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So far there are not many results on the stability for stochastic functional differential equations
with infinite delay. The main aim of this paper is to establish some new criteria on the stability with
general decay rate for stochastic functional differential equations with infinite delay. To illustrate
the applications of our theories clearly, this paper also examines a scalar infinite delay stochastic
functional differential equations with polynomial coefficients.

1. Introduction

Stability is one of the central problems for both deterministic and stochastic dynamic systems.
Due to introduction of stochastic factors, stochastic stability mainly includes almost sure
stability and the moment stability. In a series of papers (see [1-5]), Mao et al. examined
the moment exponential stability and almost sure exponential stability for various stochastic
systems.

In many cases we may find that the Lyapunov exponent equals zero, namely, the
equation is not exponentially stable, but the solution does tend to zero asymptotically. By
this phenomenon, Mao [6] considered polynomial stability of stochastic system, which shows
that solution tends to zero polynomially. Then in [7], he extended these two classes of stability
into the general decay stability.

In general, time delay and system uncertainty are commonly encountered and are
often the source of instability (see [8]). Many studies focused on stochastic systems with
delay. Especially, infinite delay systems have received the increasing attention in the recent
years since they play important roles in many applied fields (cf. [7, 9-13]). Under the
Lipschitz condition and the linear growth condition, Wei and Wang [14] built the existence-
and-uniqueness theorem of global solutions to stochastic functional differential equations
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with infinite delay. There is also some other literature to consider stochastic functional
differential equations with infinite delay and we here only mention [15-17].

However, to the best knowledge of the authors, there are not many results on the
stability with general decay rate for stochastic functional equations with infinite delay. It is
therefore interesting to consider the stability of infinite delay stochastic systems. The main
aim of this paper is to establish some new criteria for pth moment stability and almost surely
asymptotic stability with general decay rate of the global solution to stochastic functional
differential equations with infinite delay

dx(t) = f(t, x(t), xp)dt + g(t, x(t), x;)dw(t), (1.1)

where f = (fi,..., fa)' : Ry x R x C((~00,0;RY) — R, and g = [gijla, @ Ry x RY x
Cl((~o0,0];RY) — R%" are Borel measurable functionals, and w(t) is an r-dimensional
Brownian motion. Without the linear growth condition, we will show that (1.1) has the
following properties.

(i) This equation almost surely admits a global solution on [0, o).

(ii) There exists a pair of positive constants p and g such that this global solution has
properties

InElx(t, &) _

li < —q,
Y g0
(12)
limsuplnlx(t'g)| < —ﬂ, a.s.,

t— oo ll'l(P(i’) - p

where ¢ (t) is a general decay function defined in the next section, namely, this
solution is pth moment and almost surely asymptotically stable with general decay
rate.

In the next section, we introduce some necessary notation and definitions. Section 3
gives the main result of this paper by establishing a new criteria for pth moment stability
and almost surely asymptotic stability with general decay rate for the global solution of
(1.1). To make our results more applicable, Section 4 gives the further result. To illustrate
the application of our result, Section 5 considers a scalar stochastic functional differential
equation with infinite delay in detail.

2. Preliminaries

Throughout this paper, unless otherwise specified, we use the following notation. Let
(Q,F,{¥Ft}i>0,P) be a complete probability space with the filtration {¥:}, satisfying the
usual conditions, that is, it is right continuous and increasing while ¥y contains all P-null
sets. w(t) is an r-dimensional Brownian motion defined on this probability space.

