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1. Introduction and preliminaries

Let x be positive n-tuples. The well-known inequality for power sums of order s and r, for
s>r >0 (see [1, page 164]), states that

n 1/s n 1/r
<Z x?> < <Z xf) : (1.1)
i=1 i=1

Moreover, if p = (p1,...,pa) is a positive n-tuples such that p; > 1 (i = 1,...,n), then for
s >r1 >0 (see [1, page 165]), we have

n 1/s n 1/r
<Z pix; > < <Z pix; > : (1.2)
i=1 i=1

In [2], we defined the following function:

n t n
%<<Zpixi> —Zpixf->, t#1,
Ar=A(xp)=14 , = =1 (1.3)

Z pixilog Z pixi — Z pixilogx;, t=1
i=1 i=1 i=1

S~
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We introduced the Cauchy means involving power sums. Namely, the following results were

obtained in [2].
Forr < s <t,wherer,s,t € Rt, we have

(87 < (A0 (8)"7, (14)

such that, x; € (0,a] (i=1,...,n) and

Zpixl- >xj, forj=1,...,n, Zpixi € [0, a]. (1.5)
i=1

i=1

We defined the following means.

Definition 1.1. Let x and p be two nonnegative n-tuples (n > 2) such thatp; >1 (i=1,...,n).
Then for t,r, s € RY,

1/(t-r)

n s\t/s n t
. T pxE - >l pix;
(Zhapixi) i=1 Pii , t#Fr, r#s, t#s,

- /
F=s (Sipix)" - Sy pix]

A, (xp) = {

n n n 1/(s-1)
; . r—s (Xi pix;) log 3 pix] — s3iL, pix] log x;
As,r(xr'p):Ar,s(xr'P):{ S ( ! ) . S]r/s . 1r } , S#r1,
(Zi:lpixi) - XL PiX;
(Zi Pix's)r/s log iy pix; = s3iL pix] log xi
A i) = exp (- + - P SPE S PR, s,
s=r s{ (XL Pixis) -2k Pixlr}
n S n S 2 n S 2
A (xp) = exp ((Zm;ﬁxi) (slog i Pnixi) :522i=}1 pix; (Slog xi) )
25{ (Zi:l Pixi) log (Zi:l Pixi) -5 X pix; log xi}
(1.6)

In this paper, we introduce new Cauchy means of convex type in connection with
Power sums. For means, we shall use the following result [1, page 154].

Theorem 1.2. Let x and p be two nonnegative n-tuples such that condition (1.5) is valid. If f is a
convex function on [0, a, then

f(i1 pixi> > anpif(xl-) + <1 —anpi>f(0). (1.7)

Remark 1.3. In Theorem 1.2, if f is strictly convex, then (1.7) is strict unless x; = - - = x,, and
Siapi=1
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2. Discrete result
Lemma 2.1. Let

xt

/1 AN/ t 1/
pi(x) =14 t(t-1) 7 (2.1)
xlogx, t=1,
where t € R*. Then ;(x) is strictly convex for x > 0.
Here, we use the notation 0 log 0 := 0.
Proof. Since ¢}/ (x) = x'=2 > 0 for x > 0, therefore ¢;(x) is strictly convex for x > 0. O

Lemma 2.2 (see [3]). A positive function f is log convex in Jensen sense on an open interval I, that
is, for each s, t € I

Fer0> 7(50), 22)
if and only if the relation
Iﬂf@)+2uwf<5§f>+aﬁfa)zo, 2.3)

holds for each real u, wand s,t € I.
The following lemma is equivalent to definition of convex function [1, page 2].

Lemma 2.3. If f is continuous and convex for all x1, x,, x3 of an open interval I for which x1 < x, <
x3, then

(X3 - xz)f(X1) + (x1 - x3)f(x2) + (xz - X1)f(X3) > 0. (2.4)

Lemma 2.4. Let f be log-convex function and if, x1 < y1, X2 < Yo, X1 #X2, Y1 # Yo, then the
following inequality is valid:
<f (x2)>
f(x)

By using the above lemmas and Theorem 1.2, as in [2], we can prove the following
results.

1/ (x2=x1)

Fly) "
S<ﬂwQ ' 29

Theorem 2.5. Let x and p be two positive n-tuples and let

- - A
A = Ax;p) = Tf, (2.6)
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such that condition (1.5) is satisfied and all x;’s are not equal. Then A; is log-convex. Also forr < s < t
wherer,s,t € RT, we have

t-r < (Zr)t—s (Zt)s—r' (27)

)

Moreover, we can use (2.7) to obtain new means of Cauchy type involving power
sums.
Let us introduce the following means.

