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POSITIVE SOLUTIONS OF INTEGRODIFFERENTIAL EQUATIONS?
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ABSTRACT

Integrodifferential equations of the forms

t t
z'(t) + p(t)/K(t —s)z(s)ds = 0 and z'(t) + q(t)/ K(t—s)z(s)ds=0
0 ~ o0

are considered, where K € C([0,00),[0,00)), p € C([0,00),[0,00)) and
q € C((—00,0),[0,00)).  Necessary conditions and also sufficient
conditions for the existence of positive solutions are established.
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1. INTRODUCTION AND STATEMENT OF RESULTS

Our aim in this paper is to obtain necessary conditions and also sufficient conditions
for the existence of positive solutions of certain integrodifferential equations. The literature is
scarce concerning the oscillation and nonoscillation of solutions of integrodifferential equations.
Only very recently Gopalsamy [3-8], Ladas, the present author and Sficas [9], the present
author [10, 11], and the present author and Sficas [12] studied the oscillatory behavior of
solutions of integrodifferential equations or of systems of integrodifferential equations. For
questions related to the theory of integrodifferential equations, see Burton [1]. Also, it is to be
noted that integrodifferential equations can be regarded as differential equations with
unbounded delays. See Corduneanu and Lakshmikantham [2] for a survey on equations with

unbounded delays.

Consider the integrodifferential equations

t
2(0)+p(t) [ K(t=9)z(s)ds =0 (By)
0

and
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t
2'(t) + q(2) / K(t - s)a(s)ds = 0 (E,)
-0

where K is a nonnegative continuous function on the interval [0,00), p is a nonnegative
continuous function on [0,00) and ¢ is a nonnegalive continuous function on the real line R.

Consider also the integrodifferential inequalities

t
y'(t)+ p(t)/K(t -s)y(s)ds <0 (1,)
and 0
t
y(t) + q(t) / K(t - s)y(s)ds < 0. (I,)

If T >0, by a solution on [T,00) of (E,) [resp. of (I)] we mean a continuous function
z [resp. y] on [0,00), which is continuously differentiable on [T,00) and satisfies (E,) [resp.
(I,)] for every t>T. If T €R, then a solution on [T,00) of (E,) [resp. of (I,)] is a
continuous function z [resp. y] on the real line R, which is continuously differentiable on
[T,00) and satisfies (E,) [resp. (I,)] for all ¢ > T. Also, a continuously differentiable function
y on R, which satisfies (I,) for every t € R, is called a solution on R of (I,).

Necessary conditions are presented for (E,), or more generally for (I;), to have
solutions on [T,00), where T >0, which are positive on [0,00). Analogously, necessary
conditions are given for (E,), or more generally for (I,), to have solutions on [T, 00), where
T € R, which are positive on R. On the other hand, sufficient conditions are obtained for (E,)
to have a solution on [T',00) where T > 0, which is positive on [0,00) and tends to zero at oo.
Similarly, sufficient conditions are derived for the existence of a solution on [T,c0) of (E,),

where T € R, which is positive on R and tends to zero at oo.

More precisely, in this paper the following results are proved.

Theorem 1: Suppose that there erists a 7o >0 such that K is not identically
zero on [4,00) and
t+7g
Itz’nozonf/ p(s)ds > 0. (?)
t
Moreover, assume that
¢ ,\fs[;ng p(f)]du
— A+ sup /K(s)et_ t2u ds >0 for all X > 0. (Cy)
t>0
-0

Let T >0. Then there is no solution on [T,00) of (I,) [and in particular of (E,)] which is
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positive on [0, 00).

Theorem 2: Suppose that there erists a 7o >0 such that K is not identically
zero on [7(,00) and
t+1,
Itz_r’nozonf/ q(s)ds > 0. ()
t

Moreover, assume that

t
t Y

inf q(s)]du
- A+ sup /K(s)et_ t2u ds >0 for all A > 0. (Cy)
t>0

Let T € R. Then there is no solution on [T,00) of (I,) [and in particular of (E,)] which is

positive on R.

