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ABSTRACT

We study the expected number of real roots of the random
equation g, cosf + g, cos20+...+ g, cosnf = K where the coefficients
gj’s are normally distributed, but not necessarily all identical. It is
shown that although this expected number is independent of the means
of 95 j=1,2,...,n, it will depend on their variances. The previous
works in this direction considered the identical distribution for the
coefficients.
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1. INTRODUCTION

Let g,(w),99(w),... g,(w) be a sequence of independent normally distributed random
variables defined on a probability space (2, 4, P), and N(a,3) = N, g(a, ) be the number of
real roots of the equation T(f) = K in the interval « < 8 <  where

T@)=T,0,w) = i g;(w) cosjo. (1.1)
1=1

Some years ago Dunnage (2] assumed identical distribution for g;(w), (j =1,2,...,n) and for
case of K = E(g;) =0 showed that EN(0,27), the mathematical expectation of N(0,27), is
asymptotic to 2n/ \/§ Later Farahmand [4] found the same asymptotic formula when he
considered the case of K and E(g;) = p # 0 as any constants. However, the persistence of this
asymptotic formula is not typical for the other types of random polynomials. For instance, for
the algebraic polynomial Q($)=.i gjzi Ibragimov and Maslova [6] for the case K =0,
B(g;) = s # 0 obtained half of the real roots of the case E(g;) = 0. Farahmand [3] also found
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a reduction in the number of real roots when he considered the case of K # 0 rather than
K = 0. Very recently in two interesting papers involving several new methods, Wilkins [10, 11]
dramatically reduces the error term for the case of K = 0, considerably improving the previous

result.

In this paper, for the random trigonometric polynomial (1.1), we will study the case
when the means and variances of the coefficients g; are not necessarily all equal. It will be
shown that EN(0,2) will be independent of E(g;) and K, but dependent on the var(g;). For

By Moy a'% and «7% as any bounded absolute constants, we prove the following theorem:

Theorem: If the coefficienis 9j J=12,...,n of T(#) are normally distributed with
means and variances p; and a%>0 for 1<j<n; and p, and o‘%)(} Jor ny<j<n,
respectively, then for any sequence of constants K, = K, such that Kz/(nld%-}-nag) tends to
zero as n, lends to infinily, the mathematical erpectation of the number of real roots of the

equation T(0) = K satisfies

1

3 2 3_.3,2 |2

EN(0,27) ~ 2 | JAZLFE (7 2 m)og |7
3{n10'1 +(n- "1)‘72}

Comparing this result with the algebraic case with non-identically distributed coefficients
studied in [5], shows another interesting difference between these two types of polynomials.
That is, for the algebraic case, the behavior of the number of real roots is dictated by the
means and is independent of variances while, in contrast, for the trigonometric case, this
number depends on the variances and not on the means. In the proof of the theorem, the
assumption that u;, u,, ai", a% are independent of n is not necessary, but the gain in stating a

marginally more general conclusion subject to a very ungainly hypothesis seems insignificant.

2. PROOF OF THE THEOREM

We first look at the polynomial T(d) — K as a non-stationary normal process with A,
and A2, say, as its mean and variance and A, and B?, say, as the mean and variance of its
derivative, respectively. Then we can use Cramér and Leadbetter’s [1, page 285] result for the

level crossings of this type of process to get,

A 1
EN(@8)= [ (B/AY1 - CP/ 4B R0,/ Al26(a) +n22(n) - )8 (2.)
where )

C = COV{T(8) - K}, T'(8)], n = (CA, — A%\;)/ AA,
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-

A= A?B2-C?% o(1) = (27) 2 | exp(-y?/2)dy

-0

and o(t) = d'(t) = (27&')_%ezp( - t2/2).

-1 z
Now since ®(t) = %+(1r) 2erf(t/\/.;) where erf(z) = [ exp(— t*)dt from (2.1) we have the
- o0
extension of the Kac-Rice [7] formula

B8
EN(a, 8) = / ((A/7A%)ezp{ — (B*A2 —2CA A, + A2A2)/2A7)
+(V2/m)A 73| A20, = O | ezp( = A2/24%)er f(| A2\, — CA, | /V/2AA)|d6

8 8
= / 1,(8)d6 + / 1,(6)d8, say. (2.2)

We divide the interval (0,27) into two groups of subintervals. The first group of subintervals
includes the e-neighborhood of 0, and 27 and the second lies outside these e-neighborhoods. As
in [4), we need further modification of Dunnage’s [2] approach which is based on an application
of Jensen’s theorem [9, page 125] or (8, page 332]. By choosing ¢ sufficiently small and
applying this approach we will be able to show that the expected number of real roots in the ¢-
neighborhood of 0,7 and 27 is small and the main contribution to the number of real roots is
from those outside these neighborhoods. Indeed ¢ should be chosen large enough to be able to
evaluate the dominant terms of A2 B2?,..., with the smallest possible error. We chose

e =n~ /% and we will show that this choice of ¢ satisfies both above requirements.

