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Favard operators and we prove an inverse approximation theorem for functions f such
that w, f € L,(R), where 1 < p < 00 and w,(x) = exp (—ox?), 0 >0.
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1. Preliminaries

Let
Lyo(R) = {f :[[wofl[, <o} forl<p=<oo (1.1)

be the weighted function space, where w, (x) = exp (—ox?), g >0,

® /p
gl = (j |g(x>|de) if 1< p<co,

(1.2)
gl = essup|g(x) .
X€ER
We define the generalized Favard operators F, for functions f : R—R by
E.f(x)= > f(k/n)pur(x;y) (x€R,neN), (1.3)

k=—o0
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where N = {1,2,...},

Puk(x3y) = Wexp<—2;/31(ﬁ—x)2) (1.4)

and y = (yn):’=1 is a positive sequence convergent to zero (see [1]). In the case where

= 9/(2n) with a positive constant 9, F, become the known Favard operators intro-
duced by Favard [2]. Some approximation properties of the classical Favard operators for
continuous functions f on R are presented in [3, 4]. Some approximation properties of
their generalization can be found, for example, in [1, 5]. Denote by F;* the Kantorovich-
type modification of operators F,, defined by

(k+1)/

Ef)=nS puxls y)J f(t)dt (xeR neN), (1.5)

k=—o00

and by F, the Durrmeyer-type modification of operators F,

nf(x)—nz P (%65 y)J Puk(t;y) f(B)dt (xeR,neN), (1.6)
k=—c0

where f € L, ;(R). Some estimates concerning the rates of pointwise convergence of the
operators F;* f and F, f can be found in [6, 7).

Recently, several autors investigated the conditions under which global smoothness of
a function f, as measured by its modulus of continuity w(f; ), is retained by the elements
of approximating sequences (L, f) (see, e.g., [8, 9]). For example, Kratz and Stadtmiiller
considered in [10] a wide class of discrete operators L, and derived estimates of the form

w(Laf;t) <Ko(fst) (£>0), (1.7)

with a positive constant K independent of f,n, and t. For bounded functions f € C(R)
and operators F, satisfying

Y= %ﬂ_zlogZ, n*y? > %n”logn ifn=>2, (1.8)
they obtained the inequality
w(F,f;t) < 140w(f;t) + 16m-tl fII (¢t >0), (1.9)

where || f|| = sup{| f(x)] : x € R}.

Forbounded functions f € C,y(R) = {f : [lwn fll, < 0}, wn(x) = (1 +x2’”)71, meN
and for operators F, satisfying ny2 > ¢ >0 for all n € N, Pych-Taberska [5] obtained the
inequality

w2 (Faf3t),, < K{(Q+ ) wa(f51), + 21 fIl,} (0<t<t) (1.10)

forall n € N, n > n. where n, € N and K is a constant.
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In this paper, we obtained an analogous inequality for the rth weighted modulus of
smoothness of the function f € Ly4(R),0>0,1 < p < oo,

wr(f;t)(,,p=Os<1;£t||waA2f||p (r €N), (1.11)

where

A} f(x) Zr:( ) f(x+h(r/2-1)). (1.12)

i=0

. .. e 241

Namely, suppose that (p,) is a positive null sequence satisfying ny?/**! >
cmaxneN{y;/z‘l} >0 for all n € N and 0, > 0 > 0. Then there exist positive constants,
K, Kj, such that for all n > K; and for arbitrary positive number £,

0 (Lufot),, , < K{(l +té)wr(f,t)o)p+t’||wgf||p} (0<t<t), (1.13)

where L, denotes the Favard-Kantorovich operator or the Favard-Durrmeyer operator.

Throughout the paper, the symbols K(0,01,...), Kj(0,01,...) (j = 1,2,...) will mean
some positive constants, not necessarily the same at each occurrence, depending only on
the parameters indicated in parentheses.

