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1. Introduction

In 1925, Hardy [1] extended Hilbert inequality as follows.

Ifp>1,1/p+1/q=1,a,b,>0,0< Z;l“;laﬁ < oo,and0<z;'l°:lbz < o0, then

L/p 1/4
© ambn T o) . 0 ; 11
nZ:lmZ:lm+n < Sin(JI'/p) <§an> <;bn> ’ (1.1)
0 o) am p - pw , .
; Zﬁ"ﬂn ) [Sin(yr/p)] ;am (1.2)

where (p,q) is a pair of conjugate exponents. The constant factors sr/sin(or/p) and
[or/sin(or/p)]P are the best possible. The expression (1.1) is the famous Hardy-Hilbert’s

inequality.
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Under the same conditions, there are the classic inequalities [2]:

2 & In(m/n)anyb Up / » 1/q
m+n q
,émzl m-n__ [Sm(,[/p):l <Zan> <;bn> , (1.3)
© | P 2p o
Z[Z%] <[L] 2 (1.4)

m=1

where the constant factors [7r/sin(ar/ p)]2 and [ /sin(or/ p)]z” are also the best possible. The
expression (1.3) is well known as a Hilbert-type inequality.

By setting a real space of sequences: €7 := {a; a = {a,},, lall, = {Z;’l‘illan|p}l/p < oo}
and defining a linear operator T : &¥ — &P, (Ta)(n) = C, = > (In(m/n)a,/(m - n))
(n € Ny), the expressions (1.3) and (1.4) can be rewritten as

(Ta,b) <|Tllllall,lbll,, (1.5)

ITall, <ITlHllall,, (1.6)

respectively, where ||T|| = [or/sin(or/ p)]z, b € ¢9. (Ta,b) is the formal inner product of Ta
and b.

The inequalities (1.1)-(1.4) play important roles in theoretical analysis and appli-
cations [3]. These inequalities and their integral forms have been recently extended
or strengthened in [4-8]. Zhao and Debnath [9] obtained a Hilbert-Pachpatte’s reverse
inequality. Zhong and Yang [10, 11] have given some reverses concerning some extensions
of (1.1). Papers in [12-15] studied some multiple Hardy-Hilbert-type or Hilbert-type
inequalities. Articles in [16, 17] got some Hilbert-type linear operator inequalities. In 2006,
Yang [18] deduced a new Hilbert-type inequality as follows.

Set (p, q) as a pair of conjugate exponents, and p >1,1/2<a <1, a,, b, > 0, such that
0<% ah <o, 0< 32, b < oo, then one has

1/p 1/q
& &S n((m+a)/(n+a))anb, -
nZ:Or;) m-n = [sm(:lr/p):l <Zan> (nz—()bn> , (1.7)

Sl In((m+a)/(n+a))ay, g
Z[Z m-n ] <[Sm(7r/P)] Za" (18)

n=0 Lm=0

It has been proved that (1.7) and (1.8) are two equivalent inequalities and their constant
factors [or/sin(or/ p)]2 and [or/sin(or/ p)]2” are the best possible. When a = 1, the expressions
(1.7) and (1.8) can be reduced to (1.3) and (1.4), respectively.

This paper reports the studies on a Hilbert-type linear operator T : ZZ — £ As
for the applications, a more precise linear operator’s general form of Hilbert-type inequality
(1.3) incorporating the norm and its equivalent form are deduced. Moreover, three equivalent
reverses of the new general forms are deduced as well. The constant factors in these
inequalities are all the best possible.

