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1. Introduction

Gronwall-Bellman inequality [1, 2] is an important tool in the study of existence, uniqueness,
boundedness, stability, and other qualitative properties of solutions of differential equations
and integral equations. There can be found a lot of its generalizations in various cases from
literature (see, e.g., [1-12]). In [11], Pachpatte obtained an estimation for the integral inequality

u(x,y) <a(x,y) + J:J:f(s, t) [u(s,t) + J:J:g(s, t,o,T)u(o, T)deo] dtds. (1.1)

His results were applied to a partial integrodifferential equation:

Uyy(x, ) = F(x, y,u(x,y), J:J;yh(x, v, T, o;u(x,y))dnio), 12

u(x,yo0) = a(x),  u(xo,y)=py),

for boundedness and uniqueness of solutions.
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In this paper, we discuss a more general form of integral inequality:

g (u(x, )
b(x) pc(y)

s t
<a(x,y)+ f(x,y,s,t) [(m (u(s, 1)+ j g(s,t,0,7)p2(u(o, T))drdo|dtds
b(xo) 7 c(yo) b(xo) Y c(yo)
(13)

for all (x,y) € [xo,x1) x [yo,1). Obviously, u appears linearly in (1.1), but in our (1.3) it
is generalized to nonlinear terms: ¢ (u(s,t)) and ¢, (u(s,t)). Our strategy is to monotonize
functions ¢;s with other two nondecreasing ones such that one has stronger monotonicity than
the other. We apply our estimation to an integrodifferential equation, which looks similar to
(1.2) but includes delays, and give boundedness and uniqueness of solutions.

2. Main result

Throughout this paper, xo, X1, o, 1 € R are given numbers. Let R, := [0,00),I = [x9,x1), ] =
[v0,11), and A := I x J C R Consider inequality (1.3), where we suppose that ¢ € C°(R,,R;)
is strictly increasing such that ¢(o0) = o0, b € C(I,I), and ¢ € C'(J, J) are nondecreasing, such
that b(x) < xand ¢(y) <y, a € CL(A,Ry), f € CO(A%R,), and g(x,y,s,t) € CO'(A% R,) are
given, and ¢; € C°(R,,R,) (i = 1,2) are functions satisfying ¢;(0) = 0 and ¢;(u) > 0 for all
u>0.

Define functions

w(s) := Tﬂﬁi‘]{‘”l(ﬂ}'

g
N
~~

Y2
~

|

= TI&g)g(}{(pz(T)/m(T) fwi(s), (2.1)

¢(s) = wa(s)/wi(s).
Obviously, w1, w,, and ¢ in (2.1) are all nondecreasing and nonnegative functions and satisfy
wi(s) > ¢i(s), i=1,2. Let

" ds
Wi(u) = J‘l m, (2.2)
" ds
Wz(u) = J‘1 m, (23)
" ds
D(u) = _—_—
= | T ey

Obviously, Wi, W5, and @ are strictly increasing in u > 0, and therefore the inverses W7 L Wy L
and ®! are well defined, continuous, and increasing. We note that

u dx
Pl = -[w1<1>¢(<l"1(W11(x)))

_ I wi (¢ (Wi (x)))dx
wi) w2 (¢ (Wrl(x)))

(2.5)

Wit (u)
f D W w)).

B 1 wz((lf_l(x))
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Furthermore, let f (x,y,5,t) '= MaXse[xyx1 f (T, Y, 5, 1), which is also nondecreasing in x for each
fixed y, s, and t and satisfies f(x, y,s,t) > f(x,y,s,t) >0.

Theorem 2.1. If inequality (1.3) holds for the nonnegative function u(x,y), then
u(x,y) < ¢ (W' [2(x, »)] } (2.6)

forall (x,y) € [xo,X1) x [yo, Y1), where

b(x) pre(y) _
E(x,y) = Wa[Wi (r2(x, )] +I J f(x, y,s,t U g(s,t,7,0)drdo|dtds,
b(x0) Y c(yo) b(x0) Y c(yo)

b(x) pe(y) _
r(x,y) == Wi(n(x,y)) + f f(x,y,s,t)dtds, (2.7)
b(x0) Y c(y0)

ri(x,y) = a(xo, y) +I |ax(s,y)|ds,
and (X1, Y1) € A is arbitrarily given on the boundary of the planar region
R:={(x,y) € A:E(x,y) € Dom(W,"), r(x,y) € Dom(W;")}. (2.8)

Here Dom denotes the domain of a function.

