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ABSTRACT

A problem of the first passage of a cumulative random process with
generally distributed discrete or continuous increments over a fixed level is con-
sidered in the article as an essential part of the analysis of a class of stochastic
models (bulk queueing systems, inventory control and dam models).

Using direct probability methods the authors find various characteris-
tics of this problem: the magnitude of the first excess of the process over a
fixed level, the shortage before the first excess, the levels of the first and pre-
first excesses, the index of the first excess and others. The results obtained are
illustrated by a number of numerical examples and then are applied to a bulk
queueing system with a service delay discipline.
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1. INTRODUCTION

In many controlled stochastic models encountered in applications (queues, inventories,
dams), a control policy is employed in which a system is restricted in its capability to engage all or
a part of its facilities until the total amount of accumulated “work” reaches or exceeds a certain con-
trol level (or certain control levels). Some examples include systems with warm-up, orientation, hys-
teresis service, and multilevel feedback control, bulk queueing systems with service delay discipline,

queueing systems with server vacations, inventory control systems, and certain controlled dam mo-
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dels.

A bulk queueing system acts similar to a service discipline in which the server can start a
new service act only if, after service completion, it finds at least » (r > 1) units in the queue;
otherwise, the server remains idle until the queue length reaches or exceeds level r. It is clear that a
preliminary analysis of the first passage problem is necessary, and it is an essential part of any
attempt to investigate the functioning of such a system. This fact is illustrated by the authors in [1],
where a general control MX / GY/ 1 bulk queueing system with a service delay discipline of this kind

is considered.

In the present article, the authors study a general first passage problem and its applications
to the analysis of some stochastic models. Having originated from needs of reliability theory, the
first passage problem is traditionally concerned with the distribution of the moment of the first
passage (so-called “passage time”) of a cumulative random process with single increments over a
certain level. In this article, the authors, keeping in mind stochastic model applications, concentrate
their attention on the other important aspect of the problem: the distribution of the value of the
first ezcess of a cumulative process (with generally distributed increments) over a fixed level. This
random variable is especially important in the analysis of queueing and inventory models with bulk
input. In addition, the distribution of the shortage of the first excess, the levels of the first and pre-
first excesses, and the moments of the first and pre-first excesses are found. The authors introduce
varioﬁs functionals of the above mentioned processes and manage to express them in terms of a cer-
tain  function called the “generator.” Not only does this generator have a number of fine
probabilistic qualities, but it turns out to be a polynomial which considerably facilitates the further

analysis (for example, by using factorization methods).

Some results obtained by a direct probability approach can be derived (as it was kindly
suggested by Lajos Takacs to one of the authors) after some adjustments of more general results
from Dynkin [4] and Takacs [5]. However, for the sake of simplicity and for an illustration of the
methods used in this article, the authors preferred to use in these cases their original proofs. The
other results are new. A direct approach for finding a number of various characteristics of the first
passage problem, which is developed in the article, is believed to be of independent methodological

interest.

The results obtained in this paper are illustrated by a number of examples and, then, are

applied to a bulk queueing system with a service delay discipline.



A First Passage Problem and Its Applications 85

2. FORMULATION OF THE PROBLEM AND GENERAL RESULTS

All stochastic processes will be considered on a probability space {Q,%,P}. Let
z=3, ZOS" € (where €, is the Dirac point mass) be a compound random counting measure,
such that the counting measures, 7= 3 >0€r oD (R4, B(R,)) (where B is the Borel o-algebra)
and S = 2:0=°€Sn on (¥, B(¥)), YCR_, be delayed renewal processes, and such that the
compound random measure Z be obtained from 7 by position independent marking. We will
consider two different cases: ¥ C Ny and ¥ ~ R (equipped with the usual topology). Observe that,
due to its analytic properties and an importance in applications to stochastic models (for example,

embedded Markov chains in queueing theory), the discrete case is of main interest, and, consequent-

ly, it will be discussed in greater detail than its continuous counterpart.

