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ABSTRACT

We prove the existence of a continuous selection of the multivalued map
p—®(p) which is the set of all mild solutions of the evolution inclusion

&(t) € Ax(t)+ F(t,2(t)) + /h(t —8)g(z(s))ds
0

z(0) = ¢.

Here F' is a multivalued map, Lipschitzian with respect to z, and A is the
infinitesimal generator of a C')-semigroup.
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1. Introduction

According to a generally accepted terminology in the theory of differential equations, an
initial value problem, whose solutions exist, are unique and depend continuously on the initial
data, is called well posed. For problems lacking uniqueness, (i.e., those for which any solution
through a point, can be embedded in a continuous, single valued family of solutions depending on
the initial point) can be considered as the natural extension of the well posedness.

The existence of a continuous map PT L, such that z_ is a solution of the Cauchy problem

@
T e F(tax)’ l‘(O) =¢

where F is a nonempty set-valued function, Lipschitzian with respect to z, was proved first by
Cellina in [4]. Then, the same problem for a differential inclusion with Lipschitzian right-hand
side defined on an open set, was studied by several authors [3, 4, 6, 7). Well posedness for a
differential inclusion on closed sets was proved in [5]. A continuous function f: X—Y is said to
be a continuous selection of a multivalued map F:X—2Y if f(z)€ F(X) for all z€ X.
Continuous selections exist due to continuous selection theorems. A detailed study of continuous
selection theorems is given in [2]. The existence of a continuous selection of the set-valued
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(1) € Az(t) + F(t,2(1)), =(0)=¢

function —®(p), where ®(¢p) is the set of all mild solutions of the Cauchy problem is established
in [7, 9]. Here F' is Lipschitzian with respect to x and A is the infinitesimal generator of a C-
semigroup.

In this paper, we consider the evolution inclusion of the form

&(x) € Az(t) + F(t,z(t)) + /h(t —s)g(x(s))ds,
0

z(0) = ¢, (1)

where F' is a set-valued function and ¢ € X. We prove the existence of a continuous selection of
the set-valued function ¢—®(p), where ®(p) is the set of all mild solutions of the Cauchy
problem (1), assuming that F' is Lipschitzian with resect to z and A is the infinitesimal generator
of a C-semigroup. This work was motivated by the existence of unique mild solution of the
evolution integrodifferential equation studied by Ahmed [1].

2. Preliminaries

Let T >0, I =[0,T] and denote £ the o-algebra of all Lebesgue measurable subsets of I. Let
X be a real separable Banach space with the norm || - ||. Denote by B(X) the family of all
Borel subsets of X. For any subset A C X and z € X, we set d(z,A) =inf{||z—y]|:y € A}.
Furthermore, for two closed bounded nonempty subsets A and B of X, we denote by h(A4, B) the
Hausdorff distance from A to B, that is, h(A4,B) = maw{sup d(x B), sup d(y,A)}

Y€
Denote by C(I,X) the Banach space of all contmuous functlons z: I—-»X endowed with the
norm ||z || ., = sup{||(t)]| :t € I} and by 2Y(I, X), the Banach space of all Bochner integrable

functions 2:I—X with norm ||z||; = fo )||dt. A subset K of LY(I,X) is called

decomposable if for every u and v in K and A€ L we have ul , + Ny _ 4 € K, where X, stands
for the characteristic function of A. Denote by D the family of all closed nonempty decomposable
subsets of L1(I, X).

Let X be a separable Banach space and {G(t):t>0} C £(X,X) be a strongly continuous
semigroup of bounded linear operators from X to X having infinitesimal generator A. Consider
the Cauchy problem (1) where ¢ € X and F: I x X—2% is a set-valued function satisfying the
following hypotheses:

(1)  Fis the £ ® B(X) measurable,

(i3)  there exists k€ L'(I,R) such that h(F(t,z),F(t,y)) <k(t)||z—y]|l, for all
z,y € X ae.in I,

(4i3)  there exists u € L1(I, R) such that d(0, F(t,0)) < u(t), t € I a.e.,

(iv)  ¢: X—X be a continuous function and there exists a constant C > 0 such that
lo(a) | <CO+ [z ]]) and [[g(e)~ 90| <Clz=yll, for all 2,y € X,

(v)  helYI,R) and there exists a constant H € £Y(I,R) such that for each pair

s,tGIw1ths<t,f{hT |dr§f|hr |dr = H
s 0

Definition 1: A function z(-,¢): I—X is called a mild solution of the Cauchy problem
(1) if there exists f(-,¢) € £1(I, X) such that
(1) f(t, @) € F(t,z(t,¢)) for almost all t € I; and
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() a(tp) = G1)p + za(t ) f(ry )T + za(t = )] hr = 9)la(s. ))ds)ir)

for each t € I.
We denote by ®(y) the set of all mild solutions of (1).

Let S be a separable metric space. A set-valued function G:S—2% is called lower
semicontinuous if the set {s € S:G(s) C C} is closed in S for any closed C C X. The following
two lemmas are used in the sequel.

