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We consider the Cauchy-Dirichlet problem in [0, o) x D for a class of linear parabolic partial
differential equations. We assume that D C R is an unbounded, open, connected set with regular
boundary. Our hypotheses are unbounded and locally Lipschitz coefficients, not necessarily
differentiable, with continuous data and local uniform ellipticity. We construct a classical solution
to the nonhomogeneous Cauchy-Dirichlet problem using stochastic differential equations and
parabolic differential equations in bounded domains.

1. Introduction

In this paper, we study the existence and uniqueness of a classical solution to the Cauchy-
Dirichlet problem for a linear parabolic differential equation in a general unbounded domain.
Let £ be the differential operator

d d
L[u](t,x) == D, aij(t, x)Diju(t, x) + D bi(t, x)Diu(t, x), (1.1)

ij=1 i=1
where {a;j} = a = 00', D; = 0/0x;,and D;; = 0%/ 0x;0x;. The Cauchy-Dirichlet problem is

—u(t, x) + L{u](t, x) + c(t, x)u(t,x) = -f(t,x), (t,x) € (0,00) xD,
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u(0,x) =h(x), x€eD,
u(t,x) = g(t,x), (t,x) € (0,00) x D,

(12)

where D ¢ R? is an unbounded, open, connected set with regular boundary.

In the case of bounded domains, the Cauchy-Dirichlet problem is well understood (see
[1, 2] for a detailed description of this problem). Moreover, when the domain is unbounded
and the coefficients are bounded, the existence of a classical solution to (1.2) is well known.
For a survey of this theory see [3, 4] where the problem is studied with analytical methods
and [5] for a probabilistic approach.

In the last years, parabolic equations with unbounded coefficients in unbounded
domains have been studied in great detail. For the particular case when D = R?, there exist
many papers in which the existence, uniqueness, and regularity of the solution is studied
under different hypotheses on the coefficients; see for example, [6-17].

In the case of general unbounded domains, Fornaro et al. in [18] studied the
homogeneous, autonomous Cauchy-Dirichlet problem. They proved, using analytical
methods in semigroups, the existence and uniqueness of a solution to the Cauchy-Dirichlet
problem when the coefficients are locally Cle with a;j bounded, b and c functions with a
Lyapunov type growth; that is, there exists a function ¢ € C2((0, T) x R%) such that

lim inf ¢(t,x) = o (1.3)

|x] — 00 0<t<T

and for some A > 0,

sup { <—§ + .E)(p(t, x) = Aop(t, x)} < 0. (1.4)

[0,T]xR4

It is also assumed that D has a C? boundary. Schauder-type estimates were obtained for the
gradient of the solution in terms of the data. Bertoldi and Fornaro in [19] obtained analogous
results for the Cauchy-Neumann problem for an unbounded convex domain. Later, in [20]
Bertoldi et al. generalized the method to nonconvex sets with C? boundary. They studied
the existence, uniqueness, and gradient estimates for the Cauchy-Neumann problem. For a
survey of this results, see [21].

Using the theory of semigroups, Da Prato and Lunardi studied, in [22, 23], the
realization of the elliptic operator &/ = (1/2)A - (DU, D-), in the functions spaces L?(D),
L* (D) and C,(D), when U is an unbounded convex function defined in a convex set D. They
proved existence and uniqueness for the elliptic and parabolic equations associated with <#
and studied the regularity of the semigroup generated by /. Geissert et al. in [24], made a
similar approach for the Ornstein-Uhlenbeck operator.

In the paper of Hieber et al. [25], the existence and uniqueness of a classical solution
for the autonomous, nonhomogeneous Cauchy-Dirichlet and Cauchy-Neumann problems
is proved. The domain is considered to be an exterior domain with C® boundary. The
coefficients are assumed to be C>% continuous functions with Lyapunov type growth. The
continuity properties of the semigroup generated by the solution of the parabolic problem
are studied in the spaces Cp (D) and LP (D).
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In all the papers cited above, the uniformly elliptic condition is assumed; that is, there
exists A > 0 such that for all (t,x) € [0,00) x D we have that 3 aij(t, x)min; > A|n||* for all
n € R4,

In this paper, we prove the existence and uniqueness of a classical solution to (1.2),
when the coefficients are locally Lipschitz continuous in x and locally Hélder continuous
in t, a;; has a quadratic growth, b; has linear growth, and ¢ is bounded from above. We
allow f, g, and h to have a polynomial growth of any order. We also consider the elliptic
condition to be local; that is, for any [0,T] x A C [0, 00) x D, there exists A(T, A) such that
> aij(t, x)ninj > MT, A)||ln||? for all t € [0,T], x € A and 1 € R?. We assume that D is an
unbounded, connected, open set with regular boundary (see [1] Chapter III, Section 4, for
a definition of regular boundary). Furthermore, we prove that the solution is locally Holder
continuous up to the second space derivative and the first time derivative.

Our approach is using stochastic differential equations and parabolic differential
equations in bounded domains. For proving existence, many analytical methods construct
the solution by solving the problem in nested bounded domains that approximate the domain
D. In these cases, the convergence of the approximating solutions is always a very difficult
task. Unlike these methods, first we propose, as a solution to (1.2), a functional of the solution
to a SDE,

tATD s
v(t,x) = Ey I:f efo C(tfr,X(r))drf(t _ s,X(s))ds]
0

+E, [efé c(t—r,X(r))drh(X(t))]lTDZt] (1.5)
o X g4 2, X ()],
where
dX(s) =b(t-s,X(s))ds+o(t—s,X(s))dW(s), X(0) = x,
(1.6)

Tp = inf{s >0 X(s) éﬁ}.

Using the continuity of the paths of the SDE, we prove that this function is continuous in
[0,00) x D. Then, using the theory of parabolic equations in bounded domains, we study
locally the regularity of the function v and prove that it is a C'? function. Finally, with some
standard arguments, we prove that it solves the Cauchy-Dirichlet problem. This kind of idea
has been used for several partial differential problems (see [5, 26, 27]).

In Section 2, we introduce the notation and the hypotheses used throughout the paper.
Section 3 presents the main result. In this section we prove that if the function v is smooth,
then it has to be the solution to the Cauchy-Dirichlet problem. Section 4 is devoted to prove
the required differentiability for the candidate function. Finally, in Section 5, the reader will
find some of the results used in the proof of our main theorem.
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2. Preliminaries and Notation

In this section, we present the hypotheses and the notation used in this paper.

2.1. Domain

Let D C R? be an unbounded, open, connected set with boundary 8D and closure D. We
assume that D has a regular boundary; that is, for any x € 0D, x is a regular point (see [1]
Chapter III, Section 4 or [28] Chapter 2, Section 4, for a detailed discussion of regular points).
We denote the hypotheses on D by HO.