2. Preliminary results

Lety = (y,);_, be a positive sequence and let ny? > ¢ for all n € N, with a positive abso-
lute constant c. As is known [5], forv € Ny = {0} UN,n € N, x €R,

(&9

2.

k v 2 v/2
- —x' Puk(xy) < 15AC<;> @v)lyr, (2.1)
k=—

n

where A, = max {1, (2c7r2)71}. A simple calculation and the known Schwarz inequality

lead to

Let us choose n € N, j € Ny and let us write

%—t k(ty)dt < (2v)”y” (kez=1{0,£1,%2,...}). (2.2)

(o] J
Giyf@ =n 3 pustan) (5 —x) 15" roa, (2.3)

. =
Guifx) =n Z pussp) (5 -x) [ pustey s, 24)

where f € Ly5(R), 1 < p < 00, ¢ > 0. Obviously, Gy f(x) = F;f f(x) and (N;n,of(x) =
Fuf(x)
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Lemma 2.1. Let y = (y,)._, be a positive sequence convergent to 0 and let ny%: = c for all
n € N, with a positive absolute constant c. Then for j € Ny, f € Lps(R),0>0,1<p< o0,
and o, >0,

e G2y 1, = 154cexp (L ED) [y, @5)

o

forall n € N such that y? < (6, — 0)/(40(0 +01)),

G 1, = 3040/ 21127 23 o £, (26)

forall n € N such thaty, < max {(o1 —0)/(2./a(0+01)); (\/o1 — 0)/(~2(0 +01))}.

Proof. In view of definition (2.3),

00 ]
exp ( _ lez) \G,’f,jf(xﬂ <n z exp(— alxz)pn,k(x;y) ‘ S —x'
k=—o0 (2-7)

, (k+1)/n
x exp (o(lk| +1) /nz)Jk/ exp (—ot?)|f(t)|dt.

Using the inequality

+ +
(u+v)* < 027001142_'_ %vz (ueR, veR), (2.8)
-

we can easily observe, that

Pui(x57) exp (— 01x%) exp (0(%)3 <2exp (%)Pn,k (x37/2y),

2 (2.9)
Prik(x;y)exp (= 01x%) exp (0(%) ) < V2pui(x32y),

for n € N such that y2 < (01 — 0)/(40(0 + 01)) (see [9]), where the symbol +/2y means
the sequence (v/2y,),_,. Therefore,

exp(—01x*) |Gy f(x)| < exp (W) V21 DT puk(xv2y)
! k== (2.10)

j rk+1)/n
I exp (— o) | f(1)ldt.

k/n

- =X
n

From (2.2), we have

I G 1, = exp (O ) e e Il
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)

Instead, for p = oo, from (2.1) it follows that

01(0+01 )

> Puk x,fy)‘*—x

k=—o0

I G2, 1. = V2exp (20 Y, ] esup S

< 15124, exp("‘("ix"))my;;nwafnw.
—

(2.12)
Finally, by Riesz-Thorin theorem, we have (2.5).
In view of definition (2.4) and the inequality
Puk(%:9) pui () exp (—01x%) exp (012) < 2Pk (x53/2y) pui(£53/2), (2.13)

for n € N such that y, < max{(0y — 0)/(2./0(0 +01));/01 — 0/(~/2(0 + 1))} (see [6]),

we have
exp (—01x?) |5,,jf(x)|

<2nz pnkxfy)‘——x

k=—00

exp (— ot?) pux (V28y) | () | dt.

— o0

j Jw (2.14)

Applying (2.1) and (2.2), we get

Iwa, G f1I, < 304 21)1y1 272 lwo 1,5
1o, G f I, < 30A(2)1yi 27 lwo £ ..

Finally, by Riesz-Thorin theorem, we have (2.6).
Further, for § >0, x € R, and r € N we define Stieklov function of f

(2.15)

1 8/2 82 T O ‘
f(ﬁ,Zr)(x) = (S ar 5/2 J 6/2 < ) (-1) f(x+1(t1 +:-- +t2r))dt1 -~ dby,.
i=1
(2.16)
|
LEMMA 2.2. Forallr =1,2,...,0<8<1,01>0>0,1<p<oco,andx €R,
1
||w01f52r)|| <K( r,a,al)ywr(f;é)mp, (2.17)
||W0| f(&Zr) - || <K 1’ o, 01) r(f;a)o‘)p‘ (2.18)
Proof. It is easy to see by induction that
(r) 1
- g (7) 3
N r) i (i8)"
(2.19)

i6/2 i6/2
J J A f(x+up+-- - +u)duy - - - du,.
—i8/2 —id/2

X
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Let 0, = (201 +0)/3. In view of the inequality

