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1. Introduction and preliminaries

Let # be the class of functions analytic in U and let #[a, n] be the subclass of & consisting of
functions of the form f(z) = a + a,z" + ap1z™ + .- . Let of be the subclass of H# consisting of
functions of the form f(z) = z + apz* + - .

Denote by D* : & — o the operator defined by

D* := ——*f(2), a>-1, (1.1)

where (*) refers to the Hadamard product or convolution. Then implies that

z(z"‘lf(z))(n)

D"f(z) = p , me€Ny=NU({0}. (1.2)
We note that D°f(z) = f(z) and D'f(z) = zf'(z). The operator D"f is called Ruscheweyh
derivative of nth order of f. Noor [1, 2] defined and studied an integral operator I, : # — #

analogous to D" f as follows.
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Let f,(z) =z/(1 - z)"! n e Ny, and let fr(fl) be defined such that
(1) z
n n = . 1.
ful@fi @) = (13)

Then

(-1)
Lf(z) = £V (@)%f (2) = [ﬁ] +f (2). (14)

Note that I f(z) = zf'(z) and I f(z) = f(z). The operator I, is called the Noor Integral of nth
order of f. Using (1.3), (1.4), and a well-known identity for D" f, we have

(n+ DI f(2) =l f(2) = 2(Iua f(2))- (15)
Using hypergeometric functions > F;, (1.4) becomes
Iif(z) = [z2F1(1, ;n+1,2)]*f (2), (1.6)

where ,F;(a, b; c, z) is defined by

oFi(a,b;c,z) =1+ ——= + (1.7)

abz a(a+1)b(b+1) z_2
c 1 clc+1) 2!

For complex parameters

a Y4012 =1
10,0 X# ,-1,-2,...;7=1,...,9,
]

B

(1.8)
ﬁl,...,ﬁp<§j #0,-1,-2,...;j = 1,...,p>,

the Fox-Wright generalization ;¥,[z] of the hypergeometric ,F, function by(see [3-5])

(a1, A1), ..., (ag, Ag);
s 2| =% [(2), Ay g (B By), 2]

(Pr.B1), -, (Bp. Bp);
- ir(al +nA) - T(ag +n4,) 2 (19)
= 2T v nBr) TGy + By 1

n=0
B 0 ]_[]q.:ll"(a]- + nA]) M
=TT, (B +nBy)
where A;j >0 forallj=1,...,q B; >0 forallj=1,...,p,and 1 + Z’;:lBj - Z;LlA]- > 0 for

suitable values |z|. For special case, when A; = 1forallj =1,...,q,and B; = 1forallj=1,...,p,
we have the following relationship:

aFp(ar, ... agpr, ... Ppiz) = Qg% [(a), 1)1,(4? (B 1)1,p; z],
g<p+1l, qpeNy=NuU{0}, zel,

(1.10)
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where

_T() - T(pp)

= e T’ (1.11)

We introduce a function (z ¥, [(aj, Aj)1 4; (B}, Bj)1,; z])7! given by

(z4%p[(a, A )1q (ﬂ]’B)lp’Z]) (zg¥p[(a;, A, )1q (b, B >1p'Z])

L+ 1) (1.12)

=(1—M—z Z s 1’;'1z", (A>-1),

and obtain the following linear operator:
I)‘[(aj’Aj)l,q; (ﬂ]’B])l,p]f(z) (Z k4 [(lX],A )lq (ﬁ]’ )1p Z]) *f(Z) (113)

where f € A4,z € U, and

S 7.7: r(ﬁ-+(n—l)B-)
_ 1t (Pi j "
(4% [(@), A)), g (B By), i 2) " = 2+ nz_zﬂé_lr(af Fnmnay T DmE L

For some computation, we have

o [T°_ T (B + (n-1)B))
I, [((Xj, Af)l,q; (ﬂj’Bj)l,p]f(z) =z+ E;H; 11_‘(0(]. o l)A].) A+1),4a,2", (1.15)
n=2 Ll 1 j

where (a),, is the Pochhammer symbol defined by

T(a+n) L n=0
=— 7 = 1.16
(a), I'(a) {a(a+1)~'(a+1’l—1), n=1{1,2,...}5. ( )

From (1.15) we have the following result.

