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1. Introduction

Let H = H(U) denote the class of analytic functions in the open unit disk U = {z € C : |z| < 1}.
ForaeCandneN={1,2,...}, let

Hlan]={feH: f(z)=a+ayz"+amz""+ - }. (1.1)
We denote by 4 the subclass of #[a, 1] with the usual normalization f(0) = f'(0) -1 =0, and
denote by A the subclass of f satisfying the condition h(z)h'(z) # 0 for z € U \ {0}.

Let f and F be members of . The function f is said to be subordinate to F, or F is said
to be superordinate to f, if there exists a function w analytic in U with w(0) = 0 and |w(z)| <1
for z € U and such that f(z) = g(w(z)) (z € U). In such a case, we write

f<F or f(z)<F(z). (1.2)

If the function F is univalent in U, then

f<F=f(0)=g(0), f(U)cg() (cf [1,2]). (1.3)
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Definition 1.1 (Miller and Mocanu [1]). Let ¢ : C> — C and let h be univalent in U. If p is
analytic in U and satisfies the (first-order) differential subordination

$(p(2),zp'(2)) < h(z), (1.4)

then p is called a solution of the differential subordination. The univalent function q is called a
dominant of the solutions of the differential subordination, or more simply a dominantif p < g
for all p satisfying (1.4). A dominant g that satisfies § < g for all dominants g of (1.4) is said to
be the best dominant.

Recently, Miller and Mocanu [3] introduced the following differential superordinations,
as the dual concept of differential subordinations.

Definition 1.2 (Miller and Mocanu [3]). Let ¢ : C> — C and let h be analytic in U. If p and
¢(p(z), zp'(z)) are univalent in U and satisfy the (first-order) differential superordination

h(z) < ¢(p(z),zp'(2)), (1.5)

then p is called a solution of the differential superordination. An analytic function g is called
a subordinant of the solutions of the differential superordination, or more simply a subordi-
nant if g < p for all p satisfying (1.5). A univalent subordinant g that satisfies g < g for all
subordinants g of (1.5) is said to be the best subordinant.

Definition 1.3 (Miller and Mocanu [3]). Denote by Q the set of functions f that are analytic and
injective on U \ E(f), where

E(f) = {QEBU:liLrgf(z) = o}, (1.6)

and are such that f'(¢) # 0 for z € { € 0U \ E(f).

Now we introduce the following integral operators I, defined by

z 1/p
Lip(F)(2) = [p jo fﬁ(t)h‘l(t)h/(t)dt] .

(Re{p} >0, fed, he A, zc).

The integral operators defined by (1.7) have been extensively studied by Bulboaca [4]. Also
Miller et al. [5] investigated some subordination-preserving properties involving certain in-
tegral operators for analytic functions in U (see, also [6, 7]). Moreover, Bulboaci [8] studied
a class of superordination-preserving integral operators. In the present paper, we obtain the
subordination- and superordination-preserving properties of the integral operator I,; defined
by (1.7) with the sandwich-type theorems. We also consider applications of our main results to
the Gauss hypergeometric function.

2. A set of lemmas

The following lemmas will be required in our present investigation.
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Lemma 2.1 (Miller and Mocanu [9]). Suppose that the function H : C> — C satisfies the following
condition:

B 2
Re{H(is, £)} <0 <se]R; £< @; neN>. @.1)

If the function p(z) =1+ p,z" + - - is analytic in U and
Re{H(p(z), zp'(z))} >0 (z€U), (2.2)
then
Re{p(z)} >0 (z€U). (2.3)
Lemma 2.2 (Miller and Mocanu [10]). Let B,y € Cwith  # 0 and let h € H(U) with h(0) = c. If
Re{ph(z) +y} >0 (z€), (2.4)
then the solution of the differential equation

zq'(z)
Ba(z) +y

is analytic in U and satisfies the inequality given by

q(z) + =h(z) (z€U;q(0)=c) (2.5)

Re{pq(z) +y} >0 (z€U). (2.6)
Lemma 2.3 (Miller and Mocanu [1]). Let p € Q with p(0) = a and let qg(z) = a + a,z" + --- be
analytic in U with q(z) # a and n € N. If q is not subordinate to p, then there exist points zq = roe'® €

Uand ¢ € 0U \ E(f) for which

q(Uy) cp(U),  q(z0) =p(G),  zoq (z0) = mGop'(S) (m >mn). 27)

Let ¢ € C with Re{c} > 0 and let

N = N(c)

lc|v/1 + 2Re{c} + Im {c}
= Relc] . (2.8)

{c

If R is the univalent function in U defined by R(z) := 2Nz/(1-z?), then the open-door function
R. is defined by

z+b ) (ze), 2.9)

1+bz

R.(z) := R(

where b = R (c) (cf. [1]).