Theorem 3: Let y be a positive solution on [0,00) of (I;). Moreover, let T >0
and suppose that K is not identically zero on [0,T] and p is positive on [T,00). Then there

ezists a solution x on [T,00) of (E,), which is positive on [0,00) and such that

z(t) < y(t) for every t >0,

lim x(t) =0 (1)
and

t
z'(t) + p(t)/K(t —5)z(s)ds <0 for0 <t<T. (2)

0

Corollary 1: Let the following hypothesis be satisfied:
t
t Af p(u)du
— A+ sup /K(s)e“’ ds <0 for some A > 0. (H,)
t>0
-0

Moreover, let T >0 and suppose that K is not identically zero on [0,T] and p is positive on
[T,00). Then there ezists a solution z on [T,00) of (E,), which is positive on [0,00) and
satisfies (1), (2) and

t
—Afp(u)du
z(t)<e O for every t > 0.
Theorem 4: Assume that K is not identically zero on [0,00). Let y be a positive

solution on R of (I,). Moreover, let T € R and suppose that q is positive on [T,00). Then
there ezists a solution z on [T,00) of (E,), which is positive on R and such that (1) holds and



58

CH. G. PHILOS

z(t) < y(t) for every t € R,

t
z'(t) + q(t)/ K(t—s)z(s)ds <0 fort<T. (3)
~ 00
Corollary 2: Assume that K is not identically zero on [0,00). Let the following
hypothesis be satisfied:
t
x® z\f q(u)du
— A+ sup /K(s)e"" ds <0 for some A > 0. (H,)
teR

Moreover, let T € R and suppose that q is positive on [T,00). Then there ezists a solution x

on [T,00) of (E,), which is positive on R and satisfies (1), (3) and

t
—qu(u)du
z(t)<e O for every t € R.

In the special case where p(t) =1, ¢t > 0 and ¢(t) = 1, t € R our results lead to previous
known ones, see Ladas, Philos and Sficas [9] and Philos [11]. In this special case, a
combination of Theorem 1 and Corollary 1 leads to a necessary and sufficient condition for
(E;) to have solutions on [T,00), where T > 0, which are positive on [0,00); analogously, by
combining Theorem 2 and Corollary 2, a necessary and sufficient condition can be obtained for

the existence of a solution on [T, ) of (E,), where T € R, which is positive on R.

The results of the present paper can be extended to the more general case of
integrodifferential equations (and inequalities), which involve the term io: pz(t—71,) where
B, and 7, are nonnegative constants for n =0,1,... and sup{r :n= 0':1;:.0. .} < 0. Such an
extension was recently presented in [11] for the special case where p(¢) =1, ¢t > 0 and ¢(t) =1,
t€ R. Also, our results can be extended to systems of integrodifferential equations (and

inequalities); see [10] for such an extension in a particular case.

2. PROOFS OF THE RESULTS

Theorem 2 is essentially a consequence of Theorem 1. Corollary 1 follows from

Theorem 3 and Corollary 2 is obtained from Theorem 4.

Proof of Theorem 1: Assume, for the sake of contradiction, that (I;) has a
solution y on [T,00) which is positive on [0,00). From (I,) it follows immediately that

y'(t) <0 for every t > T and so y is decreasing on the interval [T, c0).
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Define

A={A>0:y(t)+ Ap(t)y(t) <0 for all large t}.

The set A is nonempty. In fact, condition (C,) implies that K is not identically zero on the
interval [0,00) and hence we can choose a 7* > 0 such that

*

r
A = /K(s)ds > 0.
0

Then, by using the decreasing character of y on [T,00), from (I,) we obtain for every

t>T+7"

t t
02 y'(0)+p(t) [ K(t-9u(sMs = (1) + p(t) [ K(shu(t - s)ds
0 0
t—T t—T
290+ p(0) [ KGt=s)ds 2y +p(0) | [ Ks)ds o)
0 0

T*
> y/(0)+(t) [ K(s)ds p(t) = y(6)+ dop (0000
0
This means that Ay € A and consequently, A # 0. It is clear that the set A is a subinterval of
(0,00) such that inf A = 0.

Next, we will show that A is bounded from above. Since K is not identically zero on

the interval [, 00), there exist 7,7, with 7y < 7 < 7, such that

Ty
A= / K(s)ds > 0.
T

By the decreasing nature of y on [T',00), it follows from (I,) that for t > T + 7,
t t-m

02 y/(t)+p(t) [ K(t-9(sMs 2O +p(t) [ K(t=s)u(s)ds

0 T

t-m t—T
2v@+p(0) | [ K-9ispt-r) =y +p0) | [ Kes plt=7)
T (B
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T
> y/(1) + p(t) / K(s)ds p(t ).