Lemma 1.1. Let f(z) € o4 for all z € U then

(i) Io[(1, 1)1,1} (1L,1/(n- 1))1,p]f(z) = f(2).
(ii) L[(1,1)14;(1,1/(n=1)),1f(2) = zf'(2).
(iii) z[L[(), Aj1q5 (Bj, B))1p) f(2)]' = A+ L [(a), Ay s (B, Bl f (2) =M [(@j, Aj)y g
(B, Bj)1,,1f (2)-

In the following definitions, we introduce new classes of analytic functions containing
generalized Noor integral operator (1.15).
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Definition 1.2. Let f(z) € o then f(z) € S’;[(a]-,A]-)llq; (Bj, Bj)1,] if and only if

9%{ z[L[(aj, Aj), (B By), ) f (2]

, 0< 1, ze U. 117
L[(@j Aj) e (Bir Byl £(2) } > H p<l, z (1.17)

Definition 1.3. Let f(z) € o4 then f(z) € Cf[(a]-,Ai)Lq; Bj, Bi)l,p] if and only if

I -,A» . -,B' N
%{(Z[A[(a] N1y (B ])1,p]f(z)])}>#l 0<u<l, zell (1.18)

(L[ (e, A7), 5 (Bis By)y ) f(2))

Let F and G be analytic functions in the unit disk U. The function F is subordinate to G,
written F < G, if G is univalent, F(0) = G(0) and F(U) C G(U). Or given two functions F(z)
and G(z), which are analytic in U, the function F(z) is said to be subordination to G(z) in U if
there exists a function h(z), analytic in U with

h(0) =0, |h(z)|<1 Vzel, (1.19)
such that
F(z) = G(h(z)) Vz e U. (1.20)

Let ¢ : C>*—C and let h be univalent in U. If p is analytic in U and satisfies the
differential subordination ¢(p(z)), zp'(z)) < h(z) then p is called a solution of the differential
subordination. The univalent function g is called a dominant of the solutions of the differential
subordination, p < g. If p and ¢(p(z)), zp'(z)) are univalent in U and satisfy the differential
superordination h(z) < ¢(p(z)),zp'(z)) then p is called a solution of the differential
superordination. An analytic function g is called subordinant of the solution of the differential
superordination if g < p. Let ® be an analytic function in a domain containing f(U), ®(0) =0
and @'(0) > 0.
The function f € &4 is called ®—like if

(@) } >0, zel. (1.21)

This concept was introduced by Brickman [6] and established that a function f € o is
univalent if and only if f is ®—Ilike for some @.

Definition 1.4. Let @ be analytic function in a domain containing f(U), ®(0) = 0, ®'(0) =1,
and ®(w) # 0for w € f(U)-0. Let g(z) be a fixed analytic function in U, q(0) = 1. The function
f € o is called ®—like with respect to g if

zf'(2)

(7)) <q(z), zel. (1.22)
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In the present paper, we apply a method based on the differential subordination in order
to obtain subordination results involving generalized Noor integral operator for a normalized
analytic function f(z) ze U

z[L[(aj, A7), By By) ) f(2)]
(L [(aj, APy (B Bj)y ] f(2)]

q1(z) < < q2(z2). (1.23)

In order to prove our subordination and superordination results, we need to the following

lemmas in the sequel.

Definition 1.5 (see [7]). Denote by Q the set of all functions f(z) that are analytic and injective
on U - E(f), where E(f) := {{ € oU : lim._;f(z) = oo} and are such that f'({) #0 for ¢ €
ou - E(f).

Lemma 1.6 (see [8]). Let q(z) be univalent in the unit disk U and 6 and let ¢ be analytic in a
domain D containing q(U) with ¢(w) # 0, when w € q(U). Set Q(z) = zq'(z)$p(9(z)), h(z) =
0(q(z)) + Q(z). Suppose that

(1) Q(z) is starlike univalent in U,
(2) R(zh'(2)/Q(z)) >0 forz e U.