Let Ry = [0,+0), Ryy = (0,+00), and R_ = (—o0,0]. Let |x| be the Euclidean norm
of vector x € R™. If A is a vector or matrix, its transpose is denoted by AT. For a matrix A,
its trace norm is denoted by |A| = v/trace(ATA). Denote by C, = CP(R_;R?) the family of
all bounded continuous functions ¢ from R_ to R? with the norm ||¢|| = sup__ o <0|(p(6)|,
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which forms a Banach space. In this paper, const always represents some positive constants
whose precise value is not important. If x(t) is an R-valued stochastic process on R, for any
t > 0, define x; = x;(0) = {x(t+0) : 6 € R_}. C*(R,R) denotes the family of continuously
twice differentiable R-valued functions defined on R%. For any V(x) € CZ(R"’, R,), define an
operator £V : R, x R4 x C, — Rby

LV (t,x,¢) = Ve(x)f(t,x,9) + %trace [gT(t, x,¢) Vix (x) g (t, x, (p)], (2.1)
where
_[0V(x) aV(x) oV (x) _[*Vi(x)
Ve(x) = ( ox, | oxy | oxy >/ Vax(x) = I:axiaxj ]d d' (2.2)

If x(t) is a solution of (1.1), for any V(x) € C?(R9,R), applying the It6 formula yields
dV(x(t)) = LV (x(t))dt + Vi (x(t)) g (t, x(t), x¢)dw(t), (2.3)

where LV (x(t)) = LV (t, x(t), x;).
Let us introduce the following ¢-type function, which will be used as the decay
function.

Definition 2.1. The function ¢ : R — (0, o0) is said to be the ¢-type function if it satisfies the
following conditions:

(i) it is continuous and nondecreasing in R and differentiable in R,
(ii) ¢(0) =1 and ¢(o0) = oo,
(iii) ¢ := supt>0¢1(t) < oo, where ¢ (t) = @/(t) / (1),
(iv) forany 8 < Oand t > 0, ¢s(t) < ¢ (-0) g (t +0).

It is is easy to find that functions ¢s(t) = e and ¢ (t) = (1 + t*)? for any y,¥ > 0 are
g-type functions.
For any p,q > 0 and ¢ € Cy, define

0
Sule) = [ gr@lp@)as 24

and C(p,q) = {¢p € Cp : Tp 4(¢) < o}. Denote by M the family of all probability measures on
R_. For any y € My and € > 0, define

0
M, = {//l €My :p, = f_ g (-0)du () < oo}. (2.5)

We also impose the following standard assumption on coefficients f and g.
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Assumption 2.2. Let f and g satisfy the Local Lipschitz condition. That is, for every integer
n > 1, there is k,, > 0 such that

lf(tx,0) - F(EX9)| Vgt x,0) - g(t,X,9)| <Kku(lx =+ [l 7)), (2.6)

forall t > 0 and those x,x € R”, ¢, p € C, with [x| V |x| V [le]| V ||o]| < n.
Let us present the continuous semimartingale convergence theory (cf. [18]).

Lemma 2.3. Let M(t) be a real-value local martingale with M(0) = 0 a.s. Let { be a nonnegative
Fo-measurable random variable. If X (t) is a nonnegative continuous F-adapted process and satisfies

X(t) < ¢+ M(t) fort>0, (2.7)

then EX (t) < { and X(t) is almost surely bounded, namely, lim; _, ,, X (t) < oo, a.s.

3. Main Results

In this section, we establish the stability result with general decay rate for (1.1). This result
includes the global existence and uniqueness of the solution, the pth moment stability, and
almost surely asymptotic stability with general decay rate.

In order for a stochastic differential equation to have a unique global solution for
any given initial value, the coefficients of this equation are generally required to satisfy
the linear growth condition and the local Lipschitz condition (see [18, 19]) or a given non-
Lipschitz condition and the linear growth condition (cf. [20, 21]). These show that the linear
growth condition plays an important role to suppress the potential explosion of solutions
and guarantee existence of global solutions. References [16, 22] extended these two classes
conditions to infinite delay cases. However, many well-known infinite delay systems such
that the Lotka-Volterra (see [13]) do not satisfy the linear growth condition. It is therefore
necessary to examine the global existence of the solution for (1.1).

It is well known for stochastic differential equations that the linear growth condition
for global solutions may be replaced by the use of the Lyapunov functions [23, 24]. By this
idea, this paper establishes the existence-and-uniqueness theorem for (1.1).