2 2 0201 -
exp(—alx +0y(x+u) ) < exp<7(71 —qu ), (2.20)
whereO<d<landu=u;+--- +u, (u=<r?/2), wehave

01— 0, 4

4 r
llwe, figanll, < _< ) ( 010, r>z<r2_ri>(i81)r|wozA;5f||P. (2.21)
i=1

Applying the Minkowski inequality and the fact thatfor0 </ <i—-1(0<i<r),0<h <

1,
o _M))z) <ﬂ<’(i—1))2)
exp( 02X +0(x+h(ll+ +1, 5 < exp P 5 ,
(2.22)
we obtain
||WUZA;6f||p

/p

:ﬁ,ﬁlfaﬂi exp (— oo ZO ZA f(wen(n+ ...+l,—r(i2_1))>lpdx}

2 -1 2
0?120 : (14 ) )irw’(f;é)mp'

< exp (
(2.23)

So (2.17) is evident. It is easy to see that

_1y-! 8/2 6/2
fioan@ == [ [ N S de (229)

8% (2;) Y Y

By Minkowski inequality, for 1 < p < co, we have (2.18). O
LemMa 2.3. Suppose that y = (y,)._| is a positive sequence convergent to 0 and that
ny”/**1 = cK(r), wherer € N, r = 2, K(r) = maxen {y/>71}, c is a positive absolute con-
stant and let a, = 1 for even r and a, = 2 for odd r. Then for f € L, s(R), 0 >0,1 < p <
and o, > g, we have

o, (2 1) = (n/a,) Ef A A f) || < K(o,01,6,7)|[wo f]l, (2.25)
for all n € N such that y* < (61 — 0)/(40(0 +01)) and ny, > 4a*r?, and

l|we, (( nf) — (n/a,) FuA, 0 f) ), < K(o,on.60)|lwafl], (2.26)

for all n € N such that y, < max{(o; — 0)/(2./a(0 + 01)); /o1 —0/(~/2(0 + 01))} and
ny, >r*/4.
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Proof. We consider an even r. Let r = 2r;, r; € N, x € R. Then
(k+r —i+1)/n

2
n'Ef (A}, f(x)) =n?*! Z Puk(x5y Z ( ) J f(t)dt
ke oo i—0 (k+r —i)/n
oy
_ 2+l L)1y
- (1)
(2.27)
o (k+1)/n
x > (Pn,k—(rl—i)(x;)/)+Pn,k+(r1—i)(x;)/))L/ f(t)dt
k=—0o0 n
L 21’1 (k+1)/
+pn?ntl Z (=D)" pi(xs y)J f(t)dt.
k=-c0 \ 11
It is easy to see that
Pk~ - (X5Y) + Prfer(r ) (%5)
- _ n—ifk )_(rl—i)2) (_rl—i(k_ )_(rl—i)z)}
—pn,k(x,y){exp( ny? ( x 2n2y? Texp ny? 2n2y2

l ; k 4o 20-2j
(2].> 221“*’(; —x) n= 2y 2y — )27 4 2Dk (x5 ).
(2.28)

Consequently, using definition (2.3), we get
721 (- 1)122j+171

2ry [1/2]
rF* Ai/nf(x) Z Z (r+j— Vi W

Z <2r1> _ )21 ZJG*zjf (x)
+ i [gn 2ri+j=D =2l (-1t (2.29)
1=2r141 j=0 @) 2))

s (2”)< D (r - i) Gl f ()

i=0

= Sn1f (%) +Sua f(x).
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In view of (2.5) and using Stirling formula, we obtain

o 2 (2] /(4')!21‘
r / —n? y2f41r1

1

nlyy2h e (27)1H (- 2))!