At first, two known results are introduced.
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(1) If s > 1, (r, s) is a pair of conjugate exponents, then the Beta function is defined as
follows (cf. [2, Theorem 342]),

N e e R L O KO B

(2) (Euler-Maclaurin’s summation formula). Set f € C®[0,00), if (1) f@(x) >
0, fD(c0) =0 (i=0,1,2,3), then (cf. [19, Lemma 1])

oo [e'e) 1 1 }

Sfm < [ fede 310 - 350), (110)
if(n) > foof(x)dx + %f(O)- (1.11)
n=0 0

2. Lemmas

Lemma 2.1. Set (r, s) as a pair of conjugate exponents, s >1, a > 0,0 < A <1, and define

Inu
_— €(0,1)u(1,),

g = {u-1 “EODVL) (2.1)
1, u=1,

folx) i = hm,A(xé) = g<(;:i>l> [(;:i)l]usm, x€(a,0), me Ny (2.2)

Then, one has the following:

(1) the function f,(x) satisfies the conditions of (1.10) and (1.11). This means

DY) >0 (x>-a), fP(0)=0 (i=0,1,2,3), (2.3)
()
1 (™ _[B(/s,1/r)]* _ T 2
600 = Y | S = [P = [t | 24)

Proof. (1) Fora >0, x > —-a,m € No,0 <A< 1lands > 1,setz(x) = g(((x+cx)/(m+a)))‘),

Hx) = [(xc+ @) /m+a)* ] = (e + ) /(m + @) and u = ((x + @)/ (m + a))*. These
show that z(x) = g(u) and fs(x) = z(x)t(x) = g(u)t(x) when u > 0. With the settings,
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(-1)'gD(u) >0, g¥(0) = 0(u > 0,i =0,1,2,3) (cf. [16, Lemma2.2]), one has z(x) > 0
Hx) > 0,

, x+a\*!
Z(x) = g()m+zx<m+a> <0

1-172 _ A-2
2= g0 (E50) ] rew Al (1)

(m+a)
” " x+a\*"1 A2A-1) /x+a\*?3
Z)=g (u)[m+a<m+a> ] +3g"(u )(m+a) <m+a>
AA=1A=2) /x+a\"3 (2.5)
8 (m+a)® <m+¢x> <0
, AMs—1/x+a\V5?2
Fx) = m+a <m+a> <0,
vn (Ms=1)(A/s-2) f x+a\?
) = (m +a)? <m+a> -0
wo (Ms=1)(A/s-2)(A/s=3) [ x+a\"/*
) = (m +a)® <m+cx> <0
These are followed by
fs(x) = z(x0)t(x) >0,  fs(o0) =0, 26)
fulx) = Z (1) + (0 (x) <0, fi(00) =0, ’
fi(x) = 2"(x0)t(x) + 22" () (x) + z(x)t"(x) >0,  f{(o0) =
2.7
fil(x) = 2" (x)t(x) + 3zn(x)t (x) + 32" ()" (x) + z(x)t" (x) <0, f.'(c0) = 0. 27
Then inequality (2.3) holds.
(2) Forx>-a,me Npand A >0,s>1,setu=((x+a)/(m+ a)))‘, then one has
1 * “ In((x+a)/(m+a)) x+a\t et/ x+a
)»(m+a)faf5(x) Afa((x+a)/m+a)) -1[<m+rx> ] d<m+a> 2.8)

Inu RVES
Azf L du.

By (1.9), then (2.4) holds. Lemma 2.1 is proved.
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Lemma 2.2. Set (r,s) as a pair of conjugate exponents, s >1, &« >1/2,0 < A < 1 and define

SIn((n+a)/(m+a)) (m+a)'’”

o, 8) = 3 e (€N, 2.9)
then, one has

0 <wy(m,s) < ky(s), (2.10)

0<wy(n,r)<ky(r) =ky(s) (ne Ny, (2.11)

where k) (s) is defined by (2.4).