Remark 2.4. The function R, defined by (2.9) is univalent in U, R.(0) = ¢, and R.(U) = R(U) is
the complex plane with slits along the half-lines Re{w} = 0 and |[Im{w}| > N, that is,

R.(U) = R(U) =C\ {w € C: Re{w) = 0, |Im{w}| > N}. (2.10)
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Lemma 2.5 (Bulboaci [4], Miller, and Mocanu [1]). Let p € C with Re{p} > Oand let h € A. If
f € Hnp, where

zf'(z) zh'(z) zh"(z)
@ ke TG

HAnp = {f eA:p < Rg(z), pf"(0) + h"(0) # O} (2.11)
and Ry is the open door function defined by (2.9) with ¢ = f, then

Ip(f)(2)

z

z2(Inp(f)(2))’

Ih,ﬁ(f) €A, Ih,ﬁ(f)(z)

#0 (zel), Re{ﬂ } >0, (zel), (2.12)

where Iy,p is the integral operator defined by (1.7).

Remark 2.6. The integral operator I;;; defined by (1.7) with = 1is well defined on [0, 1] (see
[4])-

A function L(z,t) defined on U x [0, o) is the subordination chain (or Léwner chain) if
L(-,t) is analytic and univalent in U for all ¢ € [0, 0), L(z,) is continuously differentiable on
[0,00) forall z € U, and L(z,s) < L(z,t) when 0 < s < t.

Lemma 2.7 (Miller and Mocanu [3]). Let g € H#[a, 1] and ¢ : C*> — C. Also set ¢(q(z),zq (z)) =
h(z) (z€U).If

L(z,t) == ¢(q(z),tzq'(z)) (z€U; 0<t< o) (2.13)

is a subordination chain and p € H#[a, 1] N Q, then

h(z) < ¢(p(z),2p'(2)) (2.14)
implies that
q(z) <p(2). (2.15)
Furthermore, if
9(q(2),2p'(2)) = h(2) (2.16)

has a univalent solution q € Q, then q is the best subordinant.

Lemma 2.8 (see [2]). The function L(z,t) = ai(t)z + - -+ with a1 (t) # 0 and lim,_,., |a; (t)| = oo is
a subordination chain if and only if

Re{ z0L(z,t)/0z
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3. Main results

Our first subordination theorem involving the integral operator Ij,; defined by (1.7) is con-
tained in Theorem 3.1 below.

Theorem 3.1. Let f, g € Ap,p with

8(2)

z

£(2)
— 70

(zeU; p#1), #0 (ze€eU; p#1), (3.1)

and let h € A. Suppose also that

Re{l+%} > -6

(3.2)
p ’ 1/p
(et (2 00 -0 251 )
where
_ L+ |pP-[1- P
Then the subordination condition
fNzH (z)  /g(z)\FzH (z)
(7)) 5% < () 5% G4
implies that
Lipg(NE@\ [/ Inp(@)(2)
( ! ) <<—Z > (3.5)

where Iy,p is the integral operator defined by (1.7). Moreover, the function (In,s(g)(z)/ z)ﬂ is the best
dominant.

Proof. Let us define the functions F and G by

Fo = (DD g (DY 66)

respectively. We note that F and G are well defined by Lemma 2.5.
We first show that if the function g is defined by

zG"(z)
G'(z)

q(z) =1+ (z €U, (3.7)
then

Re{g(z)} >0 (z€U). (3.8)
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From the definition of (1.7), we obtain

ne) =) 1"

$G) =1 @D | (@)@ (3.9)
We also have
z(Inp(9)(2)) . 2G(2)
b Inp(8)(2) =P+ G(z) (3.10)

By a simple calculation in conjuction with (3.9) and (3.10), we obtain the following relation-
ship:

Z¢" (Z) _
¢'(2)

zq'(z)
q(z) +p

1+

q(z) + =Q(z). (3.11)

We also note from (3.2) that
Re{Q(z)+p} >0 (z€U) (3.12)

and, by using Lemma 2.2, we conclude that the differential equation (3.11) has a solution g €
H(U) with g(0) = Q(0) = 1. Let us put

H(u,v) =u+ ©
u

+p

where § is given by (3.3). From (3.2), (3.11), and (3.13), we obtain

+0, (3.13)

Re{H(g(z),z4'(z))} >0 (z€U). (3.14)