[we,Snafl, = Ki (0,010 llwo fl 47 w2 S
1=2r1+1

© (2/2 1/2]
<K, (o,01,c,1 ||wgf|| noy i) 64J
I= 2r1+1( Yn j=0

2r1+1 ) 2 1
1
( 6r1) 42 Z (167’1) }
ny,

SK3(O',O'1,C,T)||ng||p{ 9, 2r1+2
n=yn 1=2r\+2
(2.30)
Assuming (1677)/(ny,) < 1 and using the condition ny"*! > cK(r), we get
Iwe,Sn2fl, < Ka(o,01,6,7)lws £l . (2.31)
Now observe that
if0<s<ry,
! (2.32)

ri—1
< 2n i a2 0
z()( '>(_1) (=1 _{(m)z/z if s =1,

1

The equality follows simply from properties of finite differences since the left-hand side
of the equation is a half of the finite difference of the polynomial (r; — x)*. Therefore,

2 2j+1-1 (] 2
Suaf(x) = Z lf 2})2]2 iy (2]> Z ( T’l)( Di(r 1—1)21 ZJG*ij
}'1—1
o] +l) z (21’1) (_l)i(rl l)2r1+21 ZJG*ZJf(x)

nol-1 (- 1)71+122j+1717r1
20427, 2] i

1=0 j—0 (r1 + Dln?2yy

™t oen)
+ Z ﬁrl -2l 211!(21‘11— 21)' anzjf(x).
(2.33)

It is easy to see, by the method of induction, that
[v/2] 11} v—2i
=1 ! (%—x) , veN. (2.34)

V) (ain)) — .
pn,k(x’ )’) - P"»k(x’ Y) lz:(:) (V _ Zi)!(Zi)” y%lv—zi

Therefore,

n -1 r+la2jt1—l-r
-1 2] ! +1 2 r
( ) (n ) Z ( r1)( 1)( )2 +21- 2]G*2]f

Sn, (x) = : :
f %]Zo (r1 +1) 227y 0\ 2j

+(Fy f(x

) 2r1
(2.35)
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Consequently, from (2.29)

|(Ff )% (x) — n?" F Af%f )]

L (2.36)
r)Z 2. )Zlyzr, |Gy fO ]+ [ Suzf ().

j=01I=j+1 (n
The condition ny"'*! > ¢cK(r) and the boundedness of the sequence (y,) lead to
(2 ) r1—1 )
| (FX )™ (x) = n FXAT f(x) | < Ko(r,0) >y, %] Goai f )+ [Snaf(x) ] (2.37)

j=0

Collecting the results we get estimate (2.25) for even r, immediately.
Now, we will prove inequality (2.25) for odd r. Namely, let r =2, + 1, € N, x € R.
Then

Tk (AT 2ry+2 E 21’2 +1 i
W Ey (D, f () =423 > -1)

i=0k=—o0 (238)
(k+1)/n
X (Prk-@ro1-20(5Y) = Prirrri-20(X57)) L/ f()dt.
It is easy to see that
Prk—r1-20) (X5Y) = Prjer(2r+1-20) (X5 Y)
0 1)l+1 (= 1)/2]< I ) o[k 2j+1 p2iti-2l
= Puk(x3y) ) 2]+_<*—X) ——
! ; ;0 2j+1 n Y2 (2ry +1 —24) 7
(2.39)
Consequently,
2r+1 [(I-1)/2] (_1)l+122]'+2*l
rF* AL 2r+2 2j-21,,-21
(Bauf ) = 2. m Z N s -2~ )
2r+1 i e
xz( " )(—1)’(2r2+1—2i)2l VG f (%)
i=0
[(I=1)/2] I+142j42-1 (2.40)
L (=pMi2in
+ Z p2rat2 Z pi2ly=2 :
242 i+ DII=2-1)!

Xz (2’2“)( D2+ 1-20""7 Gy f (%)

i=0

=Sp f(x)+S;,f(x)

Some simple calculation, Stirling formula and (2.5) give

we,Si2fll, = Kr(o,0n60)Iwe fl, (2.41)
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for n € N such that (1672)/(ny,) < 1. Next, in view of (2.25) and the equality

2 (2r+1 ; ) 251 0 if0<s<r+l,
. -1 —i+1/2 = 2.42
Z( ! >( N lr2 1 ) <[(21’2+1)!/2 ifs=r+1 (242)

i=0
we obtain

-1 1
i Z ( 1)”27L 22]+1 I 2] ZIy—Zl 2r =2
10]0(2]+1 N(I+1r—2j)! "

2r +1 (2.43)