Fori =1,2,...,k, let {;,a; € R, and probability measures y; € M,. Define I'; : R" x
C, — Ras

k 0
Te(x, @) = ZQ(I lp(8)|™ dpi(0) - uig|x|“f>, (3.1)
i=0 -0

where p;. is defined by (2.5). Then the following theorem follows.

Theorem 3.1. Assume that there exist positive constants a, p, €, §i, a; and probability measures
Ui € Mg, wherei = 1,2,...,k, such that for any x € R4 and ¢ € Cy, the function V(x) = |x|
satisfies

LV (t,x,¢) <Te(x, ) - alx|P. (3.2)
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Under Assumption 2.2, there exists a constant q > 0 such that for any ¢ € C(a,q), where & =
minggicriai}, (1.1) almost surely admits a unique global solution x(t) on [0, 00) and this solution
has the properties (1.2).

Proof. For sufficiently small g € (0, ¢), fix the initial data ¢ € C(a, q). We divide this proof into
the two steps.

Step 1 (existence and uniqueness of the global solution). Under Assumption 2.2, (1.1) has a
unique maximal local solution x(t) on [0, p.) (see [21]), where p, is the explosion time. If we
can show p, = oo, a.s., then x(t) is actually a global solution. Let 1y be a positive integer such
that sup, g0|§(9)| < ny. For each integer n > ny, define the stopping time

o, =inf{t € [0, p.) : [x(t)]P = n}. (3.3)

Obviously, o, is increasing and 0, — 0, < p. asn — oo. Thus, to prove p, = o a.s,, it is
sufficient to show that o, = o a.s., which is equivalent to the statement that for any t > 0,
P(o, <t) - 0asn — oo.

For any t > 0, define t, = t A 0,. Applying the Ito formula to ¢7(¢)V (x(t)) yields

nP(o, < t) = E[Ijo,<) V(x(ta))]
< EV(x(t,))

< E[p(tn)V (x(tn))]

tn

= const + Ef L[g(s)V (x(s))]ds
0
N (3.4)
= const + Ef ¢(s)[LV (x(s)) + g1 (s)V (x(s))] ds
0
< const + Eftn¢q(s) [LV (x(s)) + gpV (x(s))]ds
0

< const + E’[;n¢q(s) [Te(x(s), x5) — alx(s)[” + gV (x(s))]ds.

Note that by (2.5), pic > pi4 for g < €. By the Fubini theorem and a substitution technique, we
have

tn

¢1(s)Te(x(s), x5)ds
0

k 0 ty N
=Zéi[f (@) [ 'y (5)ix(s + 0)"ds — Oqﬂ<s>|x(s)|a,-ds]
i=0 -0
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N VAN
M- M- M-

i
o

v

[ (0 ty+60 "
| aw@f, v -oxors-p O‘Pq(S)Ix(s)l“"dS]

[ (0 ty+60 .
o) [ wreome| o= O‘Pq(S)Ix(S)I“"dS]

<

S y
Gilmig|  ¢l(s)lx(s)["ds — pig . (pq(s)lx(s)|”ids]

k 0
-S| #@LO)
i=0 -0

(3.5)
Noting that ¢ € C(@, ), we have ¢ € C(a;, q), which implies that foralli=1,...,k,
0
I 1(0)]¢(6)|"d6 < co. (3.6)
Hence, there exists
tn
j ¢(s)Te(x(s), x5)ds < co. (3.7)
0
By (3.4) and (3.7), we have
tn
nP(o, < t) < const + Ef ¢9(s) [qpV (x(s)) — alx(s)|P]ds. (3.8)
0

Choosing g sufficiently small such that g¢ < a, by (3.8) we have nP(o, < t) < const, which
implies that P(o, <t) — Oasn — oo.

Step 2 (Proof of (1.2)). Define
h(t) = gtV (x(t)). (3.9)

By the It6 formula and (3.2),

¢
h(t) = h(0) + Jowq(s) [LV (x(s)) + qyp1(s)V (x(s))] ds + M(¢)
(3.10)

t
<h(0) + fow%s) [F.(x(s), x2) - alx” + gV (x(s))]ds + M(#),
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where
t
M) = [ g6 Valx(s)3(5,x(5), x) (o)
0
is a continuous local martingale with M(0) = 0. Similar to (3.7), there exists
t
[ 66T a(e),xds < o
0
By (3.10), (3.12), noting that g¢ < a,

h(t) < const + J;¢q(s)(q¢ —a)|x(s)|Pds + M(t)

< const + M(t).