Proof. By the definition of functions w; and f,-, from (1.3) we get

g (ulx,y)
<a(x, y)+j

b(x0) /e

b(x) pe(y) _
f(x y,s,t) [wl (u(s, b))+ I f g(s,t,0,7)wy(u(o,7))drdo| dtds
b(xo) C(yo)

(2.9)

forall (x,y) € A.
Firstly, we discuss the case that a(x,y) > 0 for all (x,y) € A. It means that r1(x,y) > 0
for all (x, y) € A. In such a circumstance, r1(x, y) is positive and nondecreasing on A and

r(x,y) > a(xo,y) + jxax(t,y)dt. (2.10)

X0

Regarding (1.3), we consider the auxiliary inequality

g (u(x,y))
< 1’1(X,]/)+f

b(xo)7e(yo)

b(x) rcly) _

fXy,s.1) [wl(u(s,i’))+ J'

¢
f g(s,t,0,7)wy(u(o,7))drdo|dtds
b(xo) Y c(yo)

(2.11)
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for all (x,y) € [xo, X) x J, where xo < X < X is chosen arbitrarily. We claim that

u(x,y) < ¢ { [Wz< (Wl (ri(x,y)) + " IC(y)f(X, V.8, t)dtds))

b(xo) Y c(yo)

b(x) rc(y) _
+f f1 (X, y,s,t U j g(st, T,O')deO‘] dtds] }
b(xo) Y c(y0)

b(xo)/c(vo)

(2.12)

for all (x,y) € [x0, X) x [yo, Y1), where Y is defined by (2.8).
Let n(x,y) denote the right-hand side of (2.11), which is a nonnegative and
nondecreasing function on [x(, X) x J. Then, (2.11) is equivalent to

u(x/ ]/) < (Ifl (q(x, ]/)) V(x, }/) € [xOI Y) X ] (213)
By the fact that b(x) < x for x € [xp, X) and the monotonicity of w;, ¢, 1, and b(x), we have

(0/0x)n(x,y)
wi (gt (n(x,y)))
(0/0x)r1(x,y) . b'(x)
wi (g (n(xy))  wi(g™(n(x,y)))

C

x f1 (X, y,b(x),t) [wl (u(b(x),t)) +I

c(yo) b(x0)

(0/0x)r1(x,y)
w1 (¢ (r(x,y))

J‘ g(b(x),t,T,0)w, (u(r, 0'))de0']
c(yo)

c(y)
+b'<x)j Fu(X,y,b(x), t)dt
) c(yo)

cy) _
+b'(x)j fl(X Y, b(x),t) U‘ I g(b(x),t,7,0)P(u( T,o))drdo]d
b(xo)/c(yo)

c(vo

(2.14)
for all (x,y) € [xo, X) x J. Integrating the above from x to x, we get
b(x) re(y) _
Witntey) Wi+ [ [ Ry, s s
b(xo) Y c(yo)
(2.15)
b(x) rc(y)
+J f1 (X, y,s,t) U g(s,t,7,0)¢(u(r,0))drdo|dtds
b(x0) 7 c(yo) b(xo) Y c(yo)
for all (x,y) € [xg,X) x J. Let
¢(E(xy)) =Wi(n(x,y)),
b(x) pey) (2.16)

7(x,y) == Wi(ri(x,y)) +j f1(X,y, s, t)dtds.
b(x0) 7/ c(yo)
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From (2.15), (2.16), we obtain

w(&(x, )
r(x,y) L g filX,y,8,t) U

(x0)/c(yo) b(xo)

! (2.17)
f g(s,t,7,0)p(u(r,0))drdo|dtds
c(yo)

forall xo < x < X, yo <y < y1. Let f(x,y) denote the right-hand side of (2.17), which is a
nonnegative and nondecreasing function on [xg, Y) x J. Then, (2.17) is equivalent to

p(E(xy) <pxy) Y(xy) €lx,Y) <] (2.18)