1
That is,

y'(t)+ Ap(t)y(t =) <O0forall t > T +,.

Thus, by taking into account the fact that y is decreasing on [T,00), we obtain for every

t>T+T1y
t+7g t+1,

y(t) > y(t+7) + A/ p(s)y(s —7y)ds > A/ p(s)y(s —,)ds
t t

t+7,

>A / p(s)ds y(t+75—71)-
t

But, condition (i) guarantees that there exist a positive constant B and a T* > T + 7, such

that
t+ 71,
/ p(s)ds > B for all t > T™. (4)
t
Therefore,
y(t) > Loy(t — (71 — 7)) for every t > T, (5)

where Ly = AB > 0. Since y is decreasing on [T,c0), we always have Ly < 1. Let us consider
a positive integer m such that m(r; —7y) > 5. Then, by (5), we obtain for ¢ > T=T+
(m=1) (ry—1)
y(t) > Loy(t — (1 = 7¢)) > Liy(t —2(ry = 7¢)) > ... > L'y(t — m(7y = 7¢)).
So, by the decreasing nature of y on [T, 00), it follows that
y(t) > Ly(t — ;) for all ¢t > T, (6)
where L=Lg', 0<L<1. We now claim that J = ——% ¢nL >0 is an upper bound of A.
Otherwise, ¥ € A and hence there exists a Ty > T such that
y'(t) +Ip(t)y(t) <0 for every t > T'y.

So, if we set t
' 0f p(s)ds

T
¢ot)=y(t)e "0 ,t>Ty

then we have for t > T
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19} p(s)ds
5(t) =[y'(H) +Ip(iy() TP <0,

which means that ¢, is decreasing on [Ty, 00). Thus, for every t > Ty + 7

t t=7o
t9f p(s)ds t9f p(s)ds
T T
y(t)e ° 9 = ¢g(t) S dylt— o) = y(t—rgle 7
and consequently t
- |9f p(s)ds
y(t) S y(t—rp)e t=7o forall t > Ty+ 7,

Hence, by using (4), we obtain for t > ’.T"., =maz{Ty+ 75, T" + 74}
- df p(s)ds

t=7o <y(t—Tg)eYB.

y(t) <y(t—mgle
That is,
y(t) < Ly(t — ) for every t > f',.
This contradicts (6) and the proof of the claim is complete.
Now, we put A* =sup A and we consider an arbitrary number g with 0 < u < A*.
Then r = A* — p € (0,A*) and so r is an element of A. Thus, there exists a T, > T such that

y(t)+rp(t)y(t)<0forall t > T,.

For any t,s with t > T _and 0 <s <t-T,, we get

t ' t
- v(t) - md r u)du
wt=s5) _ g, e
y(t) -
That is, ¢
rf p(u)du
y(t—s)>y(t)e t-s fort>T, and 0<s<t-T,. )

But, (I,) gives for t > T,

t t— Tr
02y +p(0) [ Kt =5)ds 20O +p(t) [ K(s)y(t=s)ds.
0 i]

So, by using (7), we obtain

— t
t Tr r f p(u)du

y'(t)+ / K(s)e t-s ds [p(t)y(t) <0fort >T,. (8)
0
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Let us suppose that there exists a v > T, such that

rf p(u)du .
mf/ K(s)e t-s ds= x>\

Then, in view of (8), we have

y'(t) + Ap(t)y(t) < 0 for every t > v

and consequently X € A. Thisis impossible, since A> = sup A. Thus, we must have

t-T,

rf p(u)du
mf/ K(s)e t-s ds< A forallv>T,.
This gives
p(u)du
sup inf / K(s)e “3 ds < ¥,
v> T t>v
that is
— t
t-T, rf p(u)du
liminf K(s)e t—s ds < \*
0
Therefore,
t
t rf r(u +T’_)du
ItiLnooinf/K(s)e t—s ds <A™

