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We consider an integral operator, F,(z), for analytic functions, f;(z), in the open unit disk, U. The
object of this paper is to prove the convexity properties for the integral operator F,(z), on the class

Sp(P)-
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1. Introduction

Let U = {z € C, |z| < 1} be the unit disc of the complex plane and denote by H (U) the class of
the holomorphic functionsinU. Let A = {f € H(U), f(z) = z+ axz* + a3z +--+, z € U} be the
class of analytic functionsin U and S = {f € A : f is univalentin U}.

Denote with K the class of convex functions in U, defined by

Zf”(Z)
f'(2)

A function f € S is the convex function of order a, 0 < & < 1, and denote this class by
K(a) if f verifies the inequality

K={feA:Re{ +1}>0,zell}. (1.1)

Zf/l(z)
RQ{W+1>E(, ZEU}. (12)
Consider the class S, (), which was introduced by Ronning [1] and which is defined by
zf'(2) zf'(z)
resip = |5 | sre 5 -0 a3

where f is a real number with the property -1 < < 1.
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For fi(z) € Aand a; >0, i € {1,...,n}, we define the integral operator F,(z) given by

Fu(z) = fo (@) ----- (@)andt. (1.4)

This integral operator was first defined by B. Breaz and N. Breaz [2]. It is easy to see that
F.(z) € A.

2. Main results

Theorem 2.1. Let a; > 0, fori € {1,...,n}, let B, be real numbers with the property -1 < f, < 1, and
let fi € Sp(B;) forie {1,...,n}.
If

0< Y m(1-p)<1, 2.1)
i1

then the function F, given by (1.4) is convex of order 1+ 3, i a;(B; — 1).

Proof. We calculate for F, the derivatives of first and second orders.
From (1.4) we obtain

= (D) (EEY",

Fi(z) = Zl o (f i iZ) )“" <Zf£ (j}i(—zj)%(Z) >l]ﬁ[ <fiiz) >J -
ji
After some calculus, we obtain that
B, (A, () o
This relation is equivalent to
fo (o2 =752 e

If we multiply the relation (2.4) with z, then we obtain

2ZF(z) & (@) N\ & i@ &
Fu(z) _§“l< fi() 1)‘%"‘1—/5-(2) Zla (2.5)

The relation (2.5) is equivalent to

2Fp(z) 2 &
) +1=>a 7@ éal+1. (2.6)

i=1 !
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This relation is equivalent to

F// n Zf (Z n o n .
F, (z) Z“’(fxz) f)*z%ﬁi éaln. (2.7)

i i=1

We calculate the real part from both terms of the above equality and obtain

Re<15"(( ) Z <Z;‘((ZZ)) ﬂi>+iaiﬁi—iai+l. (2.8)

i=1 i=1

Because f; € S,(f;) fori = {1,...,n}, we apply in the above relation inequality (1.3) and

obtain
ZFZ(Z) -
Re( Fi(2) ) > 2

i=

n

U+ ai(p-1)+1 (2.9)

i=1

Zf'(Z)

Since a;|zf](z)/ fi(z) — 1| >0 foralli € {1,...,n}, we obtain that

ZP"(Z) n
R L 1 (B —1)+1. 2.10
(Ho 1) >y 210
So, F,, is convex of order 3 i a;(B;, — 1) + 1. |
Corollary 2.2. Let a;, i € {1,...,n} be real positive numbers and f; € S,(p) fori € {1,...,n}.
If
n
1
— (2.11)
Z -F
then the function F, is convex of order (B —1)X, " a; + 1.
Proof. In Theorem 2.1, we consider , =, =--- =, = p. O
Remark 2.3. If f=0and X I a; = 1, then
zF!(z)
R 1 1 2.12
(Fa )0 212

so F, is a convex function.

Corollary 2.4. Let y be a real number, y > 0. Suppose that the functions f € S,(B) and 0 < y <
1/(1 = P). In these conditions, the function Fy(z fo (f(t)/t)Ydt is convex oforder p-Dy+1

Proof. In Corollary 2.2, we consider n = 1. O

Corollary 2.5. Let f € S,(f) and consider the integral operator of Alexander, F(z) = fg (f(t)/t)dt.
In this condition, F is convex by the order f.

Proof. We have

2F'(z) _zf'(2)
F(z) &

(2.13)
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From (2.13), we have

zF"(z) ) <zf’(z) > zf'(z)
Re +1)=Re -p)+p> -1+ p>p. 2.14
(7 @ F)P e Y 21
So, the relation (2.14) implies that the Alexander operator is convex. O
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