If
0(p(2)) +zp' (2)(p(2)) < 0(q(2)) + 24 (2)$(q(2)), (1.24)
then
p(z) <q(z), (1.25)

and q(z) is the best dominant.

Lemma 1.7 ([9]). Let q(z) be convex univalent in the unit disk U and let & and ¢ be analytic in a
domain D containing q(U). Suppose that

(1) zq'(z)p(q(z)) is starlike univalent in U,
(2) R’{¥(q(2))/9(q(2))} > 0 for z € U.
Ifp(z) € H[q(0),11 N Q, with p(UI) C D and 3(p(z)) + zp'(2)p(z) being univalent in U and
8(q(2)) +zq' (2)p(q(2)) < 8(p(z)) + zp'(2)p(p(2)), (1.26)
then

q(z) < p(z), (1.27)

and q(z) is the best subordinant.
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2. Characterization properties and distortion theorems

In this section, we investigate the characterization properties for the function f(z) € <4
to belong to the classes SK[(aj,Aj)llq; (Bj,Bj)1,] and Cf[(a]',Aj)Lq; (Bj, Bj)1,] by obtaining
the coefficient bounds. Further, we prove the distortion theorems when f(z) € SK [(aj,
Aj)l,qr' (ﬂj’Bj)l,p] and f(z) € Cf[(aj,Aj)l,q; B, Bj)l,p]-

Theorem 2.1. Let f(z) € 4. Then f(z) € SK[((x]-,A]-)Lq; (Bj, Bj)1,] if and only if

iHn,1|an| A+ 1), - (A +1),-(N),) | <1-p, 0<pu<l, 2.1)
n=2

where

_ITLT(B + (n-1)By)
n-1

= . 2.2
H?:lf(rxi + (Tl — 1)A7) ( )

Proof. Suppose that (2.1) holds. Then by using Lemma 1.1 and for z € U, we have
z[L[(aj, Aj)s 4 (B By lf )]
Li[(aj, Aj)y 4 (Bi Byl ()

< 1+ Z':):ZH”’1|[1"|((A + 1)11 B ()‘)n)
1+ X Hpalan| A+ 1),y

9%{ z[L[(aj, A7), o (Bis By ) f(2)] } .
Li[(aj, Aj)y 4 (Bi Byl f(2)

(2.3)

This last expression is greater than y, if (2.1) holds this implies that f(z) € ij [(aj,
Ay (ﬂj/Bj)1,p]~ On the other hand, assume that f(z) € S’;[(uj,Aj)Lq; (ﬂj,Bj)Lp] then

{ z[L[(@j, Aj)y (B B)y ) f(2)] } - 24
L[(aj, Aj)y 5 (BirBj)y ) f(2)
but R{z} <|z| then
z[L (@, Aj)y i (B By)y 1 f ()] ‘ - 25)
L[(aj,Aj)y 0 (Bi Bj)y ) f(2)
By a computation, we obtain (2.1). O
Corollary 2.2. Let the function f(z) belong to the class S’;[(aj, Aj)1,g (Bj, Bj)ip]. Then
|au| < ) , 0<pu<l, (2.6)

T Hpa|p(A+ 1), = ((A+1), = (1),,)

where H,,_1 is defined in (2.2).



R. W. Ibrahim and M. Darus

Theorem 2.3. Let f(z) € 4. Then f(z) € Cf[(aj,Aj)llq; (Bj, Bj)1p] if and only if

> nHyq|an||p(A+1),5 - (A+1), - (V),)| <1-p, 0<pu<l,
n=2

where H,,_1 is defined in (2.2).

Corollary 2.4. Let the function f(z) belong to the class C’;[(a]-, A1, (Bj, Bj)1,]- Then

Jan] < a-p , o<p<t,
nHpa |[p(d + 1), = (AL+ 1), = (1),,)]
where H,,_1 is defined in (2.2).
Theorem 2.5. Let f(2) € S\[(aj, Aj)1 4 (Bj, Bj)1,], then
1-
PN s 1>1(— (<§)+ ]
(1-p)

2
@<= e, - (e D]

for z € U where H,_, is defined in (2.2).