2.2, Stochastic Differential Equation

Let (Q,F, P, {¥s}ss0) be a complete filtered probability space and let {W} = {Wi}fl=1 be a d-
dimensional brownian motion defined in it. For t > 0 and x € D, consider the stochastic
differential equation

dX(s) =b(t—-s5,X(s))ds+o(t—s,X(s)dW(s), X(0)=x, (2.1)

where b = {b;}<, and o = {oij}szl. Although this process is the natural one for solving
equation (1.2), it does not posses many good properties. The continuity of the flow process
does not imply the continuity with respect to t. Furthermore, although this process is a strong
Markov process, it is not homogeneous in time, a very useful property for proving the results
in this paper.

To overcome these difficulties, we augment the dimension considering the following
process

dé(s) =-ds, ¢&(0)=t. (2.2)
Then the process {¢(s), X(s)} is solution to

dé(s) = —ds, 23)
2.3
dX(s) = b(s(s), X(s))ds + o (5(s), X(s))dW (s),

with (¢(0),X(0)) = (t,x). Throughout this paper we will use both processes, X(s) and
(&(s), X(s)), in order to simplify the exposition. For the expectation, we use the notation

Ex[]:=E[ [ X(0) = «] (2.4)
when considering the process X defined as in (2.1) and the notation
Eix[-] = E[ ] (5(0), X(0)) = (,x)] (2.5)

when working with the joint process (¢, X) defined in (2.3).
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We need to define the following stopping times

Tp = inf{s >0|X(s) ¢ B},
(2.6)
T:=Tp Nt

Remark 2.1. Observe that T is the exit time of the process (¢(s), X (s)) from the set [0, %) x D,
that is,

T = inf {s >0 (&(s),X(s)) € [0, 0) x B}. 2.7)

We cannot guarantee that the process X(s) leaves the set D in a finite time however, the
process ¢(s) reaches the boundary s = 0 at time f. Thus, the joint process (¢(s), X(s)) leaves
the set [0, 00) x D in a bounded time.

We assume the following hypotheses on the coefficients b and o. We denote them by
H1. The matrix norm considered is ||o|? := troo’ = i oizj.

H1.
Let

o RxR — (R xRY),

(2.8)
b:RxRY— R?
be continuous functions such that
(1) Continuity. Let A € (0,1). Forall T > 0, n > 1, there exists L (T, n) such that
2 2 2
o, x)—o(s,y)||” +||b(r,x) = b(s,y)||" < Li(T, n)2<|r s+ || - vl >, (2.9)
forall |r|,|s| < T, ||x|| < n, |ly|| < n.
(2) Linear-Growth. For each T > 0, there exists a constant K; (T) such that
llor, )1 + [Ib(r, 2)[1” < Ky (1) (1 + 1), (210)

forall [r| < T, x € R%.

(3) Local Ellipticity. Let A C D be any bounded, open, connected set and T > 0. There
exists A(T, A) > 0 such that, for all (r,x) € [0,T] x Aand 71 € R4,

Daij(r,x)mim; 2 ML, A) ], (2.11)
L]

where {a;j} = a =00’
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Remark 2.2. Observe that the local ellipticity is only assumed on [0, %) x D. This condition is
used to prove the existence of a classical solution to (1.2) and so is only needed in that set. The
local Lipschitz condition and the linear growth are assumed on R x R to ensure the existence
of a strong solution to (2.3) for s € [0, o).

Remark 2.3. If we assume, in the more natural case, that
o :[0,00) x RY —> /ﬂ(Rd x Rd>,

(2.12)
b:[0,00) x R — R?

are continuous functions satisfying the hypotheses in H1 restricted to the set [0, o) x R?, then
we can extend them to be defined for negative values of r as follows: let b and ¢ be defined
as

N b(r,x) ifr>0,
b(r,x) =
b(0,x) ifr<0,

o(r,x) ifr>0,
o(r,x) =
o(0,x) ifr<Q0.

(2.13)

It is easy to see that these functions satisfy H1 with the same constants L; and K.
Remark 2.4. 1t follows, from the nondegeneracy (the local ellipticity) of the process X(s), the
regular boundary of the set D and Lemma 4.2, Chapter 2 in [28], that, for any ¢, x € [0, 00) x D,

P[r=7]=1, (2.14)

where 7' :=inf {s > 0] (¢(s), X(s)) € (0,00) x D} (see Remark 2.1).

The next proposition presents some of the properties of the process (¢, X) required in
this work.

Proposition 2.5. As a consequence of H1, (¢, X) has the following properties.

(i) Forall (t,x) € [0,00) x R4, there exists a unique strong solution to (2.3).
(ii) The process {¢(s), X (s)}s»g is a strong homogeneous Markov process.
(iii) The process {&(s), X (s) } s»o does not explode in finite time a.s..

(iv) Forall x e R4, T >0,and r > 1,

E. [sup ||X(s)||2’] < C(T,Ky,7) <1 + ||x||2r>. (2.15)

0<s<T
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Proof. See

(i) Theorem 1.1 Chapter V in [26] or Theorem 3.2, Chapter 6 in [29].

(ii) Theorem 4.6, Chapter 5 in [27] or Proposition 3.15, Chapter 6 in [29].
(iii) Theorem 10.2.2 in [30].
(iv) Theorem 2.3, Chapter 5 in [31] or Corollary 3.3, Chapter 6 in [29].

O
2.3. The Cauchy-Dirichlet Problem
Consider the following differential operator:
d d
L[u](t,x) == D aij(t, x)Diju(t, x) + > bi(t, x)Diu(t, x), (2.16)

ij=1 i=1

where D; = 0/0x;, D;; = az/axiaxj, and {a,-]-}ffl-:1 = a = 00'. For the rest of the paper, we
assume that the coefficients of £ satisfy H1.
The Cauchy-Dirichlet problem for a linear parabolic equation is

—u(t, x) + Llu](t, x) + c(t, x)u(t,x) = -f(t,x), (t,x) € (0,00) xD,
u(0,x) =h(x), xeD, (2.17)
u(t,x) =g(t,x), (t,x)e€(0,00)x0D.

We assume the following hypotheses for the functions ¢, f, h, and g. We denote them by H2.
H2.

(1) Let

c:[0,00) x D — R,
B (2.18)
f:[0,00) x D —R

be continuous functions such that

(i) Continuity. Let A € (0,1). Forall T > 0, n > 1, there exists a constant L, (T, n)
such that

17,20 = s DI+ et = s, I < LT (ir = s + [l =wl), (@219)

forall0< s, <T,x,y €D with ||x| <n, |y|| <n
(ii) Growth. There exists ¢y > 0 such that

c(r,x) <cy Y(r,x) € [0,00) x D. (2.20)
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There exists k > 0, such that for all T > 0, a constant K, (T') exists such that
|f(r, )] < Ko () (1 + I1x]]"), (2.21)

forall0<r<T,x€eD
(2) Let
h:D—R,

(2.22)
g:[0,00) x0D — R

be continuous functions such that

(i) Growth. There exists k > 0, such that, for all T > 0, there exists a constant
K;3(T) such that

()| + |g(r, )| < Ks(T)(1+ 1) (223)

for all (r,x) € [0,T] x D.
(ii) Consistency. There exists consistency in the intersection of the space and
the time boundaries, that is,

h(x) = g(0,x) (2.24)

for x € OD.

