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ABSTRACT

In the present paper, a technique of V. Lakshmikantham is
applied to approximate finding of extremal quasisolutions of an initial
value problem for a system of impulsive integro-differential equations of
Volterra type.
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1. INTRODUCTION

The monotone-iterative technique of V. Lakshmikantham is one of the most effective
methods for finding approximate solutions of initial value and periodic problems for differential
equations. This technique is a fruitful combination of the method of upper and lower solutions

and a suitably chosen monotone method [1]-[8].

In the present paper, by means of this monotone-iterative technique, minimal and
maximal quasisolutions of the initial value problem for a system of impulsive integro-

differential equations of Volterra type are obtained.

2. STATEMENT OF THE PROBLEM, PRELIMINARY NOTES

Consider the initial value problem for the system of impulsive integro-differential

equations
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& = f(t,z,Qz(t)) for t #t,t €[0,T)
Az |y =y = Ii((t;-0)) (1)
z(t) = (1) for t € [ — A, 0],

where = = (z,,25,...,2,), f:[0,T]xR"xR"=R", f=(f,fq..0uf,) Qz=(Qz,Qsz,...
t
Qnz), Q;z(t) = ft hkj(t,s)zj(s)ds, k[0, T]x[ = h,T]-[0,00), :[—h,0]=R", ¥ = (p;,,,

ceuPp)y h=const >0, 0< ¢, <t <...<t,<T, Az|,_, =z(t;+0)—z(t;—0), [:R"-R",
]
Ii= T Ligse o Ip)-

With any integer j =1,...,n, we associate two nonnegative integers P and q; such

that p jtej=n-1 and introduce the notation

($1732,---,xpj+1,y,,j+2,---,1/,,) for p]..>_..7

With the notation introduced, the initial value problem (1) can be written down in the

"7xpj’ypj+l"“’yj—l’xj’yj+l""’yn) pj<j'

form

;= fi(ta o], 2], Qa0 [Qa(t)] , [Qu(t)], ) for t# ¢, tE[0,T]
Az, - t; = I; (= (%)), [z(ti)]pjd[m(ti)]qj)’
z;(t)=p;(t) for te[-h,0},j=1,...,n.
Let z,y €R", z = (21,29,-.942,)y ¥ = (¥1,¥2--»¥,,)- We shall say that = > ( <)y if
for any i = 1,...,n, the inequality z; > ( <)y, holds.

Consider the set G([a,b],R") of all functions u:[a,b]—R™ which are piecewise
continuous with points of discontinuity of the first kind at the points t; € (a,b),
u(t) =u(t;—0) and the set G'([a,b],R™) of all functions u € G([a,b],R™) which are
continuously differentiable for ¢t #¢;, t € [a,b] and have continuous left derivatives at the
points t; € (a,b).

Definition 1: The couple of functions v,w € G([ — h, T},R™), v,w € G*([0,T],R"),
v = (vy,V9,..4, V), W= (wy,wy,...,w,) is said to be a couple of lower and upper quasisolutions

of the initial value problem (1) if the following inequalities hold.

vJ S fj(t’ vj’[v]pj’[w]qj’ ij9[Qv]pj’[Qw]qj) fOl' t 75 ti’t € [OaT] (2)
w; 2> fj(tva [w]pJJ [v]qj’ ij’ [Qw]pj’ {QU]qj)

801 = S Lo (0, [t L8, ) ®
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Awjl gy, 2 1j(wj(t), [w(t.')]pja ["(ti)]qj)

v(t) Spi(t) Swyt) fort€[-h,0}, j=1,..,n. (4)
Definition 2: In the case when (1) is an initial value problem for a scalar
impulsive integro-differential equation, i.e. n=1 and p, =¢; =0, the couple of upper and

lower quasisolutions of (1) are said to be upper and lower solutions of the same problem.

Definition 3: The couple of functions v,w € G([ — h,T],R™), v,w € G}([0,T],R™)
is said to be a couple of quasisolutions of the initial value problem (1) if (2), (3) and (4) hold

only as equalities.