By Lemma 2.3, we have

limsup Eh(t) < oo, limsup h(t) <o, as.,

t— oo t— oo

which implies the required assertions.

4, Further Result

(3.11)

(3.12)

(3.13)

(3.14)

In Theorem 3.1, it is not convenient to check condition (3.2) since it is not related to
coefficients f and g explicitly. To make our theory more applicable, let us impose the

following assumption on coefficients f and g.

Assumption 4.1. There exist positive constants o, G, , f, €, and nonnegative constants 7, A, X,

A, 0,0, ), X]-, a;, Bj, such that for any x € R", ¢ € Cy,

0
xTf(t,x, ) < —ol|x|*? + aj lp(6)|***dpu(0) - G|x|?
k 0 5
+ <0i|x|"”+2 + Eif lp(6)]*" dyi(9)>,

i=0

15(tx,9)| < AJxP! +Af 19(6) | dv(6) + Tl

! 0
+> <Aj|x|ﬂf” 0 A]-f |(6) |""”dvf<9>>,
j=0 —%

(4.1)

(4.2)

where0 <ap<a; < <ap<a,0<fo<pfr<-- <P <f,2p<aand p,pu,v,v; € M.
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We also need the following lemma.
Lemma 4.2. Let a,p > 0. Assume that ag, a1, ...,ax, Co,C1,...,Ck are nonnegative constants such
that 0 < ag <y < <ap<a,b>c= Zf‘zockanda>cp,where
1, Zf axpg = O,

0, ] =a,
)e fa=a (43)

lxao 1/(a-ao)
(a_a0)<a_0a> 7 Zf ap € (Ola)/

then, there is a € (0, a) such that forall t > 0,

k
at? + bt = 3 it > at? (4.4)
i=0

Proof. Noting that a > c¢p, choose the constant a such that

cp<a<a. (4.5)

If we can show that for any t € [0,00), F(t) =: @+ bt* — 3% ¢;t% > 0, then the inequality

k
a+bt* - Zcit“" >a-a (4.6)
i=0

holds. Let @ = a — a. This is equivalent to prove that

k
at? + bt™P = 3 it > atP (4.7)
i=0

For all t € (1, +o0), there exists F(t) > a + bt* —ct*. By a > cp > 0 and b > ¢, we have
F(t) > a+bt*—ct* > 0.

Forallt € [0,1], there exists F(t) > F.(t) =: a+bt*—ct*. To prove F(t) > 0, we consider
three cases of ay, respectively.

Case 1. ap = 0. By ap = 0, we have F,(t) = a + bt* — c and a € (c,a). Then there exists
F(t) > F.(t) > 0.

Case 2. ap = a. By ag = a, we have F,(t) = @+ bt* — ct* and a € (0, a). Noting b > ¢, we obtain
F(t) > F.(t) > 0.
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Case 3. ag € (0, ). Without the loss of generality, we assume that ¢ > 0. Obviously, on (0, +o0)
the derivative function F,(t) = bat* ! — cagt®~! has a unique null point ty =: (apc/ ab)l/ (@-a0) o
1. We can compute that

F.(t)) =a+ b(“oc>a/(a—ao) B C<“0C>“0/(ﬂ*ao)

ab ab
c\ @/ (a—ag) a0 1/(a-ag) (4.8)
=a-c(—- _ 0
=d C<b> (a zxo)(—aa> _
Since 0 < ag < a and b > ¢, we know that
/ (a—ao)
0< <§>a0 e (4.9)

By (4.8) and (4.9), we obtain that F.(tg) > @ — cp > 0. Then we have that for any t € [0,1],
F(t) > F.(t) > F.(ty) > 0. The proof is completed. O