Proof. By (2.9) and (2.2), it is evident that

0<wy(m,s) =

1 ® ln((n+a)/(m+a)))t |:<1’l+a))‘:|1/51“

Am+a) S (n+a)/(m+a)*-1[\m+a

)‘(T’“‘“)Z ml( S> )L(m+a)zfs

(2.12)

In view of (2.3), (1.10), and (2.4), one has

wnm9) < Tz | S+ 32,00 - 557.0)

1
)L(m +a)

{ [ fs(X)dx—U folxdx - fs(0)+12fs(0)]} (213)

=ki(s) -

R(s,m),

1
A(m + a)
where R(s, m) := f?afs(x)dx - (1/2)fs(0) + (1/12) fo(0) (m € Ny). With (2.6), it follows that

£5(0) = z(0)¢(0) =g<<mia>l> <mia>““' (2.14)

£0) = 2'(0)£(0) + z(0)t'(0)

() )G e (GR))GER) T T
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Setu=((x+a)/(m+ a)))‘, with the partial integration, by the strictly monotonic increase of
g'(u)(g"(u) >0)and s =r/(r - 1), it gives

Ioaf(x)dx

=(m+az)J‘0 In ((x +a)/(m+ @) [<x+a>x]1/s—mdx+a

a((x+a)/(m+a) -1 \m+a P

(a/ (m+a))*

+

- mA af gw)u*du
0

(a/ (m+a))
S(m; a)J‘ g(u)dul/s
0

20 () V() - g
SR(CONCORE = (C )
() )G s (GG T
(G2 ) ) e (G )G

(2.16)
In view of (2.13)—(2.16), one has
se 1 A-s a \* a \V!
R(s, m) > <T 2 * 12sa>g<<m+zx> ) <m+oc)
(2.17)
2a A ) a A a A/s+A-1
| Xr-D@r-1) 12a 8 <m+a> <m+a> '
Ifa>1/2,s>1(r>1),0<A<1,g(u)>0,-g' (1) >0, one has
sa 1, L-s 125%a% —6sal+A(A—s) 6sa(2sa—A)—A(s— 1)
A2 12sa 12sad B 12sal
6sa(s—A)—A(s—A1) (6sa—L)(s—1) 50
- 12sa) B 12sal !
2.1
r’a L 12720 - A2(r-1)(2r-1) (218)

AMr-1)@r-1) 12a  12\a(r-1)(2r-1)

_2r2(6a% — \?) + \2(3r - 1)
i@ -1)@r-1)
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This means that R(s,m) > 0. By (2.13) and (2.4), the inequalities (2.10) and (2.11) hold.
Lemma 2.2 is proved. O

Lemma 2.3. Set (r,s) as a pair of conjugate exponents, s > 1, a >1/2,0 < A <1, and wy(m,s),
ky (s) are defined by (2.9), (2.4), respectively, then,

(1) wi(m,s)>ki(s)[1-m(m)], (2.19)
1
(2) 0<m(m) <Oy(r) < 1(91(1’) = m O%ul/’du>, (2.20)
A/2s
®) mum) :O<(ml+a> > (m— ), (221)

where 1y (m) = (1/ky(s)A(m + a)) [f(iafs (x)dx = (1/2) f5(0)], fs(x) is defined by (2.2).
Proof. By (2.12), (1.11), and (2.4),

wy(m,s) = ;Zofs(n) > m J‘o fs(x)dx + %fs(o)]

A(m+a)

1 *® 0 1
= m [f_afs(x)dx - f_afs(x)dx + EfS(O)]

1 0 1
- k() {1 o NGy [fafs(x)dx - 5f5<0)] }

=ky(s)[1 - m(m)].