Therefore, in this section we will study the “critical behavior” of a compound delayed
renewal process, Z, determined by a delayed renewal process 7 = {r, =t3+1t, +...+t,;n >0} on
R, marked by a discrete-valued, delayed renewal process, S = {S, = Xg+ X, +...+ X, ;n >0}
on ¥. As mentioned above, we assume that the processes  and S are independent. [In the case of
their dependence we may arrive at more general results, but we have to indicate what kind of
dependence is to be employed. This will not be discussed in this paper.] Let X, = S, be distributed
as P Xy = 2.y 9i€i and let X, be distributed as P X, = 2,y %c; (both arbitrary atomic probabi-
lity measures). The corresponding generating functions are denoted g(z) = E[zXO] and a(2)
= E[zXl], analytic inside the open unit ball B(0,1) and continuous on its boundary 6B(0,1), with
finite means g = E[X] and @ = E[X,]. Without loss of generality we set t; = 0. We also assume
that inter-renewal times ¢, =, —7_ _,;, are described in terms of the common Laplace-Stieltjes

transform V() = Ele '_Ot"], with the finite mean V = E[t,], n = 1,2,... .

For a fixed integer » > 1 we will be interested in the behavior of the process S and some

related processes about the level r.
The following terminology is introduced and will be used throughout the paper.
2.1 Definitions.
(?) Denote v = inf{k > 0: S}, > r} and call it the indez of the first ezcess (above level r —1).
(47) Call the random variable S, the level of the first exzcess (above r —1).
(#47) Call n =S, —r the magnitude of the first exzcess of S above level r—1.
(iv) Denote ¥ = sup{k >0:5, <r} =v—1.Call S; the pre-first excess level.

(v) Denote the random variable 7, as the first passage time when S exceeds level r — 1.
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(vi) Denote 0 =r — Sy and call it the shortage before the first ezcess of S of level r.

We shall be interested primarily in the joint distributions of the first passage time and the
random variables listed in 2.1 (i-v) in terms of the following functionals:

—-0r 6r

qu?f ].

7,(0,2) = Ble™ 2], 6,(0,9) = Ele ~ "z, ¢7)(0,2) = Ble”
In addition, introduce the following auxiliary functions

—0r . .

G,(0,2) = ZjZOE[e Iz ]IUr—l(Sj)]’
—-0r. S.

GrO)= T,5,Ele 7z Iy _ (S; 4,
-0r. S.

GF2)= T;50Ele 727y _ (S;41))

where Up,= {0,1,...,p}, and I, is the indicator function of a set A. We call G (6,z) the generator of

S

the first ezcess level. We shall also use the functionals, which we wish to call the projective
functionals, of the following marginal processes:

7:(2) = 1,00,2), §,(2) = §,(0,2), G,(2) = G,(0,2), G (2) = G (0,2), GF (2) = G, (0,2).
A very important property of G,(z) and G,T (2) is that they are polynomials of (r — 1)th degree. As
mentioned in the introduction, this fact plays an important role in the analysis of stochastic proces-
ses, specifically, it enables one to factor some functionals in polynomials and in known analytic func-

tions.

2.2 Theorem. The joint functional v,(0,z) of the first passage time and the index of the first

ezcess can be determined from the following formula:

a z2)=1-— -z r—1 g(x)
) 209 =1- 0= V0%
(2.2b) 2% =lim_&; % k>0

Proof. Using the routine calculus of indicator functions, we get
-0r,. . -0r
700 = £ 5 {Ble™ 5y (5, 01y S+ Bl e (571)
. -0r . —-6r .
=1+ EjZIZJE[e JIU S]-—l)]_ szOZJE[e JIUr—-l(Sj)].
Let v(z,0,z) = (1 —z) E:‘; Oxp'yp +1(0,2). The function y(z,,2) is obviously analytic in the region
(2.2¢) C = B(0,1) x { Re(8) > 0} x B(0,1)

and continuous on B(0,1) x {Re(8) > 0} x B(0,1). By the monotone convergence theorem,
. — ar .
7(3,9,Z)=(1—$)2j21215'[6 JZ(;O—_:OxPIUp(Sj—l)]

r-—l(

. —-0r .
- (l—x)zjzoz]E[e JZ:;’:}:__();z,"’IUp(‘S'j)]-+-1
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. —-6r. S._ . -0r. S
= EjZIzJE[e Tx IJ—EjZOZJE[e Tz J]-i-l
¥ i517V0)9@)d @) = T ;5 0 #VIO)9(@)a’(@) + 1
11 9(z)
= 1= -V Ty Eam -
Formula (2.2a) follows after the application of the operator 97~ 1 to y(z,8,2)(1 —2) ~ L. W]

Formula (2.2a) yields the following pair of corollaries.