2.4. Additional Notation

If p is a locally Lipschitz function defined in some set R, then, for any bounded open set A
for which A C R, we denote, by K, (A) and L, (A), the constants

K, (A) :=sup ||u(x)|| < oo,
xX€EA

~ (2.25)
LiA) = sup WO ZEWI
wyeaxzry X =yl
If v:[0,00) — R4, then, forall T >0,
[Vl := sup |lv(s)]- (2.26)

0<s<T

The space Cll(;i’)‘((O, o) x D) is the space of all functions such that they and all their derivatives

up to the second order in x and first order in ¢, are locally Holder continuous of order .
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3. Main Result
In this section, we present the main result of this work and some parts of the proof.

Theorem 3.1. Assume HO, H1, and H2. Then, there exists a unique solution u € C([0, o0) x D)n
C21((0, 00) x D) to (2.17). The solution has the representation

loc

tATD s
u(t,x) =E, I:J‘ elo ctt=rX(rDdr ¢4 _ s,X(s))ds]
0

+ By [ el XN (X (1)) 1) G-1
+E, [EIJD c(t—r,X(r))drg(t -, X(TD))]]-TD<t]/
where X is the solution to the stochastic differential equation
dX(s) =b(t—s,X(s))ds+o(t—s,X(s))dW(s), X(0) = x,
_ (32)
Tp = inf {s >0 X(s) ¢ D}.
Furthermore, for all T > 0,
sup |u(t, x)| < C(T, co, K1,K2/K3,k)<1 + ||x||k)/ xeD, (3.3)

0<t<T

where ¢y, K1, Ky, K3, and k are the constants defined in H1 and H2.

The proof of this theorem is given by several lemmas. The method we will use has
the following steps: first we define a functional of the process X as a candidate solution. Let
v:[0,00) x D — R be defined as

tATD .
o(t,x) = By [ f el eltrXNdr £ (4 S,X(S))ds]
0

+E, [ej'(t] c(t—r,X(r))drh(X(t))]lTDZt] (34)

+ Ex [e.[OD c(t—r,X(r))dTg(t - Tp, X(TD)):H-TD<t] .

If v € C([0,00) x D) N C2((0,00) x D), then there exist some standard arguments (see [27,
chapter 4]) to prove that v is the unique solution to (2.17). The rest of this section is devoted
to proving Theorem 3.1 in the case when v is a “regular” function. The proof is divided into
two lemmas: the first one proves that if v € C([0, 00) x D) N C((0,00) x D), then v is a
solution to equation. The second one proves that in case of existence of a classical solution, u,
to problem (2.17), then it is unique and has the form given by v in (3.4). The regularity of v
is proved in Section 4 below.
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The next proposition gives an extension of the boundary data to all the space [0, o0) x
R9. This extension is given to simplify the notation and is required in the proofs of Lemmas
4.2 and 4.3.

Proposition 3.2. Assume H2. Then, there exists a continuous function G : [0,00) x R — R such
that

G(t,x)=g(t,x), (tx)€[0,00)x0D,
_ (3.5)
G(0,x) = h(x), xeD.

Proof. Thanks to the consistency condition in H2 and the continuity of g and h, we can extend
by Tietze’s extension theorem (see [32, Section 2.6]) the functions g, h from the closed set
{0} x DU [0, 00) x 8D to a continuous function G defined in [0, o) x R4. O

As a consequence of Proposition 3.2, we can write v in (3.4) as follows:

tATD <
o(t,x) = Ey [l[ el c(t—r,X(T))drf(t —s, X(S))dS]
0 (3.6)

N Ex l:eJ,é/\rD C(t—r,X(r))dTG(t —tA TD,X(t A TD))] .

We are ready to prove both lemmas explained above.

Lemma 3.3. Assume HO, H1, and H2. Let v be defined as in (3.6) and assume that v € C([0, o0) x
D) N C2((0,0) x D). Then, v fulfils the following equation:

—u(t, x) + L{u](t, x) + c(t, x)u(t,x) =—f(t,x) (t,x) € (0,00) xD,

(3.7)
u(t,x) =G(,x) (t,x)€0((0,00) x D).
Furthermore, for all T > O, there exists C such that
sup [v(t, x)| < C(T, co, K1, K3, K3, k) <1 + ||x||k>, x€eD, (3.8)

0<t<T

where ¢y, K1, Ky, K3, and k are the constants defined in H1 and H2.

Proof. Let 0 < a < t, then, following the same argument used to prove (4.80) in the proof of
Theorem 4.4 in Section 4 we have that

tATD s Ar
E, U el e Xdr £t _ g X(5))ds + el " UTXrG(t — t p7p, X(tATD)) | scu]
’ (3.9)

a/\TD S ANT]
= f el et=rXNdr ¢t _ g X (s))ds +elo XNyt — a Ay, X(a ATp)).
0
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Because of H1 and H2, we have that the random variable inside the conditional expectation
is integrable and so the left-hand side of (3.9) is a ¥,-martingale, for a € [0, t]. Since v € C'?,

cdr

we can apply Ito’s formula to el ey () to get

ejg“D c(t—r,X(T))drU(t —aATp, X(aATp))

aNTp <
=ov(t,x) + f el ctt=rX(r)dr (_g,, 4 Llv] +cv)(t-s,X(s))ds (3.10)
0 .
anTp
+J Do(t—s,X(s)) -o(t—s,X(s))dW(s).
0
It follows from the continuity of Dv, o and X(:) that
sup [[Do(t - s, X(s))ll[lo(t - s, X(s))]l (3.11)
0<s<a
is a.s. finite and then
anTp
f Do(t—s,X(s)) -o(t—s,X(s))dW(s) (3.12)
0
is a local martingale for 0 < a < t. So, combining (3.9) and (3.10), we get that
aNTp <
M(a) = f e ct=rX)Ar (g, 4 2[v] + cv + f)(t -5, X(s))ds (3.13)
0

is a continuous local martingale for a € [0, t]. Since M is locally of bounded variation, then
M(a) = 0. This implies that —v; + £[v] + cv + f =0 for all (£, x) € (0, 00) x D.

For the boundary condition, it follows from the regularity of the set D and the local
ellipticity (see Remark 2.4) that

Pt ATp =0] =1, for (tx)e€ a([o,oo) x B). (3.14)

From this, it is clear that the first addend of the right-hand side of (3.6) is zero. For the second
addend, we get that the exponential term is equal to one and that E,[G(t—tATp, X (tATp))] =
G(t,X(0)) = G(t,x), and so we conclude that v satisfies the boundary condition.

The second statement of the theorem is proved with the same argument used to prove
(4.9) and (4.42) in the proofs of Lemmas 4.2 and 4.3 in Section 4. O
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The next Lemma proves the uniqueness of the solution.