(2.22)

This implies that (2.19) holds.
From the monotonic decrease of the function fs(x) (see (2.3)), fs(0) > 0and a > 1/2,

one has 7, (m) > (1/ky(s)A(m + a))[afs(0) — (1/2) fs(0)] > 0. On the other hand, if f;(0) > 0
and by the computation as in (2.16),

m) = —1 ' x)dx — —1 0
1’[A( ) I)L(S)l( ) J‘_afs( ) 2]cs( )
(2.23)

1 0 1 (a/ (m+a))* Inu /st
[ — P — - 5= < .
< kA(s))t(m+a)J_afS(x)dx kA(S)ﬂJ‘O u—lu du<6,(r)<1

Equation (2.20) is valid.
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Since lim,, o-(In u/(u — 1))u'/?* = 0(s > 1), there exists a constant L > 0, such that
I(In u/(u—1)ul?| <L (u e (0,(a/(m+a))')). Then,

(a/ (m+a))* 2sL a \V%
0 —— V2 gy = <—> : 2.24
<m(m) < k)l(S))sz‘o u “ ky(s)A2\m+a (2.24)
This means that 7, (m) = O((1/(m + a))’\/zs) (m — o0), the proof is finished. O

Lemma 2.4. Set (p,q) and (r,s) as two pairs of conjugate exponents, p > 1, r > 1, a >0, A > 0,
0<e<ph/2r ay = (m+a)"" P b= (n+a)V T and ky (s) is defined by (2.4). Defining

) p( o 1/q
Il = g{ Z (m + a)P(l—)L/r)—l aﬁi} {Z(n + “)q(l—A/S)—le} ,

m=0 n=0
(2.25)
© A r—e/p-1 J\/s—s/q—l1
L :=5ff1 (x+a) (y+a))L n(£x+a)/(y+a))dxdy,
~a (x+a)" —(y+a)
then
1
1) 0<I < aig + =, (2.26)
2) L>ki(s)+o(l) (e— 0%, (2.27)

Proof. (1) By « > 0 and ¢ > 0, one has

0<Il

Il
L)

[ 1/PT o 1/q
Z (m+ zx)_l_g] [Z (n+ a)_l_g:l
| m=0 n=0

[ 1 & 1 1 S|
akd el Smmec vl INE v +f g ax (2.28)
atrt S mta)tt a e 0o (x+a)™

which implies that inequality (2.26) holds.
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(2) By y > 1 - a, letting 0 < £ < pA/2r, one has (y +a) " ° < (y+a)™". And setting
u = ((x+a)/(y+a))*, with lim, o (In u/(u - 1)u/? = 0@ > 1), |(In u/(u - 1))u/?]| <
Li(ue (0,1), L; >0), one has

e (” e[ Inu 1/ /i
L=—= y+a I ——u /7P du | dy
YT gy

L

-

A
_£ * de| (P Inu 1/r-/pA-1 3., _ (1/(y+2)) In u 1/r-e/pA-1
_)sz‘l_a(y+a) fo L du . L du|dy

L

1-,

B>(1/r—e/p\,1/s+e/pr) & (* e 1/ (r#)" 1n 4 Jree /ol
- 12 _EJ‘ a(y+a) 4[0 mul PAldy dy

B>(1/r—e/p\,1/s+¢e/pr) €Ly (* L ) e /e

l-a
2
_ | B(U/r—e/p1/s+e/pA) | ely foo ( +a)—)L(1/2r—£/p/\)—1d
1 2172 —e/p) ) i Y
i [B(l/r—s/p)l,l/s+£/p)t)]2+ ely
A B(1/2r —e/p))*
(2.29)
Set ¢ — 07, then the inequality (2.27) holds. Lemma 2.4 is proved. O

3. Main Results

Firstly, the following notations are given.
(1)Setp>0,p#1, r>1,(p,q) and (r, s) are two pairs of conjugate exponents. Let

P(x) = (x + a)PIHD
P(x) = (x + a) T/ o

w(x) = [p(x)]'" = (x + )PV, (x € [0,00)).

(2) Setp > 1, (p,q) is a pair of conjugate exponents. Let

o Ly
e = {a; a={anliy, llall,; = {nzzofb(n)lanl’”} < oo}. (32)
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It is a real space of sequences, where

o 1/p
lal, g = {qu(nnanv’} (3.3)
n=0

is a norm of sequence a with the weight function ¢. Similarly, it can define the real spaces

of sequences: ¢, &7, and the norm of sequence b with the weight function ¢: [|b]|, , as well.
(For 0 < p < 1orgq <0, the marks ||al,4 and ||b||,,, as two formal norms are still used in
Theorem 3.3.)