Proof. If f(z) € Sﬁ [(aj, Aj)rg (B Bj)l,p] then in view of Theorem 2.1, we have

Hi|p(A+1); = (A + 1), = (4),) |i|an| < iHn—l |an| [+ 1), = (A + 1), = (D))
n=2 n=2

<1l-p

This yields

[o'e] 1 _

S laa| < K .

e Hi|p(A+1); = (L + 1), = (A)y) |
Now

|f(2)] > |zl = 121D | an]
n=2
(1-p)
> |z| - # I2[2.
Hllﬂ()L +1); - (()L +1), - ()L)z)l

Also,

(1 - 1) 2
B
A+ 1) = (A +1), = (1),)]

@l <lel+

Hence the proof is complete.

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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Corollary 2.6. Under the hypothesis of Theorem 2.5, f(z) is included in a disk with its center at the

origin and radius r given by

(1-p)

= 1+ .
Hi[p(A+1); = (A + 1), = (),)]

In the same way, we can prove the following result.

Theorem 2.7. Let f(z) € Cf[(a]-,Ai)Lq; Bj, Bf)l,p] then

) (1-p) 2
P2 B S e - (v e )]
|f(2)] <21+ @ 2

2H; |A“()L +1); = (A +1), - (A)Z)l i

for z € U where Hy_ is defined in (2.2).

(2.14)

(2.15)

Corollary 2.8. Under the hypothesis of Theorem 2.7, f(z) is included in a disk with its center at the

origin and radius r given by

1 (1-p)
=1+ .
2Hi[p(A+ 1)1 = (A +1); = (1)) |

(2.16)

We next study some properties of the classes ij [(aj, Ajrg By Bf)l,p] and Cf [(a;, Ay

(ﬂj/Bj)l,p]'
Theorem 2.9. Let A > -1 and 0 < py < pp < 1. Then

Sl)fz [(“]" Aj)l,q; (ﬁ]’ Bj)l,p] c S“;l [(“]" Af)l,q; (ﬁ]’ Bj)l,p] .

Proof. By using Theorem 2.1.

Theorem 2.10. Let -1 < Ay < Ay and 0 < p < 1. Then

St (@i Aj)1 i (B By, ] 2 S, [(@ Ay, (B By, -

Proof. By using Theorem 2.1.

Theorem 2.11. Let A > -1 and 0 < py < pp < 1. Then

CV (@i, APy g (Bir Bj)y ] € CY (g, Aj)y i (Bj By)y -

Proof. By using Theorem 2.3.

Theorem 2.12. Let -1 < Ay < Ay and 0 < p < 1. Then

CY [(@i Aj)y s (Bir Bi) | 2 C[(@j  Ap)y i (B Bj)y -

Proof. By using Theorem 2.3.

(2.17)

(2.18)

(2.19)

(2.20)
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3. Sandwich results

By making use of Lemmas 1.6 and 1.7, we prove the following subordination and
superordination results.

Theorem 3.1. Let q(z) # 0 be univalent in U such that zq'(z) / q(z) is starlike univalent in U and

2q'(z) z(2) }

(24
m{“?q(Z“ 7=  q()

>0, a,yeC,y#0. (3.1)

If f € A satisfies the subordination

IX{ Z[I)L [(uj’Aj)l,q; (ﬂ]’ Bf)l,p]f(z)], }
O[L[(aj, Aj) i (Bj Bj)y ) f(2)]
[ L ([0 A) g (B B, ) f ] 20 [ [(2,A)1 g5 (B Byl f ()] } (32)
[L[(j Ay (Bir By I f] I (a, A, g (Bj By ] f(2)]

<aq(z) + m,

(
q(z)
then

z[L (@, Aj)y i (B By)y 1 f ()]