Lemma 3.4. Assume HO, H1, and H2. Assume that there exists a classical solution u € C([0, o0) x
D) N C¥*((0,0) N D) to equations

—u(t, x) + Llu](t, x) + c(t, x)u(t,x) =—f(t,x) (t,x) € (0,00) x D,

(3.15)
u(t,x) =G(t,x) (t,x) €0((0,0) x D),
such that, for all T > 0, there exists C for which
sup [u(t, x)| < C(T) (1 + |x[|*) (3.16)
0<t<T
for some p > 0. Then, u has the following representation:
tATD s
u(t,x) = Ex [I eJ‘O C(tfr,X(T»drf(t_ S,X(S))ds]
0 (3.17)
+E, [ej(;ATD C(t_r’X(r))dTG(t —tA TD,X(t N TD))],
and hence the solution is unique.
Proof. Consider, for a € [0, t], the process
el ™ et=rXONAry (g A7y, X (@ A Tp)). (3.18)
Applying Ito’s rule, we get
el et Xdry(t g p 7 X (a0 A )
aNTp s
=u(t,x)+ f el XD (_yy, 4+ L[u] + cu)(t — s, X (s))ds (3.19)
0 .
aNTp
+I Du(t-s,X(s))-o(t—s,X(s))dW(s).
0
A similar argument as the one used in the proof of Lemma 3.3 shows that
aNTD
f Du(t —s,X(s)) -o(t—s,X(s))dW(s) (3.20)
0

is a local martingale. Due to (3.15), we conclude that

antp an

M(a) := el =~ ctmXONdry (o A7y, X(a ATp)) + f
0

™
eloct=rXDdr ¢4 _ g X(s))ds (3.21)



International Journal of Stochastic Analysis 13

is a local martingale for a € [0,¢t]. Let {0,},,; be a sequence of localization times for M(a);
thatis, 0, T oo a.s.asn — oo and M(a A 0,,) is a martingale for all n > 1. Then, foralln > 1,

u(t,x) = Ey [efoWDAe" clt=rXO)dry, (t — a Atp A By, X(a ATp A On))]
aATp O, s (322)
+E, U eloctt=rXdr ¢y _ g, X(s))ds] .
0
Since 0 < a A Tp A 8, < t, using estimate (3.16), we get
el lt=r XN |y (t —a Ap A By, X(@ ATp A 6,))]
<e'CH)(1+[|X(aATp AOy)|F)
<e®C(t)( 1+sup|| X)),
0<s<t
ATpAO,
J-u Lo ol c(t—r,X("))drf(t —s,X(s))ds (3.23)
0
aNTp O,
<[ eran (1 1X@IF)ds
0
< e Ko (1) ( 1+ sup||X(s)|* ).
0<s<t
By (2.15) and the dominated convergence theorem, letting n — oo, we get
u(t, x) =E, [eIgATD c(tfr,X(r))dru(t —-aNTp, X((X 7AN TD))]
antp (3.24)
+E, U eloct=rXDdr ¢y _ g, X(s))ds] )
0
Letting a 1 t, a similar argument and the boundary condition proof that
u(t,x) =E, [eféATD = XDAr Gt — t A p, X (EA TD))]
(3.25)

tATD s
+E, U elo ctt=rX(rDdr £ (4 _ s,X(s))ds],

0

and the proof is complete. O
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4. Regularity of v

12,0
loc

In this section, we prove that v € C([0, o0) x D)NnC
continuity of the flow process X, that v is a continuous function in [0, %) x D. Since we are
only assuming the continuity of the coefficients, then the flow is not necessarily differentiable
and so we can not prove the regularity of v in terms of the regularity of the flow. To prove
that v € C1?, we show that v is the solution to a parabolic differential equation in a bounded
domain, for which we have the existence of a classical solution and hence v € C'2.

((0,00) x D). First, we prove, using the

4.1. Continuity of v

Let (¢, X) denote the solution to (2.3) and let G be defined as in Proposition 3.2, then v has
the following form:

o(t, %) = Fy U £l CCOXONr £ (g(s), X(s))ds]

0 (4.1)
+ By el COXODIGe(t p 1), X (E A TD))].
For simplicity, we write v = v; + vo, where
tATD s
01(t, %) = Eyy f el QXN £(g(5), X (s5))ds |, (42)
0
0a(t, x) = By [efé”” COXOM G (t A Tp), X(EATD)))|- (4.3)

Theorem 4.1. Assume HO, H1, and H2. Let v be defined as in (4.1). Then, v is continuous on
[0, 00) x D.

The proof of this theorem is divided into two lemmas.

Lemma 4.2. Assume HO, H1, and H2. Let v be defined as in (4.2). Then, vy is continuous on
[0, 00) x D.

Proof. First, we prove the continuity on (0, o) x D. For that, let
(tn, xn) —> (t,x) (4.4)
in (0, 00) x D and € > 0. We need to prove that there exists N (e) € N such that, for all n > N (¢)
[o1(En, xn) — 01(E, X)| < €. (4.5)
Denote by (¢, X) and (¢,, X») the solutions to (2.3) with initial conditions (t,x) and (t,, x,),

respectively. To simplify the notation in the proof, let T := t ATp and 7, := t,, ATp, denote their
corresponding exit times from [0, o0) x D.
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Let a > 0, then there exists N € N such that, for all n > N;

[, xn) = (£, 0)|| < ax. (4.6)

Observe that, for all n > N1, we get

. <t,<t+a,

(4.7)
T<t<t+a.
Define the random variables Y;, as
Y, o= | [ RN £ g, (9, X, (o)ds - [ BOXON p(e(s), X (49
0 0

The sequence {Y;},y, is uniformly integrable. Thanks to Theorem 4.2, in Chapter 5 of [33],
it is sufficient to prove that sup,E[Y?] < co. So,
2]

]
]
Tn 2
f <1+ sup ||Xn(r)||k>ds ]
0 O<r<t+a

- 2
f <1+ sup ||X(r)||k>ds ]
0 0<r<t+a

<4 EOR2(t+a) (t+ ) 1+E| sup [|Xa(r)[*
0<r<t+a

E[y?] < ZE[

f 0 eh @ Xudr (& (5) X, (s))ds

. 1

J' " e K (¢ 4 ) (1 + IIXn(S)||k>d5
0

Jq e cCXONAr £(5) X (s))ds

0

gm[

+2E[

<202 (t 4 a)E [

J eI Kyt + ) (1+ [X(5)]F)ds
0

+2e2 0O K2 (4 4+ a)E [

+ 420 O K2 (4 ) (t + a)? <1 + IE[ sup ||X(r)||2k]>

0<r<t+a
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< C(1 + K(l + ||xn||2k>> + c<1 + K(l + ||x||2k>>
< c(1 + K(1 + (||| + zx)2k>> + c(1 + K(1 + ||x||2k>> < oo,

(4.9)

where C = C(t,a,cp) and K = K(t,a, k). We use (4.6), (4.7), (2.15) and the polynomial growth
of f.
Let M >0,0 <7 <1,and B > 0 and define the set

EM,n,q,ﬂ = {IX|lje < M}N {”Xn = Xljyq < 71} N {|Tn -7/ < .ﬁ} (4.10)
Then,

(01 (s ) — 01 (£, %) < f Y,dP = j Y,dP + f Y, dP. (411)
Q E

Mnn,p Q\EM,n,q,ﬂ

Since the sequence {Y,} is uniformly integrable, there exists 6(¢) such that for any E € ¥ that
satisfies P[E] < 6, we have

sup | Y,dP < ; (4.12)
n>Ny J E

It follows, from Remark 2.4, Proposition 2.5, and Theorems 5.3 and 5.4 in Section 5, the
existence of M and N, such that