So, if we define
P(t)y=1inf p(€)fort >0,
{2t
then we have
t
rf P(u)du

lim inf/K(s)e t-s ds <A™
t—o0

Obviously, the function P is increasing on the interval [0,00). Set
t

rf P(u)du
F.(t)= /K(s)e t—s ds for t > 0.
Then we obtain for every ¢t > 0
t
rf P(u)du

t
Fi(t) = / K(s)e t=+  fP(t)- Pt—s)]ds+K(t)e
0

and hence the function F, is increasing on [0,00). So, (9) gives

(9)
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t

t rf P(u)du
sup /K(s)e t—s ds < A% (10)
t20.4

Now, consider an arbitrary r > 0. From (10) it follows that

t T
t r[  P(u)du T r[  P(u)du
A* > sup /K(s)e t—s ds > /K(s)e T-s ds
t>0
-0 0

T =) [  P(udu —u [ Pu)du T, A [ P(u)du
.—_/K(s)e T—s ds>e O /K(s)e T8 ds
0 0

and consequently

r
T /\*f P(u)du
sup /K(s)e T ds < ¥,
20 0

which contradicts condition (C;). The proof of Theorem 1 is complete.

Proof of Theorem 2: Assume that there is a solution y on [T,00) of (I5) which is

positive on R. Set T* = maz{0,T} > 0. Then we obtain for every t > T*

t t
0> y/(t) +a(t) / K(t=s)u(s)ds 2 () + a9 [ K(t=s)u(s)ds.
J A

So, the function Y = y | [0,00) is a solution on [T™*,00) of the integrodifferential inequality
t
Y'(t) +q(t) / K(t—s)Y(s)ds <0
0

which is positive on [0,00). But this is impossible, as it follows from Theorem 1. Hence, the
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proof of Theorem 2 is complete.

Proof of Theorem 3: From (I,) we obtain for t>t>0

T T
v(® 2@+ [ ) [ Ku-oesdu> [ o) [ K(u=s(s)asau
t 0 0

t
and hence
0

u

y(t) > /p(u) K(u - s)y(s)dsdu for all t > 0. (11)
t 0

Let X be the set of all continuous real-valued functions z on the interval [0,00) which

satisfy
0 < z(t) < y(t) for every t > 0.

Then, by using (11), we can see that the formula

,

o0 u
/P(“)/K(u-—s)m(s)dsdu, ift>T
t 0

B2 =1 o T
/p(u)/K(u — s)z(s)dsdu + /p(u) K(u—s)y(s)dsdu,if 0 <t<T
0 t 0

\

defines an operator S: X—X. This operator is increasing in the sense that, if z;,z, € X and

z, < z,, then Sz, < Sz, (here we use the usual pointwise ordering in X). Next, we set

ro=y,and z,, =Sz _,(m=12,..).

Then we immediately see that (z,;),, -, 1, .. is a decreasing sequence of functions in X.

Furthermore, we define

¢ =lim =z pointwise on [0, 00).

By applying the Lebesgue dominated convergence theorem, we conclude that z = Sz, i.e.
( 0 u
/p(u)/K(u—-s)z(s)dsdu, ift>T
t 0
o} u T u (12)
/p(u)/K(u — s)z(s)dsdu + /p(u) K(u—s)y(s)dsdu, if 0 <t <T.
0 t 0

\

From (12) we obtain
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t
()= - p(t)/K(t —s)z(s)ds for all t > T,
0

which means that z is a solution on [T,00) of (E;). Obviously, z <y on [0,00). Also, (12)

guarantees that z satisfies (1). Moreover, from (12) we derive for 0 <t < T
t t
#(0)= = p(t) [ K(t=)u(s)ds < = p(t) [ K(t=)als)ds
0 0

and so (2) holds. It remains to establish that z is positive on the interval [0,00). Clearly, we

have for 0 <t < T
T u T u
z(t) > /p(u)/K(u - s)y(s)dsdu = /p(u)/K(s)y(u — s)dsdu > 0,
t 0 ¢ 0

because p(T') >0, K is not identically zero on [0,T] and y is positive on [0,T]). Thus, z is
positive on [0,T"). Finally, we will show that z is also positive on [T',00). Assume, for the
sake of contradiction, that 7 > T is the first zero of = to the right of 0. That is,

z(t)>0for 0 <t <7, and z(r) =0.