2.3 Corollary. The mean value of the indez of the first excess can be determined from the

formula

- r- (=)
(2-33) Y= E[l/} = G.Dx l{u—_x-)g[l—ta—(m}.

2.4 Corollary. The Laplace-Stieltjes transform of the first passage time E[e—or"] equals

(2.4a) Ble™ V] =1-(1-V(0)3; 1{(1 - z)[lgf-zz/(ﬁ)a(r)]} '

Specifically, the mean first passage time is

(2.4b) Elr,=V7,.

2.5 Proposition. The generator G, (0,z) of the first excess level can be determined from the

following formula:

. (z2)
(2.50) 6,06, =3Bt

Proof. Denote
G(z,0,2) =(1 -—z)zp ZoGp+1(0*z)’3p'
The function G(z,6,2) is obviously analytic in the region C, defined in (2.2c), and continuous on

B(0,1) x {Re(8) > 0} x B(0,1). By the monotone convergence theorem,
S. —-0r.
G(x,(),z):(l—:z:)EjZOE[z e JZpZo:z:"IUp(Sj)]

S. —-0r, - 0T .
=(1-2)T, 5Bl e’ L, y51= TineBle i(az)* ]
9(z2)

=m, (2,‘,9,2) eC.

Formula (2.5a) follows from the last equation when we apply the operator ‘.D;"l to the function
G(z,0,2)(1—2z) "L o

The rationale behind the use of the term “generator of the first excess level” comes from the

following major theorems and properties, which follow from corollary 2.3 and proposition 2.5.

2.6 Corollary. The “projective” generator G.(z) of the first excess has the following proper-
ty:
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G,(1) =7, = Elv.

2.7 Proposition. G, (0,2) can be obtained from the following formula:

RS AT

Proof. Let
G~ (z,0,5)=(1-2)%, >00p+ 1(0,2)zP.

Then, by reasonings similar to those in the proof of theorem 2.2, we get

G~ (z,6,2) =‘1L—6)‘%9T(%’ (2,6,2) € C.

The statement of the proposition follows. o

2.8 Proposition. The functional Gr'" (8,2) can be obtained from the following formula:

et a(z)g(xz)
GF(6,2) =9 {(1 - V(O)a(xz)]}‘

Proof. The proof of proposition 2.8 is an analog to that of proposition 2.7. ]

2.9 Theorem. The functional G.(0,z) of the first passage time and the first excess level can

be expressed in terms of the generator of the first excess as
§,(6,2) = g(z) — [1 - V(0)a(2)]G,(8, 2).

Proof. From

E[e—a

S S -
= B0y (S4Bl Iy (S))
<
we have that

-0
Ele

—60r, S ;
evl= D 0d+ Ty, Ele

i=r

r. S,
i3 . .
2 IU', _ l(S]—l) IUg _ I(S])]’
Using the routine calculus for indicator functions we get

(292) Bl =T 0+ 5,5, Bl 95y (S;0)
~ %5 Ble i (5))
The third sum in (2.9a) is obviously G,(6,z) less E’[zs0 IUr—l(SO)] = Z:;égizi, and the second
sum in (2.9a) is G~ (8, z). The statement of the theorem follows from propositions 2.5 and 2.7. a
2.10 Corollary. The mean value of the first excess level can be determined from the following

formula:

(2.10a) 6, =E[S,]=7+a7,.

Proof. The validity of formula (2.10a) is due to corollary 2.6, theorem 2.9 and routine

calculus. 0
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2.11 Remark. Observe that the “total magnitude” S, — S, of the first excess level has the

mean value G, — g and, due to (2.10a), equals @7, i.e., the product of the mean “batch” size and the

mean value of the index. Thus, it seems as if we could proceed with Wald’s formula to get the same

result. However, it would be unjustified, since, in S,, X;,...,X,, are not independent of v (as trivial

counterexamples show); consequently, a similar factorization of other functionals of S, — S is not

possible. This tells us that Wald’s equation apparently holds true for weaker sufficient conditions.