From (2.13), (2.16), and (2.18), we have

u(x,y) <g¢7 (nxy) = ¢ (Wi (g (éx ) < (W (B(x, ) (2.19)

forall xo < x < X, yo <y <Yi, where Y] is defined by (2.8). By the definitions of ¢, ¢, and W3,
(gt Wy 1(s))) is continuous and nondecreasing on [0, o0) and satisfies (])(qj’l(Wl’ 1(s))) >0
for s > 0. Let h(s) = (p‘l(Wl’l(s)). Since b'(x) > 0 and b(x) < x for x € [xp, X), from (2.19) we
have

(0/0x)p(x,y)
¢(h(B(x,y)))
(0/0x)12(x, y)
~ ¢ (h(Ra(x,y)))
b (x) c(y)
T BB ) e

0/0)Rm(x,y) ., (Y~
/1 S~ 7 A\ b X/ 7
S5m0 U( e

fl(X,y, t)U j g(b(x) tT,U)d)(u(T,U))deG]didS
b(x0) 7/ c(yo)

b(x)
g b(x) t,T,0 deo] dtds

(2.20)
for all (x,y) € [xo, X) x [yo, Y1). Integrating the above from xj to x, by (2.4) we get
b(x)

s t
fl(X, Y,s,t) U f g(s,t, T,C)')deO‘] dtds  (2.21)
b(xo)/c(vo)

O(B(x,y)) < D(F(x,y)) + f

b(x0)/c(yo)

for all (x,y) € [x0, X) x [yo,y1). By (2.19) and the above inequality, we obtain

u(x,y)

b(x) rcly) _ t
S¢*1{W{1 [@*1<®(72(x,]/))+ j fl(X Y,s, 1) [j f g(szt/T,O')deO']dtds>] }
b(x0)e(yo) b(x0)Je (o)
(2.22)
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for all (x,y) € [xo, X) x [yo, Y1), where Y] is defined by (2.8). It follows from (2.5) that

b(x) pc(y)
u(x,y) < q;—l {Wz—l [W2 <Wl‘1 <W1 (ri(x,y)) + L( . )fl(X, v,s, t)dtds))
Xo)¥ (Yo
(2.23)

b(x) re(y) _ s t
+ J‘ fiX,y,s,t) U g(s,t, T,O')deG] dtds] },
b(x0) ¥ c(yo) b(x0) ¥ c(yo)

which proves the claimed (2.12).
We start from the original inequality (1.3) and see that
g (u(X,y))
b(X) pe(y)

Srl(X/]/)+L( [ Fxysn [gol<u<s,t))+
x0) Yc(yo

S

¢
f g(s,t,0,7)p2(u(o,7))drdo | dtds
c(yo)
(2.24)

b(xo)

for all y € [yo, Y1); namely, the auxiliary inequality (2.11) holds for x = X, y € [yo,Y1). By
(2.12), we get

b(X) pely)
u(X, y) < (I)‘_l {Wz—l [WQ <I/V1_1 <W1 (1’1 (X, y)) + fl (X, Y,s, i’)dtds) >
b(xo) Y c(yo)

(2.25)
b(X) pe(y) s t
+ I fiX,y,s,t) [ g(s, t,T, o)d’rda] dtds] }
b(xo) Y c(yo) b(xo) 7/ c(yo)
forall xo < X < Xj, yo <y < Y. This proves (2.6).
The remainder case is that a(x, y) = 0 for some (x,y) € A. Let
e (xr ]/) =n (x/ }/) +¢€, (226)

where £ > 0 is an arbitrary small number. Obviously, 1 .(x, y) > 0 for all (x,y) € A. Using the
same arguments as above, where 1 (x, y) is replaced with ry .(x, y), we get

b(x) ely) _
u(x,y) < qr‘l{ng [Wz<W{1 <W1 (rie(x,y)) + L( N3 )fl (x,y,s, t)dtd5>>
Xo)¥ (Yo
(2.27)

b(x) pely) s
+ j fi(x,y,s,t) U g(s,t, T,O')deO'] dtds] }

b(xo) Y c(vo) b(x0) /e (yo)

for all xo < X <Xy, yo <y < Yj. Letting e — 04, we obtain (2.6) because of continuity of r; . in
¢ and continuity of ¢!, W, W, W,", and W,. This completes the proof. O
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3. Applications