(3) Set p > 1, (p,q) is a pair of conjugate exponents. Define a Hilbert-type linear

operator T, for all a € ég, one has

(Ta)(n) = Cpi= 3 lz‘n(i(T; f‘)/ (:1::‘))3 a, (ne Np). (3.4)
m=0 -

(4) For a € £8,b € ¢, define the formal inner product of Ta and b as
® p

(Tab) = i(ilm((m+a)/(n+a))am>bn ) i iln((m+a)/(n+a))ambn, (35)

A A A A
n=0 \m=0 (m + “) - (Tl + d) n=0 m=0 (m + d) - (1’1 + (X)

Then one will have some results in the following theorem.

Theorem 3.1. Suppose that (p,q) and (r,s) are two pairs of conjugate exponents andp > 1, r > 1,
1/2<a<1,0<A<1,a,>0. Then for Va € Z°, one has

(1)

Ta=C={Cy}y€¥). (3.6)

It means that T : ég — &’;.
(2) T is a bounded linear operator and

ITall,
”T”W = sup T Py _ ki (s), (3.7)
ace} (a#0) Alp,p

where Cy,, T are defined by (3.4), ||Tall,, = ICll,, is defined as by (3.3), and ki(s) is a constant
defined by (2.4).
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Proof. If p > 1, by using Holder’s inequality (cf. [20]) and the result (2.11), for n € Ny, it is
obvious that C,, > 0 and

o { < In((m+a)/(n+a)) |:(m+a)(1—)./r)/q ][(Wm)(u/s)/p]}p

=0 (m+a))‘—(n+a))‘ (n+a)(1_)‘/s)/p " (m+zx)(1_)‘/r)/q

1-A/s

< { e In((m + )/ (n+ ) (m o+ ) VT ai}

=0 (m+a)k— (n+a))‘ (n+a)

(3.8)

1-A/r

y { ) 1r1((m+(x)/(n+a)) (n_'_a)(q—l)l—)L/s }P—l

=0 (m + ac))L - (n+zx))‘ (m+ a)

_ { 2 In((m+a)/(n+a)) (m+a)P- )V

o }{wm,rw)}'ﬂ'l

=0 (m+a))“— (n+1x))‘ (n+a)

0

-1)1-A/r

Hmra)y -m+a) @m+a)Ve

And if ¢r(n) = ¢'P(n), by (2.9) and (2.10), it follows that

ITallpy = > ¢ (m)Ch
n=0

<K(s) { i iln((m +a)/(n+a)) (m+a) PV a” } 59)

=0 n=0 (M + 0{))L - (n+ a))‘ (n+ a)lf)t/s m

= K (5) Sor m, )p(m)ay < K ()l < oo.

m=0

This means that C = {C,,};2 € &7, and [[T|],,, < ki(s).
If there exists a constant K < ki(s), such that |[T]|,,, < K, then for 0 < & < pA/2r, by
the definition (3.5), and by using Holder’s inequality and the result (2.26), one has

e(Ta,b) < g||T||p,q,||a||p,¢||E||W <KI < 1<<af+€ + %) (3.10)

where d@ = {dp ) € eg, b= {En},io € &Z and a,,, En are defined as in Lemma 2.4.