2.12 Theorem. The functional G(')(B, z) of the pre-first passage time and the pre-first excess

level can be determined from the following formula:
(2.12a) 60, 2) = G,(8,2) - G} (0,2) + P{Sy > 1}

_qr—1f (1= a(@)]g(zz) )
=D {(1—x)[l—V(B)a(xz)]}+P{502 1,

where we define Soy =0 and Ty =0 on the set {Sy > r}.

Proof. The functional g(')(e, z) can be decomposed as
(2.12b) Ble '™ Py =g Iy _ (Sl +Ele” oy Sy Iye (o))
Then, formula (2.12b) is reduced to
(2.12¢) Ele” " = gl v Iy _ (So)]+ PS> 7).
The expected value on the right-hand side of (2.12c) can be modified as follows.
Ble™ VL, (S = By poBle iy (S)Tye (i)

—-0r. S —6r. S.
=ZJ’ZOE[8 Tz ]IUr_l(Sj)]—ZjZOE[e JIUr_l(Sj+1)]-

.
Iz

Thus,
—0r~ S~
Ele VzVIy 1(50)] =G,(0,2) -G (9,z),
r—

Finally, formula (2.12a) follows from propositions 2.5 and 2.8.

3. CONTINUOUS-VALUED PROCESSES

In this section we obtain joint functionals of the first passage time and the first excess level

above some positive real number s. We assume that Z = Zn>05n€r is a compound random
< n

measure obtained from 7 by position independent marking, where S = Zn>065 is a counting
- n

measure on (R, B(R  )) such that S is a delayed renewal process. We denote

- 98

Vo(6) = Ble ™"}, V() = Ble ™1}, 4(9) = Ble 0], a(9) = Ble T ¥,

—Gru—ﬂsu

§,(0,9) = Ele .
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We evaluate G, (6,9) in terms of the Laplace transform by using methods similar to those in
the previous section. And we let

6(0,9,8) = [°_ e ¥G,(6,9)ds, Re(t) > 0.

3.1 Theorem. The functional §(8,9,t) can be determined from the following expression:

(3.1&) G(e’ l91 t) = %VO(Q){'/("?) - 7(t + 0) 1 -1-;/2;()?8(:-9)19) }

Proof. By the monotone convergence theorem,

—-0r. .0 _1s —US.
60,0, t)=3 ;5 Ble [ _ge e g (S 1[4, 00)(5 )ds]

- 67 -9S —ts
+Ee” T [T eT I, (So)ds]:

This reduces to
S
. _ _ 0
J e ~¥ds]+ E[e 670, = 950 [, _ o "ds]
= J -1 -

=1 551 VoOVI@)r(t+9)a’ =1t +9)[a(9) — a(t +9)] + 3 Vo(6)[1(9) — 7(t + 9)]

—6r. —-9S. .S
(3(9,19,t)=2j>1E[6 Te ’ f
= s

=160 {r) - 700+ T .

3.2 Examples.

(%) For 8 = 0 and for 4(J) = 1, we get from (3.1a) the functional of the first excess level as

a(?d) —a(t +9)
(3.2a) 6(0,9,t) = %m.

Consider (3.2a) under the additional assumption that

(3.2b) ofd) = 22,

(as the Laplace-Stieltjes transform of an exponential distribution with mean 1/a), which reduces

(3.2a) to

- a .9
W00 =569 " T+v°
Then,

~98 J
Gs(O,ﬂ)zE’O[e Vi=e aaiz?’

and, therefore, S, has the probability density function ae™ (e - ’)I[s 00)(®)-

(%) For 9 =0 and V() = 1, we obtain the formula for the functional of the first passage
time,
_ Vo) - «(1)]
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which under assumption (3.2b) reduces to

V(6)
6(9,0,t) = m .