Definition 2.6. Let x and p be two nonnegative n-tuples such thatp; >1 (i = 1,...,n), then for
t,r,s € RY,

1/(t-r)
, t#r, r#s, t#s,

r(r—s) (S pixg)” - S pixt }

Brfs,r(X; P) = { /s
HE=s) (0 pixs)”* = Sy pix]

: : r(r = 5) (Sl pi) log S it — sSiL pi log xi 1"
B (p) = B 0op) = { (SZ ) (S pix;) ng Slrp/s n 1r: g } ., s#T,
(Shpix;) " - i pix;
n s\7/ n s n r
r(r—s) s{(CL pixs) - S pixt )
n n 2 n 2
B:.(x;p) = exp ( 1 N (i Pi:is) (lz)g 2ic1 Pnlxls) 5_3221:1 pixfs( log xi) )
s 2s{(ZiLpix]) log XL pix; — s>y pix; log x;}
2.8)

Remark 2.7. Let us note that B,.(x;p) = B;,(x;p) = limi—sB; (x;p) = limi;B;,(x;p),
B;.(x;p) = lim;—, B} .(x; p) and B ;(x; p) = lim, s B}, (x; p).

Theorem 2.8. Let

t/s
1 n n
m{<2P1x5> —;Pin}, t#s,

e = - (2.9)

51_2{ <z”: Pixis> log <Z p,-xf) - szn: pix; log xi}, t=s.
i1

i=1 i=1

N

then for t,r,u € R* and t < r < u, we have
CHRESCHRMCHINS (2.10)
Theorem 2.9. Let r,t,u,v € R*, such that t < v, r < u. Then one has

B;,(x;p) < B; ,(x; p)- (2.11)
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Remark 2.10. From (2.7), we have

() () (&) = sterw o

S r

Since log x is concave, therefore for r < s < t, we have

t—r

(t—s)logr+(r—t)logs+(s—r)logt<0:>#>1. (2.13)

This implies that (1.4), which we derived in [2], is better than (2.7).
Also note that

r 1/(t-r)
B,p) = (1) A6

r 1/(s-r) r 1/(s-r)
B} ,(x;p) = B;,(x;p) = (—) A3, (6p) = (—) As(xp),
° s (2.14)
1
Bf,r(X; p) = exp < - ;)Ai,r(xi' P)/

B;(x;p) = exp < - %)Ai,s(x; p)-

Let us note that there are not integral analogs of results from [2]. Moreover, in Section 3
we will show that previous results have their integral analogs.

3. Integral results
The following theorem is very useful for further result [1, page 159].

Theorem 3.1. Let ty € [a, b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a function
of bounded variation and

t . b
G(t) = J‘ dg(x), G(t) = L dg(x). (3.1)

(a) If

0<G(t)<1 fora<t<t, 0<G({)<1 forty<t<b, (3.2)

then for every convex function f : I — R such that h(x) € I for all x € [a, b],

Iif(h(t))dg(t) > f<fzh(t)dg(t)) + <’[ng(t) - 1>f(0). (3.3)
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(b) Ifth(t)dg(t) € I and either there exists an s < ty such that
G(t) <0 fort<s, G(t)>1 fors<t<ty, G({t)<0 fort>t, (3.4)
or there exists an s > ty such that
G(t)<0 fort<ty, G)>1 fortg<t<s,  G{)<0 fort>s, (3.5)

then for every convex function f : I — R such that h(x) € I for all x € [a,b], the reverse of the
inequality in (3.3) holds.

To define the new means of Cauchy involving integrals, we define the following
function.

Definition 3.2. Let ty € [a, b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a
function of bounded variation. Choose g such that function A; is positive valued, where A; is
defined as follows:

b b
A= Mabyg) = [ (g - ([ g ). (36)

Theorem 3.3. Let A, defined as above, satisfy condition (3.2). Then /A is log-convex. Also for r <
s < t, wherer,s,t € R*, one has

(A9)7 < (M) (M) (37)
Proof. Let f(x) = u?@s(x) + 2uwep, (x) + w?p;(x), where r = (s +t) /2 and u, w € R,
(%) = uPx"2 + 2uwx"? + wx'? = (ux2/2 + wx(t_z)/z)2 > 0. (3.8)

This implies that f(x) is convex.
By Theorem 3.1, we have,

fif(h(t))dg(t) - fqzh(t)dg(t)) - (fidg(t) ~1)£0) 20

— uZ( f ;s(h(x»dgm - sas(fihmdg m))

+ 2w (fzwl(x))dg(x) 9 (f;h(x)dgu))) (39)

+ 20 (fiwh(x))dg(x) ~o(| Zh(x)dg(x))) >0

= P A, + 2uwl, + w?A; > 0.