Then (12) gives

0=2z(r)= 7 p(u) 7 K(u - s)z(s)dsdu = °/° p(u) 7 K(s)z(u — s)dsdu
T 0 T 0

and therefore

u
p(u)/K(s)z(u —s)ds =0 for all u > 7.
0

In particular, we have

p(T)/K(s)x(T —s)ds =0.
0

This is impossible, because p(r) >0, K is not identically zero on [0,7] and z is positive on
[0,7). The proof is complete.
Proof of Corollary 1: Set

t
-Afp(u)du
yt)=e O for t > 0.

Then we obtain for every ¢ > 0
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t t
v(O)+p(t) [ Kt=o)u(s)ds = /(1) + p(t) [ xGy(e-sas
0 0

t t
—Afp(u)du t z\f p(u)du
=p(t)e O -2+ /K(s)e t—s ds
0
t t
-Afp(u)du t ,\f p(u)du
<p(t)e © — A+ sup /K(s)e t—s ds|.
t>0

Hence, by hypothesis (H,), the function y is a positive solution on [0,00) of (I;) and so it
suffices to apply Theorem 3.

Proof of Theorem 4: From (I,) it follows that
) u
y(t) > /q(u)/ K(u—s)y(s)dsdu for t € R. (13)
t —oo

Consider the set X of all nonnegative continuous functions on R with z(t) < y(t) for every

t € R. Then, in view of (13), the formula
(

/Q(u)/ K(u—s)z(s)dsdu, if t > T
(Sz)(t) =4 b T

7'1(“)7 K(u—s)z(s)dsdu + 74(11)7 K(u—s)y(s)dsdu, if t <T
T =00 t —oo

\

defines an increasing mapping S of X into itself. Define the decreasing sequence

(%) m = 0,1,.., of functions in X, where

zo=yand z, = Sz (m=12,...).

m~-1

Furthermore, set
z =lim_z__ pointwise on R.
m—oo ™

By the Lebesgue dominated convergence theorem, we obtain # = Sz. That is,

4

o) u -
[4(“)—/mK(u - s)z(s)dsdu, if t > T

x(t) = (14)

(o @]

/‘1(“)7 K(u— s)z(s)dsdu + 7q(u)7 K(u—s)y(s)dsdu, if t <T.
T -0 t =0
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Then

t
Z(t)= - q(t)/ K(t—s)x(s)ds for t > T
=00

and consequently z is a solution on [T,00) of (E,). This solution is such that z(t) < y(t) for
t € R. Also, because of (14), z satisfies (1). Moreover, from (14) we obtain for t < T

t t
2= ~a0) [ Kt-9u(sMs s ~o(0) [ K(t=)a(e)is
0 — 0

and hence (3) holds. Finally, we will show that z is positive on R. Since ¢(T) >0, y is

positive on R and K is not identically zero on [0,00), we have

T
q(T)/ K(T - s)y(s)ds >0

and so

T u
/q(u)/ K(u—s)y(s)dsdu >0, if t < T.
t —o©

Hence, because of (14), the solution z is positive on (—o00,T). Next, we shall prove that z is
also positive on [T,00). Let 7 > T be the first zero of . Then z(7) = 0 and z(t) > 0 for t < 7.
We have, by (14),

u

0=2z(r)= o/oq(u)/ K(u - s)z(s)dsdu
=00

A
and consequently

u
q(u)/ K(u - s)z(s)ds =0 for all u> 7.
~ 00
In particular, we obtain

q(‘r)/ K(r - s)z(s)ds =0,

which contradicts the fact that ¢(7) > 0, K is not identically zero on [0,00) and z is positive on

(—o00,7). The proof is now complete.

Proof of Corollary 2: Define

t
—qu(u)du
y(t)=e O for t € R.

Then, for every t € R, we get

t o0
v(0)+a(0) [ K(t-u(e)ds = ') +(0) [ E@ue-s)as
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t t
-/\fq(u)du " Af q(u)ds

=gq(t)e © -/\+/K(s)e“-’
0

t t

—qu(u)du x )\f q(u)du
<gq(t)e O — A+ sup /K(s)e“’ ds |

teER 0

Now, condition (H,) guarantees that y is a positive solution on R of (I;). So, it is enough to

apply Theorem 4.
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