Then, the inverse of the Laplace transform in ¢ gives the Laplace-Stieltjes transform of the first

passage time of level s:

§,(6,0) = V(0) exp{ — as[1 - V(0)]} .

4. SPECIAL CASES AND APPLICATIONS

4.1 Remark. The special case of formula (2.2a) for § = 0 can be derived by using different

arguments. Denoting {S_; > r} = @, we obviously have, for all n = 0,1,..., that
r=n}={S, 2 rI\(S,y 2 7).

Consequently
P{v=n}= P(S, 2 1}~ P{S,_, > 7).
Thus,
(4.1a) 7,.(2) = (1= 2)h(2), where

h(2) = z”f: oZ P{S, 2}

Let h(z,2) = Y Z°= o h;(z)zF. Then, after some transformations we obtain that
zg(z)

(4.1b) h(z,z) = 1= z)l(l -z) (1-2z)[1-2za2)]’

The formula,

follows from (4.1a) and (4.1b) along with the use of the operator (2.2b).

In what follows we assume that g(z) = z* (i.e. So =1 a.s.). We then label the corresponding

functionals of all discussed random variables with index “i.”

4.2 Corollary. The joint functional 7£i)(0, 2) of the first passage time and the indez of the

first excess level satisfies the following formula:

r—1-— 1- a(l‘) .
oA 1{(1 = sz)a(r))}’ -

1, 1>

(4.2a) 90,2 =

Proof. From (2.2a) it directly follows that
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(4.2b) 70, =1-1-v(0)2)2~ - 1{(1 o) —le(H)a(z)]}’ i<

(4.2¢) 10,2 =1,i>r,

after noticing that

. % HIE@), i<r
"~ Yz f(2)} = *
z {2 f(2)} { 0, isr.
It is readily seen that formulas (4.2a) and (4.2b-4.2c) are equivalent. 0

From formulas (4.2b-4.2c), we immediately obtain the mean value of the first excess

index:
r—t1—1

T i<r
(4.3) E[V] = 75}) _ Dz {(1 —z)[1- a(z)]}’ <
0’ i >r.

4.4 Corollary. The generating function Gf.i)(z) of the first excess level is determined by the

following formula:

fa-i :(i))(If(ﬁflz))}» i<r

2, i>r.

(442) () =

By using change of variables in (4.4a) we can transform it into an equivalent expression

zr@;-*—l{%}, i<r

z‘ ) 1_>__ T.

(4.4b) ¢z =

Proof of corollary 4.4. Formula (4.4a) follows from (2.3a) by direct computations. Alterna-
tively, formula (4.4a) or its equivalent (4.4b) can be derived from entirely different probability

arguments that can be of independent interest.

Our preliminary target is the generating function Ss.i)(z) of the magnitude n = 179) of the
first excess level with the above assumption that Sy =i a.s. Since obviously n(ri) = n(ro_)_ ;» We can
operate with ngo) to determine 350)(z). Then we shall return to the general case by restoring corres-

ponding indices. Introduce the following notation:

(4.4¢) Gps = P{S, =5}, 4,0=0, I, = Zzozoqm,loz 1,

(4.4d) b,(2) = Z:zlan+mzm‘l , k,ns=0,1,....

From direct probability arguments it follows that P{ngo) =k} = Z: ;1) lya, 4 ks, and thus
0 -1

(4.4¢) ()= 72 b, (2, -

On the other hand, the series Z?zobn(z)z" (with b,(2) defined in (4.4d)) converges in the region
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C= {|lz|| < |lz]|l £1}; and in C we have that

(4.4f) T oo b —w and 37 1—1a(:c)

Applying (4.4e) and (4.4f) to I(z,2) = Z:o (0)(2)1 we obtain that in region C
. da() - a(2)]
(449) D) = o= a(a]

Therefore, 3( )(z) DL {(_;:%(%[—}—E—(}%rﬂ} which implies that

r—i-— a(z) - a(z)
(=i Ao

which by definition of S, yields (4.4a).

[Observe that since both the left- and right-hand sides of (4.4g) are analytic functions in the
region B(0,1) x B(0,1) and since they coincide in the region C, by the uniqueness theorem for analy-

tic functions, these two functions also coincide in the whole region B(0,1) x B(0,1).] 0
Although the following result could follow from (2.12a), we shall use another direct method.