<q(z), (3.3)
O [(ay, A7),y (B B, IF@] T
and q(z) is the best dominant.
Proof. Our aim is to apply Lemma 1.6. Setting
z[Li[(aj, A7), (B By ) f(2)]
= : : . 34
P BTG A (B By, 17 oY
Computation shows that
() _, z[L (@, Ay i (B B)yp (2] 2@ [ (@, A, i By, By)y ) f(2)] (35)

=1+ — - ,
p(2) [ [(@j Ay (B Bi)y ) f(2)] @I[(aj, Ap), g (B Bj)y 1 f(2)]
which yields the following subordination:

ap(z) + Y;;ZZ()Z) <aq(z) + YZ(ZZ()Z), a,yeC. (3.6)
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By setting
O(w) = aw,  P(w) = % ¥ #0, (3.7)

it can be easily observed that 6(w) is analytic in C and ¢(w) is analytic in C \ {0} and that
¢(w) # 0 when w € C\ {0}. Also, by letting

Q) = 2q(Dp(q) = 7212,
(=) (3.8)
h(z) = 0(q(2)) + Q(z) = aq(z) + yz‘;((;),
we find that Q(z) is starlike univalent in U and that
zh'(z) ) _ a zq"(z) _z4'(2)
oo e Ta e ) e )
Then the relation (3.3) follows by an application of Lemma 1.6. O

Corollary 3.2. Let the assumptions of Theorem 2.1 hold. Then the subordination

(o {Z[IA[(aj/Aj)l,q; (ﬂszj)Lp]f(z)]’} . {1 . Z[IA[(“ijj)l,qi (ﬂj/Bj)l,p]f(z)]“}
! [I)»[(“f'A]‘)Lq? (B, Bf)l,p]f(z)] (L [(aj, Aj)qu; (B, Bj)l,p]f(z)]l

<aq(z) + YZ‘(];()Z),
(3.10)
implies
z[Li[(aj, A7), (Bi By), 1 f (2]
: - < , 3.11
(00 A By B 7] 1 .
and q(z) is the best dominant.
Proof. By letting ®(w) := w. O
Corollary 3.3. If f € o# and assume that (3.1) holds then
. z[I[(aj, A)), 5 (B B/)l,p]f(Z)]," 1+Az  (A-B): 512
[L[(@j Aj) g (B By)y ) f ()] 1+ Bz (1+Az)(1+Bz)
implies
Z[I)»[(“J'/Aj)m; (ﬂj’Bj)l,p]f(Z)]l 1+ Az 1<B<A<l (3.13)

[L[(a, Ay, (BB 1 f)] - 1+B2'

and (1 + Az)/(1 + Bz) is the best dominant.
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Proof. By setting ®(w) :=w, a =y =1,and q(z) := (1+Az)/(1+Bz),where-1<B<A<1. O

Corollary 3.4. If f € o and assume that (3.1) holds then

z[L (@, A7)y (B By FD] 142

+ — < +
[L[(ai Aj)y g (B Byl f ()] 12
implies

z[L[(a, Aj)y i (B By ) f (2] 1z
L[(aj, Ap)y i (B By f(2) 12

and (1 + z)/ (1 — z) is the best dominant.
Proof. By setting ®(w) :=w, a =y =1,and g(z) := (1 +z2)/(1 - 2).

Corollary 3.5. If f € o# and assume that (3.1) holds then

. z[L (@, Aj)y i (B By)y ) f ()]
[L[(a, A7), g (Bis B ) f (2]

Az

implies

z[Li[(aj, A7), (B By ) f (2] By
L[(aj, Aprgs (Bj Bi)y | f(2) '

and e”# is the best dominant.

Proof. By setting ®(w) := w, a =y =1,and q(z) = e??, |A| <.