On the other hand, from the strictly monotonic decrease of the function g(u) =
In u/(u - 1) and the exponents A/r —¢/p-1<0,1/s-€e/q-1 <0and 1-a > 0, and
by a >0, A > 0, in view of (2.27), one has

© X r—e/p-1 A s—e/q-1
5<Tﬁ,5>2£ff (x +a) Py +a) ln(fx+“)/<y+a))dxdy
1o (x+a)' - (v +a) (3.11)

=L >ky(s)+o(l) (¢ —0%).
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In view of (3.10) and (3.11), one has ky(s) + o(1) < K(g/a'*¢ + 1/a*). Setting ¢ — 0%, one has
ky(s) < K. This means that K = k) (s), that is, ||T||p/q, = ky(s). Theorem 3.1 is proved. O

Theorem 3.2. Suppose that (p,q) and (r,s) are two pairs of conjugate exponents, r > 1, p > 1,
1/2<a<1,0<A<1,a, b, >0(n e Ny). Then one has the following.
(1) Ifae €, bee), and lall,s >0, llbll,, > O, then

(Ta,b) < ki(s)lall ]l (312)
(2) Ifae 85) and ||al|,, 4 > O, then
ITall,, < ka(s)llall,g (3.13)

where the mark ||Tall, ,, is defind as in Theorem 3.1. The inequality (3.13) is equivalent to (3.12), and
the constant factor ky(s) = [(1/A)B(1/s, 1/7))? = ka(r) is the best possible.

Proof. In view of (3.9) and 0 < ||al|,, 4 < oo, one has
ITallpy < ki (s)lall) - (3.14)

And by p > 1, (3.13) holds.
By using Holder’s inequality and (3.13), one has

©w o™ (1-A/7)/ (1-A/s)/
(Ta,b)=Zzln((m+“)/(”+“))[(m+“) q ][(n+a) p

am bn
R mra) —(m+a)t [ (n+a)tVIP (m + a) -/ ] (3.15)

<|ITall, 16, < ka(s)lall, Bl

The inequality (3.12) is obtained.

From (3.12) and |laf, 4, > O, there exists ko € N, such that Zﬁzoq)(m)afn > 0 and
ba(K) = ¢(m)[ZE_o(n((m + a) / (n + a))am)/ ((m +a)* - (n+a)")]"" > 0 when K > ko. By a
combination as in (3.15) and by 1/2 <« <1,0 < A < 1, and with (2.10) and (2.11), then,

K

K K p
0< Y pmbi(K) = Sgn) [Z In((m +a)/(n + zx))am]
n=0 =0

me (m+ oc)A - (n+ a))L

L& K Urr k 1/q
-2 ln((m+a)/("+“))a’”b"(K’<kA<s>[nZ_o¢<n>ai] Lz_ownwzm] <on.

=0 (m+ a))‘ -(n+ ot))L
(3.16)

By p > 1and g > 1, it follows that

0< i(p(n)bZ(K) < ki(s)ig’b(n)aﬁ < oo. (3.17)
n=0 n=0
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Letting K — oo in (3.17), this means 0 < >, 0qo(n)bq(oo) < oo, thatis, b = {b,(0)};, € Eq
and ||b|| a9 > 0 Therefore the inequality (3.16) keeps the form of the strict inequality when
K — 0. So does (3.17). In view of Z;“;O(p(n)bZ(oo) = ||Ta||5,¢, the inequality (3.13) holds,

and (3.12) is equivalent to (3.13). By ”T”p,(p = k)(s), it is obvious that the constant factor
ky(s) = ky(r) is the best possible. This completes the proof of Theorem 3.2. O

Theorem 3.3. Set (p,q) and (r,s) as two pairs of conjugate exponents, 0 < p < 1(g <0),r > 1,
1/2<a<1,0<A<1,a,b, >0. Let

H(a,b) = i iln((m+a)/(n+a))ambn‘ (3.18)

A A
n=0 m=0 (m + [X) - (Tl + a)

Then the reverse inequalities can be established as follows.
(1) Ifo<|all,y < ocand 0 <|bll,, < oo, then

[*e]

1/p
H(a,b) > ka(s) { - m(m)]¢(m)afn} 1lly,,- (3.19)

m=0

(2) If0 < lal,» < oo, then

A A
n=0 m=0 (m + a) - (1’1 + a)