P[Q \ EM,n,q,ﬂ] < 6(6) (4.13)

for all n > N,. Then for n > N1 V N, we get that

€
o) ot 0l [ Ydp S, (@1

EM,n,q,ﬁ
For simplicity of notation, we write the set Eny,,,p as E and define

A=[0t+a] x[-M-1,M+1]%,
- (4.15)
Dy :=[0,t+a] xD

and let

Bu = (-m,m)** (4.16)

be an open set such that A C B4.
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Ontheset E, foralln > N;and 0 < s <t + a, it is satisfied that
(n(s), Xu(s)), (§(s), X(s)) € A. (4.17)

We have that

TNT | .
[ om0 pig,5),3,(5)) - B U 35, X)) ds P (2.15)
E EJO

T, VT .
e [ (B £ (5), X, (5) | o
E J AT

(4.19)
+elh DX £¢(5), X (5))|Lr,r ) ds P,
We first analyse (4.19):
T VT
(4.19) < f f e K (AN Dy)(Ly,<r + 1p,5r)ds dP
E J 1, AT
= DK (AN Dy) J' (7, — T|dP (420)
E
< e K (AN Dy)p.
For (4.18), we get
T, AT s
(@18) < [ [ 7 RO £(g,(5), X, (9) = (), X)) |ds P (421)
EJO
Ty AT . s
+f f | f(g(s),x(s))”ef{) (M) Xn(rdr _ ofs c@r) X(M)dr | 46 gP. (4.22)
EJO

Now,

Ty \T
e(ta) f Ly(Ba) (It = H' + [1Xu(s) = X ()] ) ds dP
0 (4.23)

< e (¢4 a)L(Ba) <|tn - 71).

(4.21) < f

E
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For (4.22), we need the following bound:

|eI§ CEn(r) Xn(r)dr _ ofs c@) X (r)dr

— ol @) X(r)dr

exp{ [ (€6 X, - etet, xar | -1

<o (exp{ [ Ieteun), X, - ctetr), xplar} -1) (424)
<e(exp{ [ LetBa) (I 1+ 1%,0) - X )ar | 1)

< e (exp{Le(Ba)s(ta —#1' +1) } - 1),

since |e* — 1| < el — 1. If we choose N3 € N such that |t, — t}* < 1/(2L.(Ba)(t + a)) for all
n>Nzand 7 <1/(2L.(Ba)(t + a)), then we get by the mean value theorem that

s @) Xa(Ndr _ o5 c@QIX(Ndr| < ps oL, (B) s(ltn —t 71)- (4.25)

Then,

(422) < Kf(ANDy)e® el (Ba)(t + a)2<|tn —t + 11>. (4.26)
To summarize, we get with the above estimations that

f Y, dP < et (t + a)Lf(BA)<|tn . 11)
E

+ K (AN D) eLo(Ba)(t+a)?(Jta — ' +77) (427)
+ e IK (AN Dy)p.
Hence, to prove continuity, we proceed as follows,
(i) Lete >0and 0 < a < 1.
(ii) Let N7 > N such that, for all n > Ny,
[[(tn, xn) = (£, %) < ax. (4.28)

(iii) Let 6(e) > 0 fulfil the uniformly integrability condition (4.12).
(iv) Take M > 0 such that P[||X||a > M] < 6(€) /3.
(v) Define A :=[0,t+a] x[-M -1,M + 1]d and D, := [0, + a] x D.
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(vi) Let

1 € €
<min{ 1, , ’ .
1 { 2Lc(Ba)(t + )" 16e©t*a) (t + a)Lf(Ba)" 16K (A N Dy)eat+®eL (Ba)(t + a)® }
(4.29)

(vii) Choose N, € N such that P[||X,, — X||t+a > 17] < 6(€)/3 foralln > N,
(viii) Let N3 € N be such that

|t — 1f|A < min ! , € , c ,
2L (Ba)(t +a) 160t (t + a)Ls(Ba) 16K (A N Dy)evot®eL (Ba)(t + a)

(4.30)
for all n > Ns.
(ix) Let
p< e
4ec0(t+a)Kf (ANDy) (4.31)
and choose Ny € N such that, for all n > Ny, P[|7, — 7| > ] < 6(¢e)/3.
Thus, if N = N1V N,V N3V Ny, then, foralln > N,
[01(tn, xn) —01(t, x)| <e. (4.32)

Therefore, v; is continuous in (0, 00) x D.
For the continuity at the boundary we make a similar argument. Let (¢,, x,) — (,x),
n—oo

where (t,,x,) € (0,00) x D and (t,x) € 0((0,00) x D), that is, either t = 0 or x € 0D. In both
cases we get that 7 = 0 a.s. and so v (t, x) = 0. Then, we need to prove that

(01 (t, X0)| — 0. (4.33)

Let0 < a < 1 and N; € N be such that
”(tn/ xn) - (t/ x)” <a. (4-34)
We get

T, <t,<t+a (4.35)
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for all n > Nj. For the continuity, we have

|Ul (tn/ xn)l <E

Jﬂn eh C@"(’)'X"(r))dr|f(§n(s),Xn(s))|ds]
0
<B[["eKat+ (14 1X,)1F)ds] (4.36)

<eBOK (t+ a)E| T ( 1+ sup [|Xa.()]F )| — 0.

0<r<t+a

The convergence follows from the uniform integrability of

T, (1 + sup ||Xn(r)||k> (4.37)

0<r<t+a

and the fact that 7, 50 (see Theorem 5.2 in Chapter 5 of [33] and Theorem 5.3 in Section 5).
n— oo
This completes the proof. O

Lemma 4.3. Assume HO, H1, and H2. Let v, be defined as in (4.3). Then, v, is continuous on
[0, 00) x D.

Proof. We use an analogous argument to the one in the proof of Lemma 4.2. First, we prove
the continuity in (0, o) x D. Let

(tn, xn) — (1), (4.38)

with (t,,x,), (t,x) € (0,00) x D. Denote by (¢,,X,) and (¢, X) the solutions to (2.3) with
initial conditions (t,, x,) and (t, x), respectively, and let 7,, := t, A Tp, and 7 := t A Tp be their
corresponding exit times from [0, 0) x D. Let 0 < @ < 1 and Nj be such that, for all n > N,

[[(tn, 20) = (£, %) < ax. (4.39)
This implies that
T, <t+a,
(4.40)
T<t+a.