4.5 Corollary. The generating function E[27] = C‘f,i)(z) of the shortage before the first excess

is determined from the following formula:

i o er—i— 1 —a(zz) .
(4.52) cli)(z) = 29" 1{(1 —mlt _a(u)]}, i=0,..,r— 1.

T00J. or convenience denote o =0 =7r—0O~. ecause o =0y we can operate
Proof. F denote o) Sy. B (i) = g{r—1) perat

with CS.O)(z) and then restore the original indices.

By direct probability arguments and, using notation (4.4c), we have
0,k) _ 0 - -
c®F) = p{e® =k} = 25020509, r—k%+n=lrkfk
where fr. = 37 5 0k 4 - Thus,
Co(2,9) = T, 5,002 = T 51 Fa@3)"E 115 1l

Now, since obviously

1—a(u)
Z:le‘f’num=u l1-u’

and by (4.4f), we have that
z2(1 — a(z2))

Col®?) = Tl —a(a)]
Therefore,
YN et — 1—a(zz)
C£0 (2) =23 1{(1 —zz)[1 - a(:c)]}
and formula (4.5a) follows. 0

4.6 Corollary. The generator of the first ezcess level can be determined from the following

formula:
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i<r

z'.‘f[);_ i-1 1 ,
(4.6a) G, (2)=EF = {(1 —z)(1- a(zZ))}

0, i>r.

4.7 Corollary. The generating function Qgi)(z) of the level of the first excess can be expressed
in terms of the generator G, (z) of the first excess level by the following relation:
(4.7a) §(2) = # = (1 - a(2)) G, (2), i = 0,1,... .

4.8 Examples.

(7) Consider a trivial case when a,(z) = a(z) = z. From (4.4g) we have that J(z,z) =

which yields that 35,0)(2) =1, and thus Q(ri)(z) = z", as it should be.

1-x

(i) Let a;(z) = a(z) = z%. Then, from (4.4g) we have I(z,2) = x(z+;) which yields that
1-z

3£0)(z) = 77 (m0d2) .1 d thus ggi)(z) = 7 T (r=9)(med2)] o4t should be.

(7%) Let a;(z) =a(z) =pz+ ¢ (p>0, p+¢=1). Then, from (4.4g) it follows that
ap + ¢(z+ 7))

I(z,2) = m , which after elementary transformations yields
Oy oz ior_ =1
G (2) =2 +z1__zl[zi 1], where z; = — 7.
iv) Suppose that batches X,,X,,..., are distributed geometrically. In other words, let
12
N N ot =] _ pz

a;(z) = a(2) = px(1 — qz) ~ *. Then, from (4.4g) we have J(z,2) YD) and thus
(4.8a) 1) = p(1- g9,

which yields g(,‘)(z) =2p(l-qz)~ L

4.9 Remark. Observe that the random variable ns,i) =S, —r is memoryless in this special

case. This can be rigorously formulated as follows.

Let S= Enzossn be a delayed renewal process on W C Ny, such that Sy =1 a.s. and the
magnitudes S; — Sy, Sy — Sy,... are geometrically distributed with the common generating function
pz(1— qz)"l. Then the distribution of the magnitude 17(:), of the first excess of level, is independent
of i and r, and it is also distributed geometrically with the generating function given by formula

(4.8a).

4.10 Example. We shall apply the results of section 2 to a special case of one stochastic
queueing model (studied in Abolnikov and Dshalalow [1]). Consider a single-server queueing system
with an infinite waiting room and a compound Poisson input (described by the compound counting
measure Z = E:oz 05,,51.") and a queue length dependent service delay discipline. According to

this discipline, the server immediately starts the next service act if the queue length is at least r; in
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this case all available units, or R (capacity of the server) of them, whichever is less, are taken for
service. Otherwise, the server delays the service act until the number of units in the queue reaches or

exceeds level r.