® 2 In((m+a)/(n+a))an |’ 5 & ,
Sem| > > K (s) D) [1 = m(m)| g (m)ah,. (3.20)
m=0

(3) If0 < [1bll,, < oo, then

m=0

0 - © bn q
Sl " s on) g, oo

where the marks ||a||p,¢ and ||b|| 0 (0 < p < 1) as two formal norms are still defined like in (3.3)
and the factor 1y (m) in (3.19)—(3.21) is defined in Lemma 2.3. The inequalities (3.20) and (3.21) are
equivalent to (3.19). The constant factors ky(s), ki(s) and kj(s) in (3.19), (3.20), and (3.21) are all
the best possible.

Proof. By 0 < p <1 (g <0), with the reverse Holder’s inequality, one has the following.
(1) By the combination as in (3.15) for (3.18), then one has

1/q

o Up( o
H(a,b>z{zm<m,s>¢<m>afn} {Zm(n,r)so(n)bfl} : (3.22)
m=0 n=0

If1/2 < a <1,0 < A <1, the expressions (2.19) and (2.11) are established for w, (m, s) and
wy(n,r), respectively. And by g < 0, (3.19) holds.
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Setting a constant K > ky(r), (3.19) is still valid if we replace k,(r) by K, then for
0 <e <—gA/r, by (3.19) and (2.21), one will have

)-5{5

1/p
[1- m(m)]<l>(m)ﬁ’§1} Iy,

iMS

K 1-m(m) 5 1 1/q

K{ (m+ a)“g } {nZ_O (n+ a)“g } (3.23)

&S [Z;ﬁ:o()(l/(m + a)1+5”‘/25>] p

K 7
ng (n+ d)1+s [Z;Lol/(m + 0()1+€]

where @ = {G,,)2_,, b = {l;n}:io, G = (m+a)Y™P L by = (n+a)Y*/9 and it is apparent

that 0 < [|@|,,, < o0, 0 < [|bll,, < 0.
On the other hand, by (3.18), (2.2), (2.12), and (2.10),

A r—e/p-1 (n 4 a))»/s—e/q—l

DE $ i+ a)/on + ) +a)

A A
m=0 n=0 (n + (X) - (m + a)

8

-l-e In((n+a)/(m+a)"(n+a)/(m+a))*/s/1
=Y (m+a)’ [)L(mm)Z () mea) 1 ]

=0
(m+a) [)L(m+a)Z <,g q)u)]

<Bz(1/s—5/q)u,1/r+£/q)x) & 1

M

0

3
I

./\’2 “~ (n + a)1+£.
(3.24)
In view of (3.23) and (3.24), one has
© +e+M/2s p
| [Zee0(1/m @yt B2(1/s - /g, 1/r +€/q)
Kq1- < > . (3.25)
[Z;’;:()l/(m +a)1+€:| )L

Setting ¢ — 0%, one has K< k, (s), which means K= k,(s). The constant factor k) (s) in (3.19)
is the best possible.
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(2) By 0 < llall,s < oo, one has 32 ¢s(n) [ S o(In((m + @)/ (n + @) ay) / (m + @)~

(m+a)")]” > 0. Setting by, = ¢(n)[SZo(n((m+a)/(n+a))am)/(m+a)* - (n+a))]",
making the calculations as in (3.8) and (3.9), one has 0 < ||b||Z,qJ < oo. By using (3.19) in the
following:

0 o) . p
[1Bllg, = 2 (m)b; = Z«p(n)[zln((m*“)/ <ﬂ+a>>am]
n=0 n=0

me (m+ az))L - (n+ ac)A
(3.26)

% 1/p
=H(a,b) > kA(S){Z [1- m(m)]¢(m)afn} 11l

m=0

one has

e Sin((m+a)/(n+a))am | p S ,
EOIDY n > k() D [1 - m(m)] p(m)a,. (3.27)
n=0 m=0

= (mra) - (n+a)