Now we proceed to show that

_ 2
Re{H(is, )} <0 <s ER; t< @) (3.15)
Indeed, from (3.13), we have
R
Re{H(is, 1)} = Re{is + isiﬁ +6} = |i3 E{lfgl}z +6< —2|§+(2|2, (3.16)
where
Es(s) == (Re{p} —26)s> - 46(Im{p})s — 25|p|> + Re{p}. (3.17)

For 6 given by (3.3), the coefficient of s? in the quadratic expression Es(s) given by (3.17) is
positive or equal to zero. Moreover, the quadratic expression Es(s) by s in (3.17) is a perfect
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square for the assumed value of 6 given by (2.11). Hence, from (3.16), we obtain the inequality
given by (3.15). Thus, by using Lemma 2.1, we conclude that

Re{g(z)} >0 (z€U), (3.18)

that is, G defined by (3.6) is convex(univalent) in U.
Next, we prove that the subordination condition (3.4) implies that

F(z) < G(2) (3.19)

for the functions F and G defined by (3.6). Without loss of generality, we can assume that G is
analytic and univalent on U and that G'(¢) # 0 for ¢ € 0U. Now we consider the function L(z, t)
given by

L(z,t) = G(z) + %zG’(z) (zeU; 0<t < ). (3.20)

Since G is convex and Re{f} > 0, we obtain

aLé‘Z’t) - G’(O)<ﬁ+; ”) 40 (0<t<oo;Re(p)>0),
(3.21)
z0L(z,t)/0z | _ zG"(z) )
R{W}—Re{ﬁ+(l+t)<l+w>}>0 (ZEU,OSt<OO).

Therefore, by virtue of Lemma 2.8, L(z, t) is a subordination chain. We observe from the defi-
nition of a subordination chain that

L@ t) ¢ L(U,0) = p(U) (L €dU; 0< t < o). (3.22)

Now suppose that F is not subordinate to G, then by Lemma 2.3, there exist points zy € U and
¢o € OU such that

F(z0)=G(%)  zoF (z0) = (1+H%G () (0<t<o0). (323)
Hence, we have
Ll t) = Gle) + 5 6G (@)
1.
= F(zo) + BZOF (z0) (3.24)
_ (f(z0)\ 20k (20)
- < Zo > h(zo) <o),

by virtue of the subordination condition (3.4). This contradicts the above observation that
L(¢o,t) £ p(U) (L €0U; 0 <t < oo). (3.25)

Therefore, the subordination condition (3.4) must imply the subordination given by (3.19).
Considering F(z) = G(z), we see that the function G is the best dominant. This evidently
completes the proof of Theorem 3.1. O
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Remark 3.2. We note that 6 given by (3.3) in Theorem 3.1 satisfies the inequality 0 < 6 <1/2.

We next provide a solution to a dual problem of Theorem 3.1, in the sense that the sub-
ordinations are replaced by superordinations.

Theorem 3.3. Let f, g € Ap,p with

@7&0 (zeU; p#£1), @;ao (zeU; p#£1), (3.26)

and h € A. Suppose also that

Re{l Zi’( Z)} >_6

(<0 9= (22)', g = 500 [ 2],

where 6 is given by (3.3), the function (f(z)/z)p(zh’(z)/h(z)) is univalent in U and (In,p(f)(z)/
z)P € Q, where Iy, is the integral operator defined by (1.7). Then the superordination condition

(3.27)

2(2)\F zh'(2) f(2)\zH' (2)
< 2 ) h(z) << z > h(z) 2%
implies that
I Fo, P
< h,ﬂ(i)(z)> . < h,ﬂ(JZ‘ )(z)> . (3.29)

Moreover, the function (I5(g)(z)/ z)p is the best subordinant.

Proof. The first part of the proof is similar to that of Theorem 3.1 and so we will use the same
notation as in the proof of Theorem 3.1.

Let us define the functions F and G, respectively, by (3.6). We first note that from (3.9)
and (3.10), we obtain

$(2) = G(z) + 22G'(2)

p (3.30)
=: p(G(z),zG'(2)).
Then by using the same method as in the proof of Theorem 3.1, we can prove that
Re{g(z)} >0 (z€U), (3.31)

where the function g is defined by (3.7), that is, G defined by (3.6) is convex(univalent) in U.
Now we consider the function L(z,t) defined by

%ZG'(Z) (zeU; 0<t < o). (3.32)
Then we see that L(z,t) is a subordination chain as in the proof of Theorem 3.1. Therefore,
according to Lemma 2.7, we conclude that the superordination condition (3.28) must imply
the superordination given by (3.29). Furthermore, since the differential equation (3.30) has
the univalent solution G, it is the best subordinant of the given differential superordination.
Therefore, we complete the proof of Theorem 3.3. O

L(z,t) :=G(z) +
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If we combine Theorems 3.1 and 3.3, then we obtain the following sandwich-type theo-
rem.