First, we prove that the sequence of random variables

Y, = [l G OXOIG, (7,), X, (1) — eh COXDIG(m), X(r)|  (441)
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is uniformly integrable for all n > Nj. As in (4.9),

B[¥3] < 28| eF" X0 G e, (1,), X, (7))

]
+ 2R “efg @XM G (7, X (1)) |2

2
<2E [ezco<t+a>1<§(t +a) <1 + ||Xn(Tn)||k> ]

2
+2E [e2CO<f+">I<§(t + ax) (1 + IIX(’T)”k) ]

0<r<t+a

2
< 2”0 K2(t 4 a)E [<1 + sup ||Xn(7’)||k> ]
(4.42)

2
+2* ORI (t+ a)E [(1 + sup ||X(7’)||k> ]

0<r<t+a

< 462c0(t+0£)K§(t + a) 1+E sup ”Xn(r)HZk
0<r<t+a

+ 42O K2 (1 4 g <1 ¥ IE[ sup IIX(r)||2k]>

0<r<t+a
<C(1+K(1+leal™)) + C(1+ K(1+ ™))

< c(1 + K(1 + (||| + a)2k>> + c(1 + K(l + ||x||2k>> <o,

where C = C(t,a,¢cp) and K = K(t, a, k). We use (4.39), (4.40), (2.15), and the polynomial
growth of G in 0((0, c0) x D). As in Lemma 4.2, let € > 0, then there exists 6(e) > 0 such that

€
sup | YpdP < 5 (4.43)
n>N, / E

forall E € &, with P[E] < 6(€).
Let Enpn,y,p be defined as in (4.10), and choose M > 0 and N, € N such that

P[Q\ Entpng] < 6(e), (4.44)

for all n > N,.
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For simplicity of notation, denote Epyp as E. Then,

|7)2(tn/ xn) - UZ(tr x)l < f YndP + ’[ YndIED
E Q\E
(4.45)

€
<| Y, dP+ —.
_IE " +2

Let A, D, and B4 be defined as in Lemma 4.2 (see (4.15) and (4.16)). Then, on the set E, we
getthat, foralln > Njand 0 <s<t+a,

(6n(s), Xu(s)), (&(s), X(s)) € A. (4.46)

So,

f Y, dP < f ol DX G(e (1), X)) — GE(T), X(T)|dP (447)
E E

+ J‘ |G(&(T), X (1)) el () Xu(m)dr _ fg c@),X@)dr | gp. (4.48)
E

We study each addend of the right-hand side separately:

(4.47) < g0t f IG(tn = Tu, Xu(Tn)) = G(tn — T, X(T0))|dP (4.49)
E

+ et f (G tn = T, X (7)) = G(t = 7, X(7))|dP. (450)
E

First, we get a bound for (4.49). Since G is continuous, then it is uniformly continuous on A.
Then, for € > 0, there exists y(co, t, a, €, M) such that

IG(t1, x1) = G(f2, x2)| < <

o) (4.51)

for all (t1,x1), (t2, x2) € A with ||(t1,x1) — (f2, x2)|| < y(co,t,a,€, M). On the set E, we have
(tn = T, Xu(Tn)), (bn — T, X(70)) € A and

|(tn = Tn, X (T0)) = (tn — T, X(T0)) || < 7. (4.52)
So, if we choose 7 < y, then we get

(4.49) < <. (4.53)

| ™
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Next, we study (4.50). Thanks to Theorem 5.3, we know that 7, 23 7. This and the

n—oo

continuity of X(-) and G imply that
Gltn = Tu, X(7a)) => G(t-7,X(7)). (4.54)
On the set E, we have that (t, — 7, X(7,)), (t - T, X (7)) € A and so
|G(tn — Tn, X(Tn)) — G(t — 7, X(T))|Lg < 2K (A). (4.55)
By the dominated convergence theorem, there exists N3 € N such that

(4.50) < g (4.56)

for all n > Ns.
To give a bound for (4.48), we observe that, on the set E,

f " e(En(r), Xo(r))dr f c(E(r), X(r)dr

0 0

< fon |c(6n(r), Xu(r)) = c(§(r), X(r))|dr

! f (1e@u(r), X (r) s + (), X(r))[Lr,cr)dlr (4.57)

Ty AT

< f TLC(BA)(ltn ~ 11 + [Xu(r) - X (1)) dr + Ke(AN Dyl = 7]
0

< Le(Ba)(t+ @) (Jta —H' +17) + K (AN Dp)p.

Making a similar argument as the one made in (4.24) and (4.25), we get

elo" €@ Xu(r))dr _ of5 c@(r), X (r))dr

(4.58)
< e De[Lo(Ba)(t +a) (|tu — 1" + 1) + Ko(AN D)
if [t, — t* < 1/3L.(Ba)(t+a), 11 < 1/3L(Ba)(t+a), and p < 1/3K.(AN Dy). Then,
(4.48) < KG(A)eC(‘(””‘)e[LC(BA)(t +a) <|tn —t 11) + K (AN Dt)ﬁ]. (4.59)

To summarize, we get with the above estimations that

f Y,dP < £ + Kc (A)ecﬂ(”"‘)e[Lc(BA)(t +a) <|tn —t 11) + K (AN Dt)ﬁ]. (4.60)
. 4
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Hence, to prove continuity, we proceed as follows.

(i) Lete>0and 0 < a < 1.
(ii) Let N7 € N be such that, for all n > Ny,

[, xn) = (£, 0)|| < ax. (4.61)

(iii) Let 6(e) > 0 fulfil the uniformly integrability condition (4.43).
(iv) Take M > 0 such that P[||X||s+¢ > M] < 6(€) /3.

(v) Define A := [0,t+a] x [-M -1, M +1]% and D, := [0, ¢ + a] x D.
(vi) Let

1 €
i 1/ /t/ 7 /M 7 7 . 4.
n< mm{ y(eo t,a e, M) 3Lo(Ba)(t+a)’ 12Kg(A)ewt0eL, (Ba)(t + a)} (4.62)

(vii) Choose N, € N such that P[||X,, — X||t+a > 17] < 6(€)/3 foralln > N,
(viii) Let

1 €
< mi , . 4.63
p mm{ 3K (ANDy) 12Kg(A)ect+0eK (AN Dy) } (4.68)

(ix) Choose N3 € N such that P[|7, — 7| > p] < 6(¢)/3 for all n > N3.
(x) Let N4 € N be such that

1 €
t, —t* < mi , , 4.64
o =11 < min{ 315 ) BRI T B “59)
for all n > Ny.
(xi) Let N5 € N to get
€
[ 1607, X)) - Gl —m X(mplaP < T, (465)
for all n > Ns.
So, for N = N1V N, V N3V Ny V N5, we have that, if n > N, then
[02(tn, xn) —02(t, x)| <€ (4.66)

and we conclude that v; is continuous over (0, o) x D.
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Next, we prove the continuity in the boundary. Let (¢,, x,) — (t,x), where (t,, x,) € (0, o0)x
n— oo

D and (t,x) € 0((0,00) x D), that is, either t = 0 or x € 0D. In both cases, we get that 7 = 0

a.s., We need to prove that

02k, %) = G(t, x)| — 0. (4.67)

Let0 < a <« 1 and N; € N such that

| (tn, xn) = (£, %)|| < a. (4.68)
So, forall n > Ny,
Ty <t, <t+a. (4.69)
We have that
[02(tn, %) = G(t, )| S E[e GOXOIG(t, — 7, X, (r)) -Gt )| (470)
+E[IG(t, )|l <O X ]|, (4.71)

