/dt). The following
computations, in the case k = 0, are essentially contained in the very original and seminal
work of Longuet-Higgins [2].

Now define for u = (uy, uy):

Nop(s,u,01,00,05,05) = #{(x,y) €Q: Z(s,x,y) =wv1 Scx <vp;v3< ¢y Sva)  (63)

for 0 < s < tand Q a compact set in R,
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Consider

1~
Ngp(u,v1,02,03,04,t) = ?J Np(s,u,v1,02,03,04)ds. (6.4)
0
Let g be a continuous bounded function. On the one hand, using (2.3), we have

1 (! —
f g()Nyp(u,v1,v2,v3,04,t)du = ;J‘ f g()Nyp(s,u,v1,v2,v3,v4)duds
R2 0/ R2

(6.5)
1 t
=3 | 860 =t € ()4 y) |z dy ds.
Let us denote by p(&4, &5, &6, ¢7, &) the density of the Gaussian random vector
(gxx(o)/ éxy (0)/§yy (0)/§xt(0)/§yt(0))- (66)

It follows that
P(§4/ §5/ §61 Cx, Cy) = P(§4/ §51 §61 _(§4 - k)Cx - §5C}/I —§5Cx - (§6 - k)cy) (67)

is the density function of the random vector ($xx(0),Gxy(0)Gyy(0),cx(0),cy(0)). Taking
expectations in (6.5), using duality and putting u = 0 (under the hypothesis { € C*(R? R)
and Var ¢ > 0 the formula holds for all levels u (cf. [7, page 163]) we obtain

E [Nsp (0/ U1,02,03,04, t)]

= IQ pzo00) (—kx,~ky)dx dy (6.8)

x J‘ z-[ " Lﬁ p (&4, &5, 86, Cx, cy)|(§4 — k) (&6 - k) — &| désdisdéede,de,.

Hence, analogously as in Section 4 and by using the same arguments that lead to apply the
Ergodic Theorem, the Palm distribution of a specular point having the components of its
velocity ¢, € [v1,v2] and ¢, € [v3, V4] is

. NSP(O/ vl/UZ/ US/ v4/ t)
lim
t—oo NSP (0/ —0, 0, =0, O, t)

(6.9)

o S Jra (B8, 86, s 0y) | (84 = K) (&6 — ) — &3] déadisdiedendey
- E[]A(0,0,0)] '

We can summarize the above computations in the following result.
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Proposition 6.1. Let {(t,x,y) be a mean stationary Gaussian field which is a.s. three times continu-
ously differentiable and Var { > 0. Assume also that its covariance function satisfies K(t,x,y) — 0
for each (x,y) whenever t — 0. Hence the Palm distribution of a specular point having the
components of its velocity cx € [vy, V2] and ¢, € [vs, V4] is

[ 12 Jra P (885,86, Cx 0y) | (84 = KO) (6 — k) = 82| dadisdésdeydc,

F(vs, vs) = F(v1,02) = E|A(0,0,0)]

(6.10)

Remark 6.2. Taking derivatives one gets the density of the speed of the two-dimensional
specular points

R _ fRs P(§4z§5,§6, Cx, Cy) | (& —k)(& — k) - §§|d§4d§5d§6‘

Py i (Cx,cy) = E[A(0,0,0)] (6.11)

In the particular case (infinite distance), where k = 0, we obtain the Longuet-Higgins
formula (see [2, pages 362-365]). Nevertheless, formula (6.11) is well suited for numerical
computations, for k #0.

7. Another Application of Rice Formula

7.1. Angle between the Normal and the Level Curves Defining
a Crest in Direction 0

Let ¢(t,x) = {(t,x,y) be again a stationary zero mean Gaussian random field modeling the
height of the sea waves, here t € R* and x = (x,y) € R2. Let us recall that such a field has the
spectral representation given in (3.1). Also in (3.5), we give an expression for its covariance
function. In this expression, the function S(w, ©) is known as the directional spectral function
and if it does not depend on © the random field ¢ is called isotropic.