For the purpose of simplicity, we introduce the following notations:
k —_—
o=>0, G=>0, L=>L L=,
i=0 i=0 j=0 j=0 (4.10)
=0, S=A+X+A+L+4

Q
I
Q
[
Q
[
al

Then the following theorem follows.
Theorem 4.3. Let Assumptions 2.2 and 4.1 hold. Assume that
20 > s(s-X), (4.11)

25 -2p(0.+7.) > 5[X+p(5—1>], (4.12)

where p is defined by Lemma 4.2 except that ay is replaced by ay A 2. For any
p e (2,pAp2), (4.13)

where

25 - 2p(0. + 5.
po1s—29 g, 20%(0F0) (4.14)

s(s-1)’ s[iep(s-1))

there exists a positive constant q such that for any initial data & € C((ag A 2Po) +p, q), (1.1) admits
a unigue global solution x(t) on [0, o0) and this solution has the properties (1.2).
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Proof. Define V(x) = |x|P for p > 2. Applying (2.1) gives

2
2V (t,x,9) = plxl " f + B (p—2) x4 "]

+ L2 g
<Pt 2T + B (p = 1)l ¥ g (415

=1+ I

By (4.1) and the Young inequality,

I = plxPx" f

0
<plxp? [—o|x|“+2 + EI |(6)]"*du(6) - 5x

k 0 )
+Z<oi|x|“f*2+6if_ lp(6)|"" d#i(9)>] (4.16)

i=0

a+2
a+p

_p-2\, . - _ 0 «
< (0 =T "7 =l o [ [o0)]"auco)

k k 0
f— P_2> A+ —_ a1+2J ai+p
+ E 0i + 0; || %P+ E o 0" du;(0).
pi—0< ai+p pi:() ai+p —oo|(P | :

Recall the following elementary inequality: forany \; > Oand x; € R, j =0, 1,...,n, applying
the Holder inequality yields

2
j=0 ji=0  j=0

=0 j
By (4.2) and (4.17), applying the Young inequality and the Holder inequality, we have

b=Ep-DRrgf

-1 —(° Y
< P(PZ ) |x[P~2 [)L|x|ﬁ+1 + )Lf lp(0) |ﬂ+1dv(9) +A|x|

2
! 0
> <M|3«f|ﬁf+1 + ijf_ |<P(9)|pj+1dvi(9)>]

j=0
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Sp(p-1 +
<2 )[Q Yy >lx|2ﬂ+” z§+ lo@[F7dv(o) + I

1
A+ A %0 4 §TA 0)|% P dv. (0
+]Z< g +Z LI )]

(4.18)
Substituting (4.16) and (4.18) into (4.15) yields
LV (t,x,¢) <Te(x,¢) - —H(x) (4.19)

where

a;+p

S ai+2 ° ai+p ag+p
L 9) = Spo, f 19(0) P dyus(0)  pic|x|"
=0 -0

a+

LS 1)~ 2 . .
ZO P(P ) ]257 p<f |(p(9)|2ﬁ] Pdv;(0) — vjelx|[* p>

S 1)-2p+2 N .
p(pz %ﬁip(f |<e>|2ﬁ"dv<e>—vg|x|2“>,

_a+2/(° - s
+poa+p <f_ lp(0)|*" dpu(6) — pre|x| p>
(4.20)

whose expression is similar to (3.1) and

k !
H(x) = alx|’ +b(e)|x|“" = E(&)|x[P*" = 3 ci(e) x| = > &(e) x|, (4.21)
i=0 j=0

in which

a=25-S(p-1)1,

-2
b(s)=20—25§——2 LH_Z,uE,

+p a+p

&) = S(p - 1)(A+N’ﬂ Aig:;m),
p-2 25, ai+2

Ci (E) =20; + 26, aitp + al Hies

p—2 __2ﬁi+2 .
=S(p- 1)<A +)L]2ﬂ]+P+)L]2ﬁj+Pv]E .