XZ ( Tzi >( 1) (21’2+1 2i )Zrz+21 2j+1

i=0

XGppjer f (%) + 2272+1(F:f)(2r2+1)(x)-
Using (2.40) and the condition ny”*¥2 > cK(r), we have

| (F:f)(2r2+1)(x) _ (n/2)2r2+1F:A§;2+1f(x) |

n-1 (2.44)
< Kg(r, C)z )/Z}H |Gy 241 f ( )|+ S f(x)].
j=0Yn

Applying (2.5), we get (2.25) for odd r. Therefore, inequality (2.25) is proved.
Now we will prove (2.26). Let r = 2r;, r; € N. A simple calculation and the equality

Prk(t = (r = )/n59) = pukir-i(t;y) give

~ © 2
f’lan( l/n _ n2r1+lz Z ( 7'1) 1) Prj—(r— (x;y)+Pn,k+(r|—i)(x;)/))
i=0 k=—o0
J Puk(ty) (D)t +n2 1+ Z (27’1)( ) Pnk(x ») (2.45)
k=—c

<[ pustspfodr
The estimate (2.26) follows now the same way as (2.25). O

3. Main result

TueOREM 3.1. Suppose that r € N, (y,) is a positive null sequence satisfying ny”/**! >
cK(r) for all n € N with some ¢ >0 where K(r) = maxneN{y’/2 1Y, Then there exists a
constant K > 0, such that for all f € L,4(R), 01 >0 >0, 1 < p < oo, and for an arbitrary
positive number to,

wr(F;ff,t)gbpsK(o,al,r,c){(l-i-tO)wr fst), +t’||wgf|| (0<t<t) (3.1)
foralln € N such that y> < (0, — 0)/(40(0 + 01)) and ny,, > 16r%, and

wr(ﬁnf,t)a » =Kl(o,ou,1, Al(1+8)w.(f>1), +t||w(,f|| (0<t<ty) (3.2)
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for all n € N such that y, < max{(o; — 0)/(2./a(0 + 01)); /o1 —0/(~/2(0 + 01))} and
ny, >r*/4.

Proof. Let 0, = (301 +0)/4. In view of the inequality
2 2 0201 5
exp(—o1x*+o(x+u)’) < exp<ﬁu ) (u €R) (3.3)
1—02

and the generalized Minkowski inequality it is easy to see that for 0 < h < 1

h/2 W2 ,
wolj . J FO (0 +s1+---+s,)exp(o2(0 +s;+- -+ +5,)7)
—h/2 W2

w8711, =\

xexp(—oy(o +s3+--- +s,)2)d51 -eds,

p
Y
< exp (52 Wl £,
(3.4)
r r* 0,0,
I 8511 = 2" exp (5 222 e 1 (33)
Applying these inequalities, we get
[wo, 831l = Hlwa, &7, (f = fioan) I, + 11w, 8 fio.n ]
P
(3.6)

r2 0,0
<2exp (7 7270 ) (Iwesf = il + W lbwes i 1,)

where f52,(x) (6§ >0, x € R, r € N) is defined by (2.16).
Hence, applying this inequality for F,* f we have

. ﬂ){HWQF:: (f = foarllp + llwe, (F fioan) Il .

wr(F; £.0),, < 2 exp (5
(3.7)

Hence, [|[Wo, (F} fis.2r)" |
03 = (201 +0)/3, then

p can be estimated by (2.5) for j =0, (2.25), and (3.4). Let

(r)
||W172 (F:f(&Zr)) ' ||p
< |Iwa, ((F; fioan) " = (W@ EE AL 1 fison) |, + 1 [[Wo, Fi A fisanll, (3.8)

= K (02,03,7,6) ([Iwa fisanll, + IIwo. fisn 1, ).

Using (2.5) for j = 0 and (3.7) we have

w0 (Ef f1),p = K000, woy (F = fioanll, + 2 l1wou fig oo ||, + 171 [wos fioan ]}
(3.9)
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Consequently by (2.17), (2.18) and assuming now 0 < t < f, we have

@ (Ey fot),,, < K(o,01,1,0) ((1 +t{))wr(f;t)a’P+t’||wgf\lp). (3.10)

On the same way we can prove (3.2) for ﬁnf, using (2.6) and (2.26). O
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