Definition 4: The couple of functions v,w € G([ — h, T],R"™), v,w € G}([0,T],R™)
is said to be a couple of minimal and maximal quasisolutions of the initial value problem (1) if
they are a couple of quasisolutions of the same problem and for any couple of quasisolutions of

(1) (u,2) the inequalities v(t) < u(t) < w(t) and v(t) < 2(t) < w(t) hold for t € [ - A, T].

Remark 1: Note that for the couple of minimal and maximal quasisolutions
(v,w) of (1) the inequality v(t) < w(t) holds for t € [— h,T], while for an arbitrary couple of

quasisolutions (u, z) of (1) an analogous inequality may not be valid.

Remark 2: If for any j =1,...,n, the equalities p; =n—1and ¢; =0 hold and
the couple of functions (v,w) is a couple of quasisolutions of the initial value problem (1), then
the functions v(t) and w(t) are two solutions of the same problem. If, in this case, problem (1)
has a unique solution u(t), then the couple of functions (u,u) is a couple of minimal and

maximal quasisolutions of (1).
For any couple of functions v,w € G([—h,T],R"?), v,w € G}([0,T],R"™) such that

v(t) < w(t) for t € [ — h,T] define the set of functions

S(v,w) = {u € G([ - h,T},R"), u € G}([0, T],R™): v(t) < u(t) < w(t) for t € [ - h,T]}.

3. MAIN RESULTS

Lemma 1: Let the following conditions hold:
1. The function k € C([0,T]x [ — h,T],[0,00)).
2. The function g € G([ — h,T},R), g € G}([0,T],R") satisfies the inequalities

t
g(t) < —Mg(t)— N/ k(t,s)g(s)ds for t #t,,t €[0,T] (5)
t—nh
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Ag| t=t, < - L,-g(t;) (6)
9(0) < g(t) 0 for t € [—h,0], (7

where M,N,L,(i = 1,...,p) are constants such that M,N >0,0< L, < 1.
3. The tnequality

(M + Ngh)pr < (1- L)? ®)
holds, where
ko = maz{k(t,s):t € [0,T),s € [-h,T]},
T = maz{t,, T — ty maz(t;  —tzi=12,..,p—1]},

L =maz{L;i=1,2,...,p}.

Then g(t) <0 fort€[—h,T).

Proof: Suppose that this is not true, i.e. that there exists a point & € [0,T] such
that g(£§) > 0. The following three cases are possible:

Case 1: Let g(0)=0 and g(¢)>0, g(t)#0 for t€[0,b) where b>0 is a
sufficiently small number. From inequality (7), it follows that g(t) = 0 for ¢t € [h,0]. Then by
assumption there exist points &,&, €[0,T], & < &,, such that g(t) =0 for t € [—h,&;] and
g(t)>0 for te(&,¢,] From inequality (5), it follows that §(¢)<0 for
t €[£y,&]N[€1,€, + A, t # t,, which together with inequality (6) shows that the function g(t)
is monotone nonincreasing in the interval [£,,&,]N[€,,&; +h], ie. g(t) < g(§)=0 for
t €[£,€]N[€,€; + h]. The last inequality contradicts the choice of points £, and &,.

Case 2: Let ¢g(0)<0. By assumption and inequality (7) there exists a point
n€(0,T], n#t; (i=1,...,p), such that g(¢t) <0 for t€[—h,n), g(n) =0 and g(t) >0 for
te(nn+e) where ¢>0 is a sufficiently small number. Introduce the notation

inf{g(t):t €[ —h,n]} = — X, A =const > 0. Then there are two possibilities:

Case 2.1: Let a point p € [0,7] exist, p # t; (i = 1,..,p) such that g(p) = —A. For
the sake of definiteness, let p € (¢;,¢; 1] and 7 € (tx 4 itk 4 m 1)y m>0. Choose a point
M € (tk 4 mrtk 4 m + 1) M <7 such that g(n;) > 0. By the mean value theorem, the following

equations are valid.