In [11], the partial integrodifferential equation (1.2) was discussed for boundedness and
uniqueness of the solutions under the assumptions that

|F(x,y,u,0)| < flx,y)[lul +1o]],
|h(x,y,s,tu(s, )| < glx,y,s,t)|u(s,b)|,

3.1
|F(x,y,u1,01) = F(x,y,u2,02) | < f(x,9)[|ur — 2| + |01 — 02

],

|h(x,y,s,t,u1) —h(x,y,s,t,ux)| < g(x,y,8t)|ur —uz|,

respectively. In this section, we further consider the nonlinear delay partial integrodifferential
equation

b(x) c(y)

Uyy(x, ) = F(x, y,u(b(x),c(y)), h(b(x),c(y),T,0,u(T, o))decr),

b(b(x0)) (o)) (3.2)

u(x,yo) = alx),  u(xo,y) =py)

for all (x,y) € A, where b,c, and u are supposed to be as in Theorem 2.1; h : A? x R—R,
F: AxR*°>R, a: I-R, and f : J—R are all continuous functions such that a(0) = (0) = 0.
Obviously, the estimation obtained in [11] cannot be applied to (3.2).

We first give an estimation for solutions of (3.2) under the condition

|F(x,y,u,0)| < f(x,y) [p1(Jul) + |ol],

3.3
|h(x,y,s,t,u(s, )| < g(x,y,s,t)|@2(u(s,1))]. (33)

Corollary 3.1. If |a(x)+p(y)| is nondecreasing in x and y and (3.3) holds, then every solution u(m, n)
of (3.2) satisfies

u(x,y) <W;' E(x,y)] V(x,y) € [x0,X1) x [yo, Y1), (3.4)

where

b(x)-[c(y) f7H(s),c7' (b)) dtds]}

= — -1
=y Wz{wl [Wl(la(x)+ﬁ(y)|)+ bxo) Jeo) V' (071 (8)) ' (72 (1))

(3.5)

P W f (b7 (s), e B) (5 ([
t,7,0)drdo| dids,
+L<xo>£<yo> V(b7 (s))c (¢ (D)) [J;oco) c<y0>g(s o G] -

and Wy, Wi, W, W3, and X, Y are defined as in Theorem 2.1 .
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Corollary 3.1 actually gives a condition of boundedness for solutions. Concretely, if there
is a positive constant M such that

b(x) pc(y) f(bil(s), C—l (i’))
bxo) ey ' (B71(8)) ¢ (c71 (1))

Ib(x)jc(y) f(b—l (S), C_l(t))
bxo) Je(yo) B/ (b71(5)) ' (71 (1))

|a(x) + B(y)| < M,

dtds < M,
(3.6)

s t
U g(s,t,7,0)drdo|dtds < M
b(xo) Y c(yo)

on [x9, X1) x [yo, Y1), then every solution u(x, y) of (3.2) is bounded on [xp, X1) x [yo, Y7).
Next, we give the condition of the uniqueness of solutions for (3.2).

Corollary 3.2. Suppose

|F(x,y,u1,01) = F(x,y,u2,02) | < f(x,y) [p1 (| — 2]) + |01 = 02],

(3.7)
|h(x,y,s,t,u1) —h(x,y,s,t,u2)| < g(x,y,8 ) p2(|ur — uz),
where f, g, ¢, 2 are defined as in Theorem 2.1. There is a positive number M such that
b(x) pc(y) b—l , -1 t
[ FEOCO)
b ety U (671 ()€ (71 (D))
(3.8)

b(x) pc(y) f(b—l (S),C_l(t)) s t
f f T Yo U g(s,t,7,0)drdo|dtds < M
b Jeyo) B/ (671(8)) ¢ (€7 (1)) Loy Jewo)
on [xo,X1) x [yo,Y1). Then, (3.2) has at most one solution on [xg,X1) % [yo, Y1), where X1,Y; are
defined as in Theorem 2.1.
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