(4.22)
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Let c(e) = &(e) + Ty cile) + Xjeg j(e). Note that b(0) = 2(0 - ), (0) = S(p - 1)(A + 1),

ci(0) = 2(0; +7y),¢j(0) = S(p-1)(; + Xj), c(0) =S(p-1)(S- 1) +2(0 +0.). By (4.13), we
obtain that ¢(0) > 0, c¢(0) > 0, and ¢;(0) > 0 forall 0 < j < L. By (4.11) and (4.13), we have
b(0) > ¢(0). By (4.12) and (4.13), we obtain a(0) > pc(0). Choose sufficiently small € such that

a> pc(e), b(e) > c(e). (4.23)

By (4.23) and Lemma 4.2, there exists a constant a € (0, a) such that

k 1
alxl” < alxl? +b(e)|xI™" = &(e) [P ~ 3 ci(e)lxl ™ = 37 (e)|xP. (4.24)
i=0 j=0

By (4.19), (4.21), and (4.24), we therefore have

2V (t,x,9) < T(x,¢) - gmxv’, (4.25)

which implies that condition (3.2) is satisfied. By (4.20), (4.25), and the fact that 0 < ay <
a <--<ap<aand 0 < fo < 1 < -+ < P < P, applying Theorem 3.1 yields that there
exists g > 0, such that for any ¢ € C((ag A2f9) +p, 9), the desired assertions hold. The proof is
completed. O

5. A Scalar Case

To illustrate the application of our result, this section considers a scalar stochastic functional
differential equations

n 0
dx(t) = [Zx’(t)u,(t) + > x’(t)j x°(t+0)uys(t, e)de] dt
r=1 0<r<r+s<n -

(5.1)
m 0

+ [Zxk(t)vk(t) + xk(t)f Xt + G)Ukl(t,G)dG] dw(t),
k=1 —©

0<k<k+l<m

where forr =1,2,...,nand k = 1,2,...,m, u,(t),vc(t) € CR,),for0 < r <r+s < nand
0<k<k+1<mus(t0),vnt0) € CR. xR_),n > 3is an odd number, m > 2, and
2m < n+ 1. In this section, Yoc, ., scn = Dreo 2s—o With 7 + s <mand Yoy, ic,, has similar
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explanation. Assume

u(t) < -a; <0,

u,(t) < —-a, <0,

(5.2)
|u,(t)] < a,, where2<r<n-1,
luys(t,0)| < aps26(1-0)""%, where0<r<r+s<mn,
lok(t)] < by, where 1<k <m,
(5.3)
loki(t,0)] < b2e(1-0)""%, where 0 <k <k+1<m,
in which ay, a,s, by, by are nonnegative constants and ¢ > 0. Define
n 0
Flxe) =X Ou 0 X X0 g @uode,
r=1 0<r<r+s<n —©
(5.4)

m 0
gltx,0) = DBty + D xk(t)f @' (0)vki(t,0)d0.
k=1 —®©

0<k<k+I<m

It is obvious that f(t, x,¢) and g(t, x, ¢) satisfy the local Lipschtiz condition. By (5.4), (5.1)
can be rewritten as (1.1).
Choose the W-type function ¢(t) = 1+ t*. Let du(0) = 2¢(1 - 0)717%4de. It is obvious

that [°_du(6) =1 and

0

jo @€ (-0)du(6) = f [1+(-0)*]2e(1-6)""7%do = IO 26(1-60)""d0=2<00, (55)

—0o0

which shows that y € M,.
By (5.2) and the Young inequality, we have that

n-2 0
fo(t, x,¢) < —a |x|* + E:ai+1|x|l+2 — anlx|"" + Z ar5|x|r+1j |(P(9)|sd9
i=1 0<r<r+s<n —o0
2 S i+2 1
< —ar|x + D aialx|"? - an|x|™
i=1

0
r+1 |x|r+s+1 + S J‘ I(p(9)|r+s+ldﬂ(9)>

3
O<rars<n r+s+1 r+s+1)_,
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1 rs n-1+ rs n—1+
=—<an— s %>|x| REY ;ilj lp(©)|" " 2dpu(0)