9m) =9k 4 m+0) = 3(6) (M =tk 4 )
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It e m=0) =9t -1 +0) =3 D) m =tk m—1)

(9)
9tk 41 -0)—9(p) = §(&o)(t 1.1 = p)
where{, € (P’tk+1)afm € (tk+m,n1),€,~ € (tk+i’tk+i+1)’ i=1,..,m-1
From (6) and (9) we obtain the inequalities
9(m) = (1 =Ly 4 W)tk 4 ) < 9(,07
Itk 4 ) (=L g )9y m—1) S 9 = 1)
(10)

9tk 1) — 9(p) £ 3(&o)

From inequalities (10), by means of elementary transformations, we obtain the

inequalities

9(m)-(1 ‘Lk+1)(1 “Lk+2)---(1 —Lk+m)9(P)
_.<_[g(Em)"(l_Lk+m)g(£m—-l)+"'+ (11)

(=L p)A=L ) (1=Lg1)3(&p)]r-

Inequalities (6) and (11) and the choice of the points p and 7, imply the inequality
A-L)y™<[1+(Q-Lo )+ +(Q =Ly )A =Ly )1 =L 1)) (M + Nrgh)TA

or

(M + Nrgh)

b<Taeor T

(12)
Inequality (12) contradicts inequality (8).

Case 2.2: Let a point t, €[0,n) exist such that g(¢,+0) < g(t) for t €[0,n), i.e.
g(t,+0)= —A. By arguments analogous to those in Case 2.1, where p =1t +0, we again

obtain a contradiction.

Case 3: Let ¢g(0)=0 and g(t)<0, g(t)#£0 for t€ (0,b] where >0 is a
sufficiently small number. By arguments analogous to those in Case 2 we obtain a

contradiction.

This completes the proof of Lemma 1.
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Theorem 1: Let the following conditions hold:

1. The couple of functions v,w € G([ — h, T],R"™), v,w € G}([0,T],R") is a couple of lower
and upper quasisolutions of the initial value problem (1) and satisfies the inequalities
v(t) Sw(t) for t€[~h,T] and v(0) - p(0) < v(t) — p(t), w(0)—(0) > w(t)—p(t) for
t €[h,0].

2. The functions k; € C([0,T]x[ -k, T}, [0,00)), j = L,...,n.

3. The function fe€C([0,T]xR"xR™R"), f=(f1,fp--ofn) fj(t,x,y) = fj(t,zj,
[z]pj, [x]qj,yj,[y]pj,[y]qj) is monotone nondecreasing with respect to [z]pj and [y]pj
and monolone nonincreasing with respect to [a:]qj and [y]qj and for z,y € S(v,w),

y(t) < z(t) satisfies the inequalities

b2 el loly @y [Qe, ,[Qe], )
- f](t’ y]! [x]pji [z]qj’ ij’ [Qz]pj’ [Qz]q])
2 -Miz;-y;)-NjQz—-Qy), j=1,...,mn,
where M ;, N ; (j = 1,...,n) are positive constants.
4, The functions Ii € C(Rn, Rn), I‘- = (It'l’ I"2,. .oy I.-n), (l = 1, vooy p), I‘](x) = Iij(zj’ [Z]pj,
[z]q ) are monotone nondecreasing with respect to [:x]p. and monotone nonincreasing
Jj J
with respect to [z],  and for z,y € S(v,w),y(t;) < 2(t;) satisfy the inequalities
J
I j(= (), [-"v‘(t.')]pj, [x(ti)]qj) = I;;(y;(t), [‘L‘(t.')]pj, [Z‘(t.')]qj)
Z -— sz(I](t.) —y](tt))’j = 1,...,n,i = 1,...,p,
where L; (i =1,..,,p,j = 1,...,n) are nonnegative constants, L;j<1.
5. The inequalities
(M;+ N jkg;h)rp < (1 - L‘-A)P,j =1,...,n
hold, where
Ko; = maz(k,(t,s):t €[0,T),s €[~ h, T},
T =maz{t,, T - tp,maz:r:[t‘-!*,1 —-tpi=1,2,..,p-1]},
L‘ = maa:{L'-J-:i = 1,2,..., p}-