Let {Q,%F,(P%),.y, Q(t); t>0} — ¥={0,1,...} be a stochastic process describing the
number of units at time ¢ in this queueing system; and let anoeTn (Ty=0) be a counting
measure on (R, ,B(R_)) which gives the sequence of successive completions of service; and let
Q,=Q(T,+0). If at time T, + 0 the queue length, Q,,, is at least r (a positive integer less than or
equal to R), the server takes a batch of units of size R (a positive integer denoting the capacity of
the server) from the queue and then serves it during a random length of time o, , ;. Otherwise, the

server idles until the queue length for the first time reaches or exceeds the level r.

Let X, X,,... be the sizes of successive groups of units arriving at the system after Ty and
let S = Xy + X; + ... + X, where Xy = Q. Then, given Q,, S = {S;; k € Ny} is an integer-valued
delayed renewal process. Recall that v = vy =1inf{k >0: S, > r} denotes the random index when

the process S first reaches or exceeds level r and the queue length is Q,. Thus, 7, is the first

Yo

passage time of the queueing process over level r by the queueing process after time T'.

Define
Tunﬁ’ XO = Qn <r

0 =0_=
Q) =0, e e

n’

Then, at the instant 6, of the first passage time, the server is supposed to take a batch of the size

min{Q(0,,),R} for service. In other words, if @, >r, T, . ; =T, coincides with length of service

time o, 4 of the n+ 1st batch. If @, < r the interval (T, T, +1] contains the waiting time for

X;+..+ X, units to arrive and the actual service time o, ;. In both cases we assume that
n

0, +1 has a probability distribution function B with a finite mean b.

Finally, we can abbreviate the definition of the servicing process thkrough the following

relation for {Q,.}:

(S, —R)T +2Z(o,, 1), Q. <r
(4.10a) Quir = { n

(Qu—-B) Y +2(0,,1), Q,=r.

From relation (4.10a) it follows that the process {Q,¥F,(P%), .y, Q(¢);t >0} — ¥ hasat T, n>1,
the locally strong Markov property (see Dshalalow [3]). Thus {Q,%F,(P%)_ g, @,;n ENg} — ¥ is a

homogeneous Markov chain with transition probability matrix denoted by 4 = (q; j)'

In [1] it was shown that the generating function A,(z) of the ith row of the matrix A can be

determined from the following formulas:
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A2) = K(z)HS"R)(z), where

) ).y — .~ Rpld)
(4.9b) " P(a) = 2~ Bgl)(a) 4 ‘-Df’l{g' S (yz)}, icv.

K(z) = B(A— Xa(z)) ,where B(6), Re(6) > 0, forms the Laplace-Stieltjes transform of the probability
distribution function B, and Gs,i) satisfies formula (4.4a) or (4.4b).

Observe that since Q(ri)(z) = 2%, for i > r, formula (4.9b) reduces to
_mt
AR = =R s

It can be shown that A is reduced to a form of the homogeneous Ap-matrix, which is a
special case of a A, -matrix introduced and studied in [2]. There the stochastic matrix 4 = (a;;;
i,j € ¥ ={0,1,...}) is called a homogeneous Ap-matriz if it is of the form A= (a;;: i€V
a;=ki_iy, i>R,j2i-R; ¢;;=0,i>R,j< i— R),where Z;oz_ok,-ei is an atomic probabili-

ty measure.

In 2] it was shown that the embedded queueing process Q, is ergodic if and only if
alb < R. Under this condition, the generating function P(z) of the invariant probability measure P

of the operator A is determined by the following formula:

K@ TR oo AHTP() - 4}
£ K(2) Y

where HS"R) satisfies (4.9b). In addition, it was shown in [1] that the probabilities py, ...,pp form

P(z) =

the unique solution of the following system of R linear equations:

k .
> ,B= Opii%{K(z)ng'R)(z) - z'}' =0,k=0,.,k-1,s=1,.,5

2 =2
38
In the above, the values of z,, for s = 1,...,5, are R roots of the function z — 2 — K(2) in the region
B(0,1)\{1} with their multiplicities k, such that Zf;ll k, = R—1. Also, the (R + 1)th equation is
: (¥)
Z?:op.'(*?(r')* "+“-°ff'1{ g 1) })= R—a)b.

as follows

(1-y)?
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