Now, by Lemma 2.2, we have A; is log-convex in Jensen sense.
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Since lim;_,1 A¢ = Ay, this implies that A; is continuous for all t € R*, therefore it is a
log-convex [1, page 6].

Since A; is log-convex, that is, log A is convex, therefore by Lemma 2.3 forr < s <t
and taking f = log A, we have

(t-s)log Ay + (r—t)log As + (s —r)log A; > 0, (3.10)

which is equivalent to (3.7). O

Theorem 3.4. Let A; = —A; such that condition (3.4) or (3.5) is satisfied. Then Ay is log-convex.
Also for r < s < t, wherer,s,t € R*, one has

T (R TR (3.11)

(As)

Definition 3.5. Let ty € [a,b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a
function of bounded variation. Then for t,7, s € R*, one defines

F;.(a,b,h,g)

b b t/s y 1/(t-1)

:{r(r—s) o ()dg(x) - (Joh(x)dg(x)) } ier v tes
M9 i (g (o) - ([Ph)dg(x) "

F:,(a,b,h,g)

=F;,(a,b,h,g)

_ {W—s) 1R (x) log h(x)dg(x) - (J°h* (x)dg(x)) log [*h* (x)dg(x) }”(S‘” o
s2 thr(x)dg(x) - (Lblhs(x)dg(x))r/s
F; (a,b,h,g)

= exp <_ 2r s sf, () log h0)dg(0)-([oh° (0)dg() " log fﬁhs(x)dg(x)> s#r
e st (g (0 (R (x)dg(x) ")
F;.(a,b,h,g)

=exp <_ 1 + Szjzhs(x) (108 h(x))zdg(X) - (fihs(x)dg(x)) (10g fl;hs(x)dg(x))2>
s 2s{SIZhs(x) log h(x)dg(x) - (thS(x)dg(x)) log Jihs(X)dg(x)} .

(3.12)

Remark 3.6. Let us note that F; (a,b,h,g) = F;,(abhg) = limHSFflr(a,b,h,g) =
lim;sF; (a,b,h,g), F;,(a,bh,g) = lim,F} (a,b,h,g) and F; (a,b,h,g) = lim,_sF},(a,b,
h,g).
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Theorem 3.7. Let r,t,u,v € R*, such that t < v, r <u. Then
F;.(a,b,h,g) <F;,(ab,h,g). (3.13)
Proof. Let

At = At(albl h/g)

1 b b t
T < [ rage - ([ nndge) > L g

b b b
f h(x) log h(x)dg(x) —f h(x)dg(x) log f h(x)dg(x), t=1.

Now, taking x; =7, x, =, y1 = u, y» = v, wherer,t,u,v#1,and f(t) = A; in Lemma 2.4, we
have

) b i 1/(t-r)
r(r-1) [,h'(x)dg(x) - ([ h(x)dg(x))
HE=1) Phr(x)dg(x) - ([Ph(x)dg(x))"

(3.15)

_ ((wtu=1 [ 2)ag0) - (g )
A\ e 0dg(x) - ([ih(x0dg(x)"

Since s > 0, by substituting h = h*, t =t/s, r =r/s, u=u/s,and v = v/s, wherer,t,v,u#s,
in above inequality, we get

b b t/s s/(t-r)
< r(r—s) [2ht(x)dg(x) - (J°hs (x)dg(x)) >

=9 o (dg ) - (fhe(0dg ) (316)

b b v/s\ S/ (@-u)
< <u(u—s) o (0)dg(x) - (o (¥)dg () >
T\ oy dg(x) - ([0hs (x)dg ()"

By raising power 1/s, we get an inequality (3.13) for r,t,v, u #s.
From Remark 3.6 , we get (3.13) is also valid forr =sort=sorr=tort=r=s. [

Lemma 3.8. Let f € C*>(I) such that

m< f"(x) <M. (3.17)
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Consider the functions ¢q, ¢, defined as

Mx?
(Pl (x) = 2 - f(x)/
s (3.18)
mx
Pa(x) = f(x) - -
Then ¢;(x) for i =1,2 are convex.
Proof. We have that
(i)”(x) — M_fl/(x) 2 O,
' ) (3.19)
Py(x) = f'(x) -m 20,
that is, ¢; for i = 1,2 are convex. ]

Theorem 3.9. Let ty € [a, b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a function
of bounded variation, and f € C?(I) such that condition (3.2) is satisfied. Then there exists & € I such
that

fif(h(x))dg(x) -5(| zh<x>dg<x>) -(J idg(x) -1)

= @ {fihz(x)dg(x) - (IZh(x)dg(x))z}.