Then there ezist two monotone sequences of functions {v(")(t)}8° and {w(“)(t)}8°,
v(o)(t) = u(t), w(o)(t) = w(t) which are uniformly convergent in the interval [ — h,T] and their

limits E(t)zgmwv(")(t) and w(t):Lianw(”)(t) are a couple of minimal and marimal
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quasisolutions of the initial value problem (1). Moreover, if u(t) is any solution of the initial
value problem (1) such that u € S(v,w), then the inequalities v (t) < u(t) <@w(t) hold for
te[-hnT]

Proof: Fix two functions n,u € S(v,w), 7(NN2--aNp)s 1= (BysHoye oo i)
Consider the initial value problems for the linear impulsive integro-differential equations
t
t—h
Azj|y =y, = = Lijzi(t) +7i5(n p) (14)
and
zj(t) = <pj(t) for t € [—h,0] (15)
where

ot pm) = f;(tn;, [n(t)],,j, [u(®)], > @;n(2), [Qn(t)]p]., [q#(t)]qj)
+ M jn;(t) + N ;Q n(t),
Yij(mw) = I;5(n;(t), [n(ti)]pj’ [l‘(t;)]qj) +Lini(t), J=1,..4n
The initial value problem (13)-(15) has a unique solution for any fixed couple of
functions 7, u € S(v, w).

Define the map A:S(v,w)xS(v,w)—S(v,w) by the equality A(n,pu) =z, where
¢ = (z1,%5..2,) and z(t) is the unique solution of the initial value problem (13)-(15) for the

couple of functions 7, u € S(v, w).

We shall prove that v < A(v,w). Introduce the notations M) = A(v,w), g=v— =),
9 =1(91,99:--49,). Then the following inequalities hold:

050 = 0 =2l < £ (6,0, [0), , [w], ,Qu.1Qu], 1 1Qul, )
+ Mja:gl) + NjQJ-z(l) - O’j(t, v, W)

t

= —Mjgj(t)—Nj/ (2, )g,(s)ds for £ # t;,t € [0,T),
t—h
Agile =i, S T8 ()], s [0t ) + Lija§ (1) = 7450, ) (16)

= = L;;9,(t),

9;00)<g;(t)<0forte[—h0),j=1,.,n.
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By Lemma 1, the functions g]-(t), j=1,...,n are nonpositive, i.e. v < A(v,w). In an

analogous way it is proved that w > A(v,w).

Let 7,4 € S(v,w) be such that n(t) < pu(t) for t€[—h,T]. Set V) = A(n, p),
3 = A(p,n), 9= (V) - z(z),g =(91,t91.-49,)- By Lemma 1 the functions gj(t), J=1,..4n,
are nonpositive, i.e. A(n,u) < A(g,n).

Define the sequences of functions {v(")(t)}g" and {w(”)(t)}8° by the equations

vOt) = o(t), wO(t) = w(t),

o5 FD(E) = AW, w®)), W=t D(1) = AW, u(%)),

The functions v(“)(t) and w(")(t) for t € [— h,T] and & > 0 satisfy the inequalities
O <o) <... <o) <... < w®t) <. < wM(E) < wO2). amn
Hence the sequences of functions {v(“)(t)}8° and {w(")(t)}8° are uniformly convergent
for t €[ —h,T]. Introduce the notation v (t) = {ciLnoov(")t and w(t) = {ciLnoow(")(t). We shall
show that the couple of functions (v, ) is a couple of minimal and maximal quasisolutions of
the initial value problem (1). From the definitions of the functions v(")(t) and w(")(t), it

follows that these functions satisfy the initial value problem
i)g""'l) + ijg-"+1) + Nijv(“’H) =0 (t, o), (%)) for ¢ £ t;, te[0,T]