0<r<r+s=n 0<r<r+s=n

1 n2 r+1)a ;
—a1|x|2+ §a01|x|z+z<ai+1 + Z %)L’d”z

i=1 0<r<r+s=i+1

n-2 Says

+ |p(6)]"du(e)
i0 o<rérmsmisnl ZJ

0
= —o|x|*"* + af lp(6)|***dpu(6) — G|x|?

n-2 0
+> <oz-|x|“f+2 + af |9(6) |“"“dﬂ<e>>,

i=0
(5.6)
which shows that condition (4.1) holds with
(r+1)a,s _ Says
c=a,— —1 , o = 1’ =ai,
0<r<r+s=n n+ 0§r<r+s:nn +

r+1)a _ sa
O; = ajy1 + Z (.—)zrs, O; = Z %/ (5'7)

I<rerqs=i+1 LT 1<r<rqs=i+1t T

a=n-1, a; = 1.

By (5.3) and the Young inequality, we get that

m-1 . 0
18t x,9)| < balx+ S byl + bulx"+ S bkz|x|’<f |p(6)['d6

j=1 0<k<k+I<m

m=1
<bilxl+ Dbl +balx"+ Y b <k+l| x|+ f 9>|"*ldu<e>>

j=1 0<k<k+I<m

kby 141 Iby (* m-1+1
b + Z — )Ix| + Z — | |e@®)] du(6) + b |x|
0<k<k+l=m m

m 0<k<k+l=m

3

Sl 3 B)wn S s B e e
™ j+1 _]+1j+1 .

j 0<k<k+l=j+1 j=0 0<k<k+l=j

1l
—_

A|x|ﬂ”+Af 19(@) | du(e) - x|

m-2 - 0 B4l
+ <)t]'loflﬁf+ +)th‘ |l (©) [ d#(9)>,
j=0 oo
(5.8)
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which shows that condition (4.2) holds with

[T . S W SR S g
O<kaktl=m T Okekl=m
O/ lf ] = O,
1 i b (5.9)
= 1 j = K. )
! o<kekrl=j+1] T 1 ! bju1 + Z m, if 1<j<m-2,

0<k<k+l=j+1

By 2m < n+1, we have 2(m—1) < n—1, which implies 2 < a. Itis easy to see that o, ,
A, A, and A are positive, and o;, 7;, Aj, A}, are nonnegative, where 0 <i <n-2,0<j<m-2.
By the parameters in Theorem 4.3, we can compute

n-1
p=1’ 0.+0. =Zai+ Z Ars,
i=2 0Lr<r+s<n-1
n-1
S=b+ D>, by, Q=a,—(Dai+ D an), (5.10)
0<k<k+l<m i=2 0<r<r+s<n
m
S-X=Dbi+ > bu
j=2 0<k<k+I<m

In Assumption 4.1, the parameter o is positive, so it is required that

1
a,> 3 r+Days (5.11)
0Lr<r+s=n n+1
Let

n-1

Wl = Zai + Z Ays,
i=2 0<r<r+s<n-1

Wa=b+ > bu, (5.12)

0<k<k+l<m

W3 = Zai + Z Ayrg.

i=2 0<r<r+s<n
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To apply Theorem 4.3, it is necessary to test that (4.11)—(4.13) are satisfied. This requires that

m>vw+%m@ (5.13)

a, > Ws+ %Wz(Wz - bl) (514)

Obviously, (5.11) can be obtained from (5.14). By (4.14),

2(a, — Ws)

Wa(Wa =) (5:15)

P1=1+

Thus, we have the following corollary from Theorem 4.3.

Corollary 5.1. Let conditions (5.2), (5.3), (5.13), and (5.14) be satisfied, where W1, W, and W3 are
given in (5.12). For any p € (2,p1 A p2), where py and p, are given in (5.15), there exist g > 0, for
any é € C(p,q), (5.1) has a unique global solution x(t) = x(t,¢), and this solution has properties

InElx(t, &) _

limsup =Gy S
(5.16)
limsupM < —ﬂ, as.

e IN(1+t7) ~ p
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