Theorem 3.4. Let f, g € HAnp (k =1,2) with

[®) 20 zevprn), g"f)

z

0 (z€U; p#1), (3.33)

and h € A. Suppose also that

Re{1+ ¢k((z>)}> 0
<zeu¢k<z>:=<“”°(z)) ou(2) = u(2) [ 5 ]“",k=1/2>'

where 6 is given by (3.3), the function (f(z)/z)ﬂ(zh’(z)/h(z)) is univalent in U and (In,p(f)(z)/
z)P € Q, where Iy, is the integral operator defined by (1.7). Then the subordination relation

21(2) pzh’(z) f(z) ﬂzh’(z) (z) pzh’(z)
< z > he) << i ) ) << z > ) (3.35)

(3.34)

implies that

(3.36)

<Ih;ﬂ(gl)(z)>ﬁ < <Ih;ﬂ(£)(z)>ﬂ < (Ih;ﬂ(gZ)(Z)>ﬂ'

z z

Moreover, the functions (Ih;ﬂ(gl)(z)/z)ﬂ and (Ih;ﬂ(gz)(z)/z)ﬂ are the best subordinant and the best
dominant, respectively.

The assumption of Theorem 3.4, that the functions (f(z) /z)ﬂ zh'(z)/h(z) and (In,p(f)(z)/
z)P need to be univalent in U, may be replaced by another condition in the following result.

Corollary 3.5. Let f, gk € Anyp (k =1,2) with

1940 cevprn, &2

z

#0 (zeU; p#1), (3.37)

and h € A. Suppose also that the condition (3.34) is satisfied and that

Re{l ,((7;)}> -6
(ze0pt2) = (@)ﬂ; o(2) = £(2) [Z:('S)]W, veQ),

where & is given by (3.3). Then the subordination relation

12\ zh(2)  (f@\zh(2) (%) 20 (2)
< z ) h(z) << z > h(z) << z > ) (339)

(3.38)
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implies that

z z

where Iy is the integral operator defined by (1.7). Moreover, the functions (Inp(g1)(z)/ 2)f and
(Inp(g2)(2)/ z)ﬂ are the best subordinant and the best dominant, respectively.

Proof. In order to prove Corollary 3.5, we have to show that the condition (3.38) implies the
univalence of ¢s(z) and

z

p
F(z) = <M> (z € U). (3.41)

Since 0 < 6 < 1/2 from Remark 3.2, the condition (3.38) means that ¢ is a close-to-convex func-
tion in U (see [11]) and hence ¢ is univalent in U. Furthermore, by using the same techniques
as in the proof of Theorem 3.4, we can prove the convexity(univalence) of F and so the details
may be omitted. Therefore, by applying Theorem 3.4, we obtain Corollary 3.5. O

By setting § = 1 in Theorem 3.4, we have the following consequence of Theorem 3.4.

Corollary 3.6. Let f, gk € HAny (k =1,2) and h € A. Suppose that

Re{l + Z(i);j(’((zz)) } > —%

(3.42)
zh' (z)

o ¢ (z) := gk(z)m; k= 1,2>,

<z eU; ¢i(z) := ¢i(z)

the function (f(z)/z)(zh'(z)/h(z)) is univalent in U, and Iy1 f(z)/z € Q, where I, is the integral
operator defined by (1.7) with p = 1. Then the subordination relation

g1<z>% < f(Z)% <)

W (z)
5] (3.43)
implies that

lii(8) () _ In(HE) _ I (82) ()
z z z )

(3.44)

Moreover, the functions Iy;1(g1)(z)/z and I,1($2)(2)/ z are the best subordinant and the best domi-
nant, respectively.

If we take = 1 + i in Theorem 3.4, then we are easily led to the following result.