Lemma 1:[7] Let F:1xS5—2% be L®B(S) measurable and lower semicontinuous in s.
Then, the function s—G p(s) given by

Gp(s) = {ve LI, X):v(t) € F(t,5) a.e. in I}

15 lower semicontinuous from S into D if and only if there exists a continuous function
w: S—2Y(I, R) such that for every s € S, u(s)(t) < d(0, F(t,s)) a.e. in I.

Lemma 2: [7] Consider a lower semicontinuous function G:S—D and assume that
p:S—LYI,X) and ¢: S—LY(I,R) are continuous functions and for every s € S the set

H(s) = cl{u € G(s): || u(t) = p(s)() | <a(s)(t) ace. in T}

1s nonempty. Then the function H:S—D is lower semicontinuous, so it has a continuous
selection.

3. Well Posedness

Theorem 1: Let A be the infinitesimal generator of a Cy-semigroup {G(t):t > 0} and let
the hypotheses (i)-(v) be satisfied. Then, there exists a function z(-, - ): I x X—X such that
(?) z(-,p) € B(p) for every X; and
(it)  p—wx(-,p) is continuous from X into C(I,X).

Proof: Let M = sup{||G(t)| :t€ I}, and for ¢ € X defined zy(-,p):I-X by zy(t,¢) =
G(t)p. Clearly p—xy(-,p) is continuous from X to C(I,X). For each ¢ € X, let a(p):I—R be
given by

a(p)(t) = p(t) + k(2) || zo(t, ) || -
Clearly, o - ) is continuous from X to L!(I, R). Moreover, for each ¢ € X,
d(0, F(t,o(t,9)) < B(1) + k(2) [ 2o(t, ) || = ae)(?)-
Let ¢ > 0 be fixed, and for n € N, set ¢, = ¢/2" T 1. Now define
Gy X—22 %) and g1 x -2t X) by
Golp) = {v e 11, X):v(t) € F(t,zo(t,¢)) ae. t € I} and
Holp) = clfv € Go(e): | o(t) | < alp)(t) +¢g ae. t€ 1)

Clearly by Lemma 1, Gy(-) is lower semicontinuous from X into 9 and Hy(p) # 0 for each
¢ € X, and, hence by Lemma 2, there exists a continuous function hO:X—ALl(I,X), which is a
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continuous selection of H( ).

For each ¢ € X, let B(p):I—R be given by B(¢) = HC(1+ || zy(t,¢)||). Clearly, () is
continuous from X to L}(I,R). Let K(t) = k(t)+ CH and set m(t)= }K(r)d'r. For n>1,
define I': X—2'(1, R) by °

o)) = M7 [ a0 g,
0

(n—1)!

m m(s)]" !
+ M / Ble)(s) (t)( _(1)3] ds
+M"t(2 [m(t)]:)_,l, tel

Set fo(t, ) = ho(p)(t) and go(z(t,¢)) = g(:co(t,<p)). Since z4(-,¢) is continuous, go(z(-,¢)) is
also continuous. Define

zy(t, ) = G(t)p + /G(t—r)fo(r,go)dr+ /G(t——T)(/h('r—s)go(x(s,go))ds)dr, tel.
0 0 0

Then, fo(t,p) € F(t,z(t,0)), || fo(t,s) || < als)(t) +ep, and || go(z(t,9)) || = Il 9(zo(t, ) ||
<C+ ||zo(tye)||). For t € I\{0} and by Fubini’s theorem,
t

| 21(ts0) —2o(T, ) || < / NG@E=7) I | fo(r ) Il d7
0

+{(

| G@E=7) Il | (7 —s) | dT) || 9o(=(s,¢) || ds

O\&

t

<M [ otrp) lldr+ / H | (el ) I d7

0

<M { (a(9)(7) + g)dr + M { HC(1 + || 2o(r, ) || )dr

<M

o ——

a(p)(T)dT + MTey+ M / B(e)(T)dT < Ty(p)(1).
0

We claim that there exist three sequence {f,(-,%)}, ¢ N+ {Zn(- 1 9)}n e v @and {g,(z(-, )} e N
such that for each n > 1 the following conditions are satisfied.

(@)  ¢—f,(- ) is continuous from X into £1(I, X),

()  fn(t,p)€ F(t,x,(t,p)) for each ¢ € X and a.e. t € I,

(©) M falte) = fna(be) | < K(OT,(9)(),

(d) gz(mi 2,<p)) = g(z,(+,»)) and g,(x(,9)) is continuous from X into C(X,X) for
@ 9ualt9) = g (ot ) || < KT ()()
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(f)  zuqa(to) =G+ zG(t —1)8f (T, p)dT + ZG(t - T)(zh(T —5)-
9,(x(s,9))ds)dT.