11)&-'c )y Mjw_(f 4 N.’-ij('c +1) = a,(t, w), p(%)), (18)

AT, 8= L o{ () + 7500, 0)

Awg“ 2 t, =~ Ling'n () + 7;,'(")(")7 o)), (19)
v(j~+ 1)(t) = “’(f“)(t) =p(t) for t €[~ h,0], j=1,...,n. (20)

We pass to the limit in equations (18)-(20) and obtain that the functions ¥ (t) and
W(t) are a couple of quasisolutions of the initial value problem (1). From inequalities (17) it

follows that the inequality ¥ (¢) < @(t) holds for t € [ - A, T].

Let ¢,z € S(v,w) be a couple of quasisolutions of problem (1). From inequalities (17)
it follows that there exists an integer x>1 such that %= l)(t) <) < w("-l)(t) and
o =1(8) < 2(t) <w*~1(t) for t€[—h,T]. Introduce the notation g(t)= o)1) = ¢ (1),
9=1(91192)--+9,)- By Lemma 1, the inequality 9,(t) <0 holds for t€ [=hT], j=1,..,n,
i.e. v(")(t) < ¢(2).
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In an analogous way, it is proved that the inequalities ((t) Sw(")(t) and

v(")(t) <z(t) < w(")(t) hold for t € [ — h, T}, which shows that the couple of functions (7, ) is

a couple of minimal and maximal quasisolutions of the initial value problem (1).

Let u(t) be a solution of (1) such that u € S(v,w). Consider the couple of functions

(u,u) which is a couple of quasisolutions of problem (1). By what was proved above, the

inequalities ¥ (t) < u(t) < w(¢) hold for t € [— A, T].

This completes the proof of Theorem 1.

In the case when (1)-is an initial value problem for a scalar impulsive integro-

differential equation, the following theorem is valid.

1)

(2)
®3)

(4)

(5)

Theorem 2: Let the following conditions hold:
The functions v,w € G([ — h, T),R), v,w € G}([0,T],R) are a couple of lower and upper
solutions of the initial value problem (1) and satisfy the inequalities v(t) < w(t) for
t €[ —h,T] and v(0) — p(0) < v(t) — p(t), w(0) — (0) > w(t) — ¢(t) for t €[ h,0].
The function k(t,s) € C([0,T]x[ — h,T],[0,00)).
The function f € C([0,T]xR xR,R) satisfies for z,y € S(v,w), y(t) < z(t) the inequality

t t
f(t, (), / k(t, 5)z(s)ds) — £(2, u(2), / K(t, 5)y(s)ds)
t2h t L n

> —M(z(t)-y(t)—-N / k(t,s)(z(s) — y(s))ds,
t—nh

where M and N are positive constants.
The function I,€ C(R,R) (i=1,...,p) salisfies for z,y € S(v,w),y(t;) < z(t;) the
inequality I,(2(t;)) — I,(y(¢;)) > — Ly(=(t;) —y(t;)),i =1,...,p where L; (i=1,...,,p) are
nonnegative constants such that L; < 1.

The inequality

(M + Nkgh)pr < (1 - L)?P
holds, where
ko = maz{k(t,s):t €[0,T],s €[ - h,T]},
T = maz{t,,T - tp,mtzac[t,~+1 —tzi=1,2,..,p-1]},

L=maz{L;:i=1,2,..,n}.

Then there exist two sequences of functions {v(")(t)}8° and {w(K)(t)}8° which are uniformly
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convergent in the interval [— h,T] and their limits T (t) = QL"OO”(N)(t) and ©(t) = QLnoow(")(t)

are a couple of minimal and mazimal solutions of the initial value problem (1).

(1]

2]

3]

[4]

(5]

(6]

[7]

(8]

The proof of Theorem 2 is analogous to the proof of Theorem 1.
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