Corollary 3.7. Let f, gk € HAp:14i (k =1,2) with

f(z) 8k(2)
z

z

£0 (zeD), £0 (zel), (3.45)
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and h € A. Suppose that

2pp(z)) _ 3-5
Re{1+ %(Z) }> )

<Z eU; ¢r(z) := (q)kZ(Z)>ﬂ; ¢r(z) = gk(z) |%S)] 1/(Hi); k= 1,2),

(3.46)

the function (f(z)/z)"*(zl' (z)/h(z)) is univalent in U, and (In1.if(2)/2)"" € Q, where Iy, is
the integral operator defined by (1.7) with p = 1 +i. Then the subordination relation

(22) 552 55D 5 oo
implies that
<Ih;1+i(;‘§1)(2)>1+i < (Ih;l+i(zf)(z)>1+i - <Ih;l+i(fl)(2)>l+i- (349

Moreover, the functions (Ih;1+i(g1)(z)/z)1+i and (Ih;1+i(g2)(z)/z)1+i are the best subordinant and the
best dominant, respectively.

4. Applications to the gauss hypergeometric function

We begin by recalling that the Gauss hypergeometric function ,F;(a, b; c; z) is defined by (see,
for details, [12, Chapter 14])

0 b n
2Fi(a,b;c;2) = Z) (a22§n)" % (4.1)

(zeU;beC ceC\Z;; Zy :={0,-1,-2,...}),

where (1),, denotes the Pochhammer symbol (or the shifted factorial) defined (for A,v € C and
in terms of the Gamma function) by

W), =

4.2
I AMA+1)---(A+v-1) (v=neN; LeC). (42

()L+v)_{1 (v=0; 1€C\ {0})
For this useful special function, the following Eulerian integral representation is fairly well
known [12, page 293]:

. _ F(C) ! a- c—a-1 -b
2F1(a,b,C,Z) = mfo t 1(1—t) (1 —Zt) dt (43)

(Refc} >Re{a} >0; |arg(l-z)| <7 —-¢ 0<e<u).
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In view of (4.3), we set

h(z) = — g(z) = (1—;2) (k> 0), (4.4)

so that the definition (1.7) yields

z 1/p
Ih;ﬂ(g)(z) = (ﬂ IO 1 (1- t)—(ﬂx+1)dt>

= (ﬂzﬂ fl uf (1 - zu)_(ﬂml)du)l/ﬂ (4.5)
0

=z[,F1(B, B+ 1;p+1;2)]"" (B>1/2).

Moreover, we note from the definition (4.4) that

gz 1
z (1-2)~
Thus, by applying Theorem 3.1, we obtain the following results involving the Gauss hyperge-
ometric function.

#0 (k>0;,ze€ ). (4.6)

Theorem 4.1. Let f € HA./(1-z)p with f(2)/z2#0 (z€U; p#1) and

26-1 26 1
O<K<min{—,—} < >—>, (4.7)
porl PP
where & is given by (3.3). Then the subordination condition
1 (f@Y 1
1—z< . ) < (1—z)"ﬁ+1 (4.8)

implies that

z

B
<Iz/(1—z);[5(f) (Z) ) < ,F (ﬂ/ Kﬁ 4 1;‘[3 +1; Z), (4.9)

where 1,;a-z);1 is the integral operator defined by (1.7) with h(z) = z/(1 - z). Moreover, the function
2Fi(B,xp+1; B+ 1; z) is the best dominant.

By setting = 1 in Theorem 4.1, we are led to the following Corollary 4.2.

Corollary 4.2. Let f € HA,/(1-2);1 and 0 < k < 1. Then the subordination condition

1 f@ 1

1-z =z (1 _ Z)K+1 (410)

implies that

| A
M <2F(1L,x+1;2;2), (4.11)

where 1./(1-z); is the integral operator defined by (1.7) with h(z) = z/(1 — z). Moreover, the function
2F1(1,x + 1;2; z) is the best dominant.

If we take x = § = 1 in Theorem 4.1, we are led to the following corollary.
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Corollary 4.3. Let f € #/(1-z).1. Then the subordination condition

1 f(2) 1
T2 5 < =27 (4.12)
implies that
1(* f(@) 1
Ejo t(l—t)dt<1—z' (4.13)

Moreover, the function 1/ (1 — z) is the best dominant.

We also state the following Theorem 4.4 below as a dual result of Theorem 4.1, which
can be obtained by applying Theorem 3.3.

Theorem 4.4. Under the assumption of Theorem 4.1, suppose also that the function 1/ (1-z)(f(z)/ z)f
is univalent in U and (I;q-z),5(f)(z)/ z)ﬁ € Q, where 1.,z is the integral operator defined by
(1.7). Then the superordination condition

1 1 /f@\
T < 1_Z< . > (4.14)

implies that

JFi(Bxp+1p+1;z) < (4.15)

Moreover, the function ,F1(B,xp +1; p +1; z) is the best subordinant.
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