Therefore, (3.20) holds.
On the other hand, if (3.20) is valid, by 0 < p < 1(g < 0) and by using the reverse
Holder’s inequality, it has

Vs-t/paIn((m+a)/(n+ a))an | [(n +a)1/p—/\/sbn]

b) =
Ho@b) A e -(nra)

(n+a)
0

=
1]

Mis

= Tem(m+a)/n+a)a,]’ )" [ PRV ke
> {3 pm] > > (n+a) b} (3.28)

A A
n=0 m=0 (m + b‘() - (TL + LX) n=0

o 1p
> kA(S)[Z [1-m(m)]p(m)a ] 1611,
m=0

Then (3.19) holds. It means that (3.20) is equivalent to (3.19).
(3) By 0 < [|b]l,,, < oo, it is obvious that there exist ng € N, such that

| ¢ <m>] K In((m + @)/ (n + )b, {K bq} .
Z[l m(m) S (m+a) -+ >0, nzzol/’(n)n >0 when K > n.

m=0

(3.29)
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Setting a,(K) = [(¢71(m) / (1- 1y (m))) S5 (In((m+ a) / (n+ a))by) / (m+ @)~ (n+ a))] ™ (>

0), one has 0 < X _ d(m)al,(K) < oo. By (3.19),

K
> [1=m(m)]p(m)al,(K)
m=0

=§[ ¢~ (m) ]q‘l[K 1n((m+zx)/(n+a))bn]q

=1 -mm) = (m+ oc)A - (n+ oz))L
(3.30)
& Sn((m+a)/ (n+ a)byan(K)
22T ) w)
K /r  x 1/q
> k)t(s){z [1-m(m) ¢(m)am(1<)} {Zq;(n)bz} :
m=0 n=0
Further one has
K 1/q K 1/q
{ 2= m(m)]¢(m)a£2(1<)} > h(s){Zw(n)bZ} >0. (3.31)
m=0 n=0
By g <0, one has
K K 0
0< 3 [1- m(m)]p(m)ah(K) < Kl(s) Y pmb] < kl(s) S p(m)bi < oo. (3.32)
m=0 n=0 n=0
Setting K — oo in (3.32), via (2.20), one has
0< i(;b(m)azq(oo) < . 6 " )Z - (m)] P (m) ah,(o0) < oo. (3.33)
m=0
It means that 0 < ||a||p,¢ < oo(a := {am(o0)}my)- The conditions for (3.19) are satisfied.

Equation (3.30) keeps a strict form when K — oo. So does (3.31). By g < 0, the inequality

(3.21) holds.
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Also, from (3.21), by g < 0 and by using the reverse Holder’s inequality,

Ca([i-memr ¢~ (m) ]“”w In((m + a)/ (n + a))b,
H(a’b)_,;o{[ ¢~ (m) ] a’”} [1—nx(m) S m+a) - (m+a)
=) 1/p o -1 gq-1 =) q a
B p ¢ (m) In((m+a)/(n+a))b,
2{ :0[1 m(m)”)(m)am} ,;_o[l—m(m)] [Zo (m+a)*-(n+a)* ]
o 1p
> kA(S){Z [1—m(m)]<i>(m)aﬁi} 1Bl
m=0
(3.34)

Therefore, (3.19) holds. Equation (3.21) is equivalent to (3.19).

If the constant factor k’;(s) (or k;’(s)) in (3.20) (or in (3.21)) is not the best possible,
by (3.28) (or by (3.34)), then it leads to a contradiction in which the constant factor k) (s) in
(3.19) is not the best possible. Theorem 3.3 is proved. O

Remark 3.4. Setr = q, s = p, A = 1, the inequalities (3.12) and (3.13) can be reduced to (1.7)
and (1.8), respectively. So (3.12) (or (3.13)) is an extension of (1.7) (or (1.8)).
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