First we let # be in either the interval (¢,7 —¢) or (7 +¢,2m —¢). Since the coefficients

of T'(9) are independent normal random variables, we have

" n
A2 =gl Z cos?j0 + o2 Z cos?j6. (2.3)
‘ 1=1 ) = ny +1
Also from [4, page 554] inside this interval we have

"
Z cos?jf = (ny/2) + O(1/e).
i=1

So, combining this with (2.3), we find that
A2 =n,0%/2 4+ (n = n;)02/2 + O(1/e). (2.4)
Similarly

ny n
B =02 ) j%sin?jo+o} Y jlsin?je
1=1 j=n +1

= n?a%/G+a%(n3/6~n%/6)+0(n2/e) (2.5)
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y n
C=0% Y jsinjdcosjo+os ). jsinjd cosjd

1=1 j=n1=1
=0(n/e) (2.6)
o n
A=y Z cosjf + p, Z cosjd — K =0(1/¢) - K, (2.7)
1=1 J=ng+1
and
e n
Ay=—py Y Gsingd—py Y jsinjd=0(nfc). (2.8)
1=1 j=n1+l

Hence from (2.2)-(2.4) we can obtain
A= {n,02/2 4+ (n—n, )a%/?}{n?af/ﬁ +(n%- n3)ol/6} + 0(n3/e). (2.9)

From (2.2) and (2.4)-(2.9) we have

7611(0)49

€

nyog + (n° - nj)o? 1/2
=3t mmed)| | U HOWD (2.10)
and
/ 1,(8)d6 = O(n'/?). (2.11)

€
Hence from (2.2), (2.10), (2.11) and since K = of K2/(n1¢7¥ +n6%)} we have

n:l’cr% + (n3 - n:{)ag
2
{"1‘71 +(n- nl)ag

1/2
EN(e,m—¢) = EN(7r+e,27r—e)=|:3 }jl {1+ 0(1)}. (2.12)
We conclude proof of the theorem by showing that the expected number of real roots outside
the intervals in (2.12) is negligible. To this end, let N(r) denote the number of real roots of

the random integral equation of the complex variable z of the form

T(z,w)—K =0 (2.13)

in the circle | 2| < r. The upper bound to the number of real roots in the segment of the real
axis joining the points = ¢ certainly does not exceed N(¢). Therefore, an upper bound for N(e)
could serve as an upper bound for the number of real roots of (2.13) in the interval (0,¢) and
(27 — €,27). The interval (w —¢,7 +¢€) can be treated in exactly the same way to give the

same result. By Jensen’s theorem [9, page 125] or [8, page 332]
2¢
N(e)log2 < / r~IN(r)dr
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2x
<(27)" 1! / log | {T(2¢e*%,w) — K}/{T(0)— K} | db. (2.14)

n 0
Now, since T(0,w) = 9;j(w) is normally distributed with mean p=nu, +(n—n))u, and
1=1

variance 0 = nlaf +(n—- nl)a%, we can see that, for any positive v,

1 K+e™Y
Prob(—e~ Y <T(0)-K <e™") = (270?) _7/ ezp{ - (t — u)?/20%}dt
K-e™¥
1
< (2/na?)2e V. (2.15)
In order to find an upper limit for the integrand of (2.14), we notice that
n
. ‘ .
| T(2ee%) | = | Z 9; cos2jee? | < ne*™maxz | 9] (2.16)
1=1

where the maximum is taken over 1 < j < n. The distribution function of | g j | is

.1- x
(2/702)2 / exp{ - (t - ue)?/202)dt 23>0
F(z) = 0 (2.17)
0 z<0
1 for 1<j<n
where E= =J=h
2 for n<yj<n

Now since for any positive v and § = 1,2

o0

[ eapt= = g r2otan

neu

< (e’ =) 1 [ (= nphezp{ - (4= e /203yt

= {0}/(ne” — p¢)}ezp{ — (ne¥ — ;) /202}

from (2.17) we have

Prob(maz | g;| > ne”)

1% 1%
<m(2/od) [ eap(=(t= ) 20Ndt+ (n = my)(2/nd)? [ empl = (t = o) 203}t
1
< 2/ (my 0y /(ne” = i) Yezp = (mek = ) /207

+{(n—ny)ay/(ne” - my))exp{ — (ne” - uy)/203)] = M, say. (2.18)



312

K. FARAHMAND

Therefore from (2.16) and (2.18)
| T(2¢€'%) | < 2n%ezp(2ne +v),

except for sample functions in an w-set of measure not exceeding M. Hence from (2.15), (2.16)

and since for K = o(\/r—l)

2n2ezp(2ne +v) + K < 3n%exp(2ne + v)

we obtain
| {T(2¢e'®,w) - K}/{T(0,w) — K}| < 3n%ezp(2ne — 2v) (2.19)

1
except for sample functions in an w-set of measure not exceeding M + (2/702)2e ~“. Therefore

from (2.14) and (2.19), we find that, outside the exceptional set,

N(e) < log3 + 2logn + 2ne + 2v. (2.20)

1
Then since e =n 4, it follows from (2.20) and for all sufficiently large n that

1
Prob{N(e) > 4ne + 2w} < M + (2/mo?)2e ~ Y. (2.21)
3 3
Let n’ = [4n*] be the greatest integer less than or equal to 4n4, then from (2.18), (2.21) and for

all sufficiently large n we obtain

EN(e) = ) _ Prob{N(e) > j}
7>0

=Y Prob{N(e)>j}+ ) Prob{N(e)>n’+j}
1<j<n’' j20

1 _i i j
S+ (2/n)2 o7 ) e T4 noy Y (ne? = ) " lezp{ ~ (ne?
i1 121

+(n- "1)‘722 (ne

21

- #1)/2"%}

J )
2 2

- pp) " lezp{ — ne? — py)/20,}]

3
= O(nd). (2.22)

Finally from (2.2), (2.12) and (2.22) we have the proof of the theorem.
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