Because |eli" € Xndr _1| < g(t+a) 11 we have that (4.71) is uniformly integrable and repeating
the same argument made with (4.48), we can prove that

E[|G(t, x)|| el @ Xutdr _q

] — 0. (4.72)

n—oo

Next, we work with (4.70). As in estimate (4.42), we can prove that the sequence

{em ) XD Gt — 1, Koy (7)) — G(t,x)|} (4.73)

n>Nq
is uniformly integrable. We have that
(4.70) < e TOE[|G(ty — Ty, Xn(Th)) — Gty — T, X(T,))]] (4.74)

+ 6c0(t+a)E[| G(tn - anX(Tn)) - G(tr x))” (475)

We repeat the same arguments made for the estimates to (4.49) and (4.50) with (4.74) and
(4.75), respectively. Then, we can prove that

E[|G(tn — Tn, Xu(Tn)) = G(tn = Tn, X(n))] nj;o 0,

(4.76)
E[G(tn = Tu, X (7a)) = G(t, )] — 0.

So, v, € C([0, ) x D) and the proof is complete. O
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4.2. Differentiability of v

Let 0 < Tp < Ty and A C D be a bounded, open, connected set with C? boundary. Consider
the following Cauchy-Dirichlet problem:
_ut(t/ x) + ‘ﬁ[u] (t/ x) + C(t/ x)u(t/ x) = _f(t/ x) (t/ x) € (TOI Tl] X A/
u(To,x) =v(To,x) forx €A, (4.77)
u(t,x) =v(t,x) for (t,x) € (Ty, T1] x 0A,

where the boundary data is v. If we assume HO, H1, and H2, then by the continuity of v
(Theorem 4.1) and Theorem 5.5, we can guarantee the existence of a unique classical solution
to problem (4.77). To prove the regularity of v, we show that it coincides with the solution to

(4.77) in the set (Ty, T1) x A and so v € C?((Ty, T1) x A). Since Ty, T1, and A are arbitrary, we
get the desired regularity. We are ready to prove the next theorem.

Theorem 4.4. Assume HO, H1, and H2. Let v be defined as in (4.1). Then v € C}(j‘((o, o) x RY).
Proof. Let w be the solution to (4.77). Define the following stopping times
Or :=inf {s > 0] ¢(s) < Ty}
0, := inf{s>0 | X(s) ¢Z}, (4.78)

0:=01 NO,4.

Following the same arguments of Section 5 in Chapter 6 of [31], we can prove that w has the
following representation:

0
w(t,x) = Ey [ f el et=rX(n)dr ¢y _ s,X(s))ds] +Ey [efff clt=rX(n)dsy,(f — 9,X(6))]. (4.79)
0
Next, we prove that v satisfies the following equality:

o .
U(t, x) = Et,x [J‘ ef(; C(g(f),X(T))drf(g(s)l X(S))dS] + Et,x [ejo C(g(f),X(T))dsv(é(e)’ X(G))] ) (480)
0

Let v; and v, be defined as in (4.2) and (4.3), where 7 := t A Tp is introduced to simplify the
notation. We will use the following representation of v; and v,:

zmnw=EmUZ£“W“W”7@w»Xw»x}
(4.81)

Oalt, %) = By [l COXONM G g(), X ()]
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First, we work with v

v1(t,x) = Eix [JE UO eh cCOXNAr £ (), X (5))ds

dl

) (4.82)
=Epx [JE U el CCOIXN £ (2(5), X (5))ds %H
0
B[ [ BN (e(s), X (6))ds| o | (4.8)
0
We study the addends of the right-hand side separately
o s
(4.82) = E; U elo e Xr)ar f(g(s),X(s))ds]. (4.84)
0
For (4.83), we make a couple of changes of variables to get
7-0 5+0
(4.83) = ;. []E U el CCOXWNAr ¢(&(s 1.0, X (s + 0))ds %H
0
(4.85)
T-0
“E,. [efﬁ C(g(’)'x(’))d’E[ f el CCrXON £ (25 1.6), X (s +6))ds %H.
0
Since 0 < 7p and 0 is bounded, we get that (see Remark 2.1)
T =inf {s >0 (&(s), X(s)) ¢ [0, ) x 5}
_ (4.86)
=0 + inf {s >0 (E(s+0),X(s+0)) ¢ [0,00) x D},
so
T-0=0gor, (4.87)

where ©. denotes the shift operator. Since the process (¢, X) is a homogeneous strong Markov
process, we get that

OgoT X
E U el (@00 X)(r))dr F(©p0(&,X)(s))ds | F 6]
0

T (4.88)
- Eyorx UO el f‘“”'x“”dffo;(s»X(s))ds]

= 01(5(0), X(9)).
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The last equality follows from a general form of the strong Markov property (see Theorem

4.18 in Chapter 5 of [29] Theorem 4.6 in Chapter 5 of [27], or Theorem 5.1 in Chapter V of
[26]) that states that if F : Q — R is a bounded measurable functional, then

E[(F(&(), X(-)) 0 ©0)Lip<eo) | Fo] = Eeeo)x(@)[F((), X ()] (4.89)

In both sides of (4.88), we consider the sequence (F V —n) A n and apply the conditional
dominated convergence Theorem.
So,

o
v1(t, x) = Epx UO el cCnXNAr (2 (5) X (S))dS]
(4.90)

+ By [l COX iy (¢(6), X (9))]-
Next, we study v,. Again, for the integral, we use a couple of changes of variables to get

V(%) = By [E[el COXOMGa(r), X () | Fo

(4.91)
=K, [ef[? c@().X(r)drg [efgfg e+ Xr+0)dr & (), X (1)) | 9:6” )
Using (4.87), we write
G(5(7), X(7)) = G(¢(T -0 +6), X(7 -0 +0))
(4.92)
=G({(@poT+0),X(OgoT+0)).
Then, the expression inside the conditional expectation can be written as
I @XM G (@, o (2, X)(Op 0 T)). (4.93)

Repeating the same argument used for (4.88), we have that the conditional expectation is
B[l COXNIGe(r), X (7)) | Fol

-E [ef @M G(@y o (¢, X) (O 0 7)) | %] (4.94)

= Eyox(0) [e8 “COX DTG (), X (r)).
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Finally we get
Ot x) = By [h COXDIEy o) ) [ CCOXDIGe(7), X (7))

9 (4.95)
= Ey[eh 60X, 2(0), X(6))].

Combining equations (4.90) and (4.95) we prove that (4.80) holds.