Theorem 3.6. Let q(z) # 0 be convex univalent in the unit disk U. Suppose that

%{%q(z)} >0, a,yeCforzel,

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

and that zq'(z)/q(z) is starlike univalent in U. If z[IA[(cx]-,A]-)Lq; (ﬂj,Bj)llp]f(z)]’/d)[ll[(aj,

Aj)l,qr' (ﬁ]-,B]-)Lp]f(z)] € H[q(0),1] N Q where f € A,

a{ z[L[(aj, A7), o (Bjs By ) f ()] }
O[L[(aj, Aj)y i (BjBj)y ) f(2)]

N { - 2[L[(aj A4 (B Bl f D" 2@ (I, A7)1,43 (B By 1 £ (2)]
' (L, [(llj,A;')Lq} (ﬁj,Bj)LP]f(Z)], O[I, [(“i'Ai)l,q? B, Bi)l,p]f(z)]

}

(3.19)
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is univalent in U and the subordination

Y7q(2) a{ z[I (@, A7)y g (B B) ) ()] }
q(z) O[L[(aj, Aj), i (Bj Bj)y ) f(2)]

aq(z) +

oy { - z[[(aj, Aj)y g (Bj By)ypl f (Z)]," 320,
(L [(aj, Aj)y g (Bi Bi) ol f(2)]
B z®' [I[(aj, Ap)1 i (Bjs Bj) ] f(2)] }
(D[I/\ [(ai/ Aj)l,q; (ﬂ]’ B])l,p]f(z)]
holds, then
z[L[(aj, Aj), i (B By)y ) f(2)]
- - 3.21
" DLl 4y, By i), 1) o
and q is the best subordinant.
Proof. Our aim is to apply Lemma 1.7. Setting
z[L (@, Aj)y i (B By)y 1 f (D]
= - : . 3.22
P O[T A B B, 1) o
Computation shows that
(), 2[L (2, A7), (B B I f D] 20 [L(aj, A)), 5 (B, By | £ (2)] .
p() (L@, Ay (B By 1 f] ®I(ar Aj)y s (B Byl f (2]
which yields the following subordination
rzq (2) rzp'(2)
aq(z) + e <ap(z) + @) a,yeC. (3.24)
By setting
dw) = aw,  pw) = % ¥ #0, (3.25)

Q.

it can be easily observed that 8(cw) is analytic in C an
¢(w) #0when w € C\ {0}. Also, we obtain

¢(w) is analytic in C \ {0}, and that

19’/
m{ M} - m{fq(z)} > 0. (3.26)
0(4(2)) Y
Then (3.21) follows by an application of Lemma 1.7. O

Combining Theorems 3.1 and 3.6 in order to get the following sandwich theorems
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Theorem 3.7. Let q1(z) #0, g2(z) # 0 be convex univalent in the unit disk U satisfying (3.18) and
(3.1), respectively. Suppose that zq:(z)/qi(z), i = 1,2, is starlike univalent in U. If
z[L[(aj, Aj)y i (B By)y 1 f (D]
(D[I)L [(aj’ Aj)l,q; (ﬂ]’ B])l,p]f(z)]

€ #[q(0),1] N Q, (3.27)

where f € A,

z[Li[(aj, A7), (B By f(2)]
a{ (L [(aj, Aj), i (Bj Bj)y ) f(2)] }
{1 N z[L (2, A0)1 5 (B B I f D] 20 [L(ay, 4)), 5 (B, B)y | £ (2)] }
[L[(ay Ay (Bi Byl f (2] @I (e, A)), i (B, Bj)y 1 f(2)]

(3.28)

is univalent in U, and the subordination
Y24, (2) { z[L[(ay, Ay (B By)y ) f(2)] }
<a
71 (z) O[L [(aj, Ap)rg (B Bj)llp]f(z)]
{ z[L[(aj, A7), By By), ) f(2)]
+yy1+ ;
[I)‘[(a]’A])l,q’ (ﬁ]’B])l,p]f(z)] (329)
(o A7) (8 ), ) ) }
D[ [(aj, Aj), 5 (Bj Bj)y ] f(2)]

Y29,(2)
0]2(2)

aqi(z) +

<agq(z) +
holds, then

z[L[(aj, A7), (B By) ) f(2)]
O[L[(aj, A)), i (Bj» Bj)y ] f(2)]

and q.(z) is the best subordinant and q(z) is the best dominant.

q(z) < < q(z), (3.30)
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