In what follows, we will get information about the crest of the waves in a direction 6.
Let us define, as in [8], the crest of the waves ¢ in direction 6 at time s as the level set

Co(s,0) ={(x,y) €Q: &o(s,x,y) =0; gge(s,x,y) <0}, (7.1)

where ¢y and ¢y, denote the first and second derivatives in the direction 6, respectively. This
set is the zero level set C(ZQ" (s,0) of the field

Zo(s,x,y) = {x(s,x,y) cos 0 + ¢y (s, x,y) sin 6, (7.2)

under the additional condition that Zgg(s, x,y) <0.If 0 is the direction orthogonal to 6, we
can express the gradient of Zj(s, x, y) with respect to 6 and its orthogonal, denoted as Vg, as
VoZo(s,x,y) = (06Zo(s,x,Y),05Z0(s,x,y))

(7.3)
=||VoZo (s, x,y)|| (cos@(s,x,y),sin®@(s,x,y)),
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where @(s, x, y) = arctan 05Z4(s, x,y) /0 Z (s, x, y). Thus taking into account that in the crest
®e[r/2,37r/2],if H: [7r/2,3w/2] — Risa continuous function by using Theorem 2.8 we

get

t t
lf ’[ H(®(s,x))doy (x)ds = lf f H(®D(s,x))1[-1,0)(cos D(s,x))do1 (x)ds
tJoJ)eqso t JoJcZe s

—E I:J‘ ; H(®D(0,x))1[-1,0)(cos D(0, x))doy (x)] .
€5 (0,0)
(7.4)

To obtain the above result we assume, as in the precedent sections, that the covariance
K(t, x, y) of the stationary field ¢ satisfies that for each (x, y)

K(t,x,y) — 0 whenever t — co. (7.5)

This hypothesis allows us to place ourselves in the framework of the Ergodic Theorem.
Defining the Palm distribution vy of the normal angle at the crest in the direction 0 as the
following integral:

3m/2 ! . H(D(s, d
H(p)dvg () = lim b IQQ(f"’) (@ Ndont) (7.6)
x/2 t—oo Joo1(€q(s,0))ds

Let us denote E(k) as the elliptic integral of the first kind. Also let us define y*(6) =
A_(0)/A.:(0), where A_(8) < 1,(0) are the eigenvalues of the covariance matrix of the

Gaussian vector (09 Z(0,0,0),05Z¢(0,0,0)) and x(0) the angle that turn diagonal this matrix.
We get the following result.

Proposition 7.1. If the mean zero and stationary random field { is three times continuously
differentiable and hypothesis (7.5) holds, the Palm distribution ve of the normal angle at the crest
in the direction 6 satisfies

37/2 H(p)dve(yp) = y2(0) J-sm Hp)
/2 (1 -(1- Y2(9))sin2((p 3 K(Q)))

x/2 2E<m)

Proof. By using the Ergodic Theorem, we get

372 do. (7.7)

3/2 E [fcéF’ (0,0) H(q)(or X) ) 1 [-1,0) (COS (I)(O, X) )do'l (X)]

o H(p)dve(p) = o1 (€a(0,0))

(7.8)
~ E [J‘C? (0,0) H(®(0,x))1 [-1,0) (cos @(0, x))doy (X)]

(1/2)Ec (céﬂ 0,0))
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To get (7.7) it is enough to compute the two expectations in the last equality. Let us define
a(f) = E(Zg (0,0,0)). First we consider the numerator. We have changing to polar coordinates

E I:J‘ , H(®(0,x))1}-1,0) (cos D(0,x))doy (x)]
€5 (0,0)

_ 1-(0)
(2)*31/a () (A, (0)A-(0)) "/

(7.9)

o p3r/2 ) ) L,
y fo I i P2 H () e~/ 20 OLL0) (hscost (p-x(0) hsin (p-x(0)) g,
g

VU 1 i
a(@)\,(0)dr )x/2 <1 -(1- YZ(Q))sinZ((p _ K(@))3/2> .

For the denominator, we have H = 1 obtaining, (1/2)E01(Cé" (0,0)) = (1/2m)(\/A:(0)/
va(0))E(1/1—-y2(0)) . Thus (7.7) follows by a simple division. O

Remark 7.2. Formula (7.7) can be developed further for the model where the directional

spectrum has the following representation S(w,0) = f(w)Q(O), function Q is usually called
the spreading function. This matter needs further research and we will not pursue this study
in this work.
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