So due to equations (4.79) and (4.80) we have that v = w. Since w € C"**((Ty,T1) x A)
(see Theorem 5.5 below) and T,T; and A are arbitrary we get that v € C?((0,00) x R%) N
Cll(;i’)‘((O, o) x RY) and the proof is complete. O

We are ready to proof the Main Theorem

Proof of Theorem 3.1. The proof follows from Theorems 4.1 and 4.4 and Lemmas 3.3 and 3.4.
O

5. Auxiliary Results
5.1. Continuity of the Stopping Times

Theorem 5.1. Let {Z(t) },5 be a stochastic process with continuous paths a.s. and A C R* an open,
connected set with regular boundary. Let

= inf{t >0 Z(t) ¢ Z}. (5.1)
Assume that P[T < 0o | Z(0) = z] =1land P[t = 7' | Z(0) = z] =1 forall z € A, where

T =inf{t> 0| Z(t) & A). (5.2)
For a > 0, define

Ag = {x e R | d(x,dA) < a},
Ags = AU A, (5.3)
A= A\ A,

and the corresponding exit times

Tay = inf{t>0 | Z(t) ¢A_a+},
(5.4)
To = inf{t>0 | Z(t) eéA_a_}.
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Then, if Z(0) = z € A, then

a.s.
Ta+ ? T/

al0
(5.5)
a.s.
Ty = T.
al0
Proof. Let Z(0) =z € A and
B. := {Z(t) is continuous} N {7 = 7'} N {7 < o0}. (5.6)

By the hypotheses, we have that P[B;] = 1. Observe that 7,- < 7 < 7, for all a > 0, then we
need to prove that, for all w € B; and a > 0, there exists y(w, «) > 0 such that, forall0 < a <y,

0< 7 (w) —T(w) < a,
(5.7)
0<7(w) -7 (W) < a.

Let w € B; and a > 0, then Z(t, w) is continuous and 7(w) < oo. We first prove the continuity
for 7,,. Define

yi(a, w) = sup {d(Z(t,w),0A)}.

N (5.8)
{te[T(w),T(w)+a),Z(tw)¢ A}

Since Z(t, w) is continuous, then y, (a, w) > 0. So, there exists t, € [T(w), T(w) + a) such that
Z(ty,w) ¢ Age forall 0 < a < (y+/2). Let y == y,./2, then, for all 0 < a < y, we get that
T (w) € [T(w), T(w) + a) and so

0< 1 (w) - 7(w) < a. (5.9)

For 7,_, we proceed in a similar way. Let

Bw) = _inf {d(Z(t,w),dA)). (5.10)

<1 (w)-a
Since 7(w) = 7'(w) and Z(t, w) is continuous, we get that f(w) > 0. Define

Y-(a,w):=  sup  {d(Z(t,w) 0A)}. (5.11)

te(t(w)—a,T(w)]
Again, it follows from the continuity of Z(t, w) that y_(a,w) > 0. So, there exists t_ € (T(w) -
a,T(w)] such that Z(t_,w) ¢ A,- forall0 < a < (BAy-)/2. Lety := (B Ay-)/2, then, for all

0 < a <7y, weget that 7, (w) € (T(w) — a, T(w)] and so

0<71(w) —Ts-(w) < (5.12)

and the proof is complete. O
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Remark 5.2. For the continuity of 7,-, we need the extra constant p. If we only consider the
constant y_, then we can guarantee that the process Z is “close” to 0A in the interval (7 -a, 7]
but we cannot guarantee that it is the first time that it does it and so we do not necessarily
have that 7,_ and 7 are “close enough.”

Theorem 5.3. Let {Z(t)},5 be a stochastic process with Z(0) = z € R? and A C R% an open,
connected set with regular boundary. Let {z,} be a sequence such that

Zn — 2o (5.13)

n—oo

with z,,zg € A. Denote by Zy and Z, the stochastic processes with initial conditions zo and z,,
respectively. Define

T = inf{t >0 Zo(t) ¢ Z},

(5.14)
T, = inf {t >0 Zn(t) ¢ Z}.
Assume that T < oo and T = 7' a.s., where
T =1inf{t > 0] Zy(t) € A). (5.15)
Assume also that, for all T > 0,
120 = Zlr =, 0. (5.16)
Then,
T, — T. (5.17)

n— oo

Proof. Let € > 0 and 1 > 0. We need to prove that there exists N(e,7) € N such that, for all
n > N(e, 1), we have

Plr -7/ <e] 21-7. (5.18)
Since T < o a.s., then there exists M = M(7) such that

Plr<M]>1- g (5.19)

Thanks to Theorem 5.1, we get the existence of ag = ay(¢, 77) such that, for all a < ag(e, 1), it is
satisfied that

Pl <T+€,1,->2T—-€]>1- (5.20)

W
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Let a; := ag/2. By hypothesis, we have the existence of N = N(M, ay,€,1) = N(e, 1) such
that for all n > N (e, 1)

Pl1Zs - Zllppee S @] 21- 7. (521)
So, over the intersection of the three sets, we get
{T < M} N {Tll1+ < T+E€E Ta- 2 T—€} n {”ZTI_Z”M+6 < [11}
C{Ta- ST < Ta+ ) N {Tar STHE, Ty 2T — €} (5.22)

C{r—-e<t,<T+e€}.

The first inclusion follows from the fact that, over the set {t < M} N {||Z, = Z||ms+e < a1},

we have that the process Z, cannot leave the set A before the process Z leaves the set A, -
and so we get the 7,,- < 7,. On the intersection of the three sets, we have that 7,,, < M +e.
Considering a similar argument, we obtain the remaining part, that is, 7, < 74,+.

Finally, we get from inequalities (5.19), (5.20), (5.21) and Bonferroni’s inequality that
foralln > N(e, n),

Plr-e<t,<T+€]>1-79 (5.23)
and the proof is complete. O

5.2. Additional Results

Theorem 5.4. Let {(t,,Xn)} ey C [0, 00) x RY be a sequence such that (t,,x,) — (t,x). Denote
n—oo
by X, and X the solutions of the following equations:

dX,(s) =b(t, —s,X,(s))ds + o(t, — s, X,(s))dW (s), X, (0) = x,

dX(s) =b(t-s,X(s))ds+o(t—s,X(s))dW(s), X(0) = x. 529

Then, forall T > 0,
1, = Xlly = 0. (5.25)
Proof. This theorem is consequence of Theorem 1.5 in Chapter V of [26]. O

The following theorem is Theorem 9 of Chapter 3 in [3]. Let 0 < Ty < Ty and let A C R4
be a bounded open set with C? boundary. Since o, b, ¢, and f are locally Lipschitz, then they
are locally Holder of any order g € (0,1)
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Theorem 5.5. Assume H1 and H2. Consider the following differential equation:

—u(t, x) + Llu](t,x) + c(t, x)u(t,x) = -f(t,x) (¢, x) € [Ty, T1] x A,
u(To,x) = g(To,x) for x € A, (5.26)
u(t,x) = g(t,x) for (t,x) € (Ty, T1] x 0A.

If g is continuous, then there exists a classical solution w € C([To, T1) x A)NCY2P((Ty, Ty) x A) of
(5.26).

Remark 5.6. Let w be the solution of (5.26) and define z as w(t, x) = e®'z(t, x) in [Ty, T1] x A.
Then, z fulfils (5.26) with ¢’ = ¢ — ¢p and f'(t,x) = e @' f(t,x). And so the hypotheses of
Theorem 9 of Chapter 3 in [3] are satisfied.
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