Suppose that we already constructed fy,fq,...,f,, ;,%q,...,x, and g;,9,,... g, satisfying
(a)-(e). Define z,, . 1(-,p):I—=X by

t

t T
:cn+1(t,<p) =G(t)p + /G(t——r)fn(r,go)dr-i— /G(t—T)(/h(r——s)gn(:c(s,go))ds)dr.
0 0 0

Then, for ¢t € I\{0}, we have that

t
1204 a9 = 2,0 | S [ NG 0] L) = F () | du
0

¥ Z 1G(t—u) I Z [ h(u=5) | | 9n(a(5,9)) — 9 _1(a(5,0)) || ds)du
t
<M [ k@) 2,0 9) — 2, - () | du
0

t
M [ O 2, 00) = 2,y (u ) | du

0
(by Fubini’s theorem and making use of (iv) and (v))
t
<M [ (b(0) + CH) [, (0) = 2, 1() | du

0
t
<M [ K@, (o).
0

By making use of calculations provided in [2] we get

s 1(60) —alt) | <17+ [ a0y,
0

Mn+1T ifz Mn+1/[3 [m t) m( )] LSl P s S B
1=0

< Ty 4a(e)(t)
and d(£ (69 F(t 2, 1 1(69) < k(D) [[ 2, 41 (10) (1) |
S K@) ||z, 41(tp) =2 (t0) |]

< KL, 4 1(p)(@).
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21, x

Define Gn+1:X—>2£(I’X) and H, , ;: X2 )by

Goi1=1{ve LYI,X):0(t) € F(t,z, ,(t,¢)) ae. in I} and

Hyyy = cl{ve Gy y(9): 110(0) = Fo(t,@) I| < KO, 4 1(9)(1) ac. in I},

Again, by Lemma 1, G, , ,(+) is lower semicontinuous from S into D and H, , ,(y) is not
empty for each ¢ € X. Hence, by Lemma 2 there exists h, , ;: :X—2Y(I,X) as a continuous
selection of H, | (). Then, f, ,(t,¢) =h, 4 1(p)(t) satisfies the conditions (a)-(c). Also

1 95 4 1(2(t9)) — gp(2(L ) || = 1l 9(2 4 1(t,#)) — 9(2, (. 0) I
SCllzy, 4 1(te) —z,(tp) |l
SK(@) |2, 41(69) —2,(t0) |
S KT, 41(9)(1).

Therefore, g, , | satisfies (¢) and (f) and since z,(-,¢) is continuous, g,, | (¢, ) is continuous.

Now,

T
I (@)= Frna(C@) = / I fn(usp) = Fr o1 (ws ) || du
0
T

< [ K@ 1 209) ~ 2, (u0) | du

0

T
< Z K (u)L () (u)du

[(T) — m(u)]",

n!

<M" ] a(p)(w)

0

+ M Z": [mit!)]"

T

MK T
= n!

(o)l + 11 B() |y + Tel.

Since go—>||a( )1 and o—|| B(p )H1 are continuous it is locally bounded. Therefore,
{fa(y¢)}nen i1s a Cauchy sequence in NI, X). I f(-,p)€LY(I,X) is the limit of
{fa(-30)}n ¢ N> then p—f(+,p) is continuous from X into L1, X).

Similarly,

T
on(@(-10)) = n— 1 (2(- ) |1 < /c 2, () — 2,y _ 1 (wr0) || du
0
T

< [ KT, (o)

0
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MK T

(@) 1+ [18(e) |1+ Te)

and so, as previously, {g,(z(-,#))}, ¢y is a Cauchy sequence in C(X,X). If g(z(-,p))€
C(X,X) is its limit, then z(-,p)—g(z(-,¢)) is continuous from X into C(X, X).

On the other hand,

T
||wn+1(',90)—xn('»<ﬂ)||oos/Mllfn(u,¢)—fn_1(u,90)lldu
T 0
M [ 0,0 (09) - g, 1 (alu,9)) || du
0
<M () = Fr1(r9) [ 1+ MH || g2 9)) — 010 _1(2(w0)) || 5

T
<M [ [K(w)+ CH 2, u,0) ~ 2, _ () | du
0

K"

M lal@) |l + M B(e) |1+ MTe].

Hence, {z,(-,9¢)}, ¢ v is a Cauchy sequence in C(I,X). If z(-,p) € C(I,X) is its limit then it
follows that p—a( -, ) is continuous from X into C(I, X).

Since z,(-,p) converges to z(-,p) uniformly, and d(F,(t,¢),F(t,z(t,¢))) <
K(t) ||z, (t,) —z(t,¢) ||, the limit of a subsequence {fnk}k e N of {fn}, e v converges pointwise

to f, so we obtain f(t,¢) € F(t,z(t,p)) for p € X and t € I a.e.

Furthermore, g, (z(-,¢)) converges to g(z(-,¢)) uniformly, passing the limit in the condition
(f) we obtain

t
£(t,0) = G(t)p + / G(t—7)f(r,@)dr
0

+ /G(t — 1) / h(r — s)g(z(s,p))ds)dr for each t € I.

0 0
Therefore, z(-,¢) € ®(p) for every ¢ € X and the proof is complete.
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