Proof. In Theorem 3.1, setting f = ¢1 and f = ¢,, respectively, as defined in Lemma 3.8, we
get the following inequalities:

(3.20)

fif(hu))dg(x) -5([ Zh<x>dg<x>) -(J idg<x> -1)

e . , (3.21)

< 7{Lh%x)dg(x) - ([ mendg) }

b b b
[ rnenage - ([ neodse) - ([ ageo-1)

) ) , (3.22)

> %{ [ r gt - ([ ndge) }

Now, by combining both inequalities, we get

o < 2Uaf (H0)dg @ ~ F (@A) - [z - VO] (3.23)

[h2(x)dg(x) - ([2h(x)dg(x))’
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So by condition (3.17), there exists ¢ € I such that

2{[0f (h(x))dg(x) - f([oh(x)dg(x)) - ([odg(x) —1) £(0) )
['h2(x)dg(x) - ([ h(x)dg(x))’

=f"©), (3.24)

and (3.24) implies (3.20).
Moreover, (3.21) is valid if f” is bounded from above and again we have (3.20) is valid.
Of course (3.20) is obvious if f” is not bounded from above and below as well. O

Theorem 3.10. Let ty € [a,b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a
function of bounded variation, and f1, f» € C?(I) such that condition (3.2) is satisfied. Then there
exists ¢ € I such that the following equality is true:

J2f1(h(x))dg(x) - fi(Joh(x)dg(x) - (Jodg(x) = 1) f1(0)  fI(?)

==, (3.25)
fof2(h())dg(x) - f2(Joh(x)dg(x)) - ([odg(x) - 1) f200) 2 (&)
provided that denominators are nonzero.
Proof. Let a function k € C?(I) be defined as
k=cifi-cafo, (3.26)
where ¢; and ¢, are defined as
b b b
1= [ a0 - £ ndge) - ([ dge-1) 00
¢ ¢ ¢ (3.27)
b b b
cr = f fi(h(x))dg(x) - fi (I h(x)dg(x)> - (J dg(x) - 1>f1(0).
Then, using Theorem 3.9 with f = k, we have
b b 2
0= (clff®) - 2 f1®) { [ g - ([ hendge) } (3.28)

Since

2

[ Zh%x)dg(x) - (fih(x)dg(x)) £0, (3.29)
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therefore, (3.28) gives

o _f@)
a  f@)

(3.30)

After putting values, we get (3.25). O

Let a be a strictly monotone continuous function, we defined T,(h, g) as follows
(integral version of quasiarithmetic sum [2]):

T.(h,g) =a (fia(hm)dg(x))- (331)

Theorem 3.11. Let a, B,y € C*[a,b] be strictly monotonic continuous functions. Then there exists
71 in the image of h(x) such that

a(Ta(h,)) ~ a(Ty(h,g)) ~ ([edg(x) - Daoy™(0) _ a"(m)y'(n) - &'()y" (1)
B(Ts(h,9)) - B(Ty(h, &) — (Jodg(x) —1)Boy-1(0) By ()~ B m)y"(m)

(3.32)

is valid, provided that all denominators are nonzero.

Proof. If we choose the functions f; and f, so that f; = aoy‘l, fo= ﬂoy‘l, and h(x) — y(h(x)).
Substituting these in (3.25),

a(Ta(h,g)) - a(Ty(h,g)) - (f2dg(x) ~ 1)a oy (0)
B(Tp(h, 8)) - B(Ty(h, ) — ([dg(x) - 1) o y1(0)

(3.33)
_ a' (YT @)Y (r @) - (@)Y (r ' ()
B @)y (r @) =A@y (r' @)
Then by setting y (&) = 77, we get (3.32). O

Corollary 3.12. Let ty € [a,b] be fixed, h be continuous and monotonic with h(ty) = 0, g be a
function of bounded variation, and let t,r,s € R*. Then

F;.(a,b,h,g) =1. (3.34)

Proof. If t, 1, and s are pairwise distinct, then we put a(x) = x/, f(x) = x” and y(x) = x° in
(3.32) to get (3.34).
For other cases, we can consider limit as in Remark 3.6. O
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