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We obtain gradient estimates in Orlicz spaces for weak solutions of &#-Harmonic Equations under

the assumptions that </ satisfies some proper conditions and the given function satisfies some
moderate growth condition. As a corollary we obtain LP-type regularity for such equations.

1. Introduction

In this paper we consider the following general nonlinear elliptic problem:

div #(Vu, x) = div<|f|”’2f> in Q, (1.1)

where Q is an open bounded domain in R”, f = (f1,..., f") and o/ = #4(¢,x) : R* x R" — R"
are two given vector fields, and <4 is measurable in x for each ¢ and continuous in ¢ for almost
everywhere x. Moreover, for given p € (1, o) the structural conditions on the function #(¢, x)
are given as follows:

[ %) = A(m,x)] - (E=1) 2 Calé =", (12)
42 < C(1+ 1), (13)
A& x) &> Colél - Cy, (14)

|4 %) = A& y)| < Csw(|x - y]) (1+18F7) (15)
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forall¢, 7 € R", x, y € Q, and some positive constants C; > 0, i = 1,2, 3,4, 5. Here the modulus
of continuity w(x) : R* — R* is nondecreasing and satisfies

w(r) — 0 asr—0. (1.6)

Especially when 4(¢,x) = |¢[P~2¢, (1.1) is reduced to be quasilinear elliptic equations of p-
Laplacian type

div(|Vu|P-2Vu) = div(|f|P-2f) in Q. (1.7)

As usual, the solutions of (1.1) are taken in a weak sense. We now state the definition
of weak solutions.

Definition 1.1. A function u € Wll.f(Q) is a local weak solution of (1.1) if for any ¢ € WS’P(Q),
one has

j HA(Vu,x)-Veodx = j P2 - Vo dx. (1.8)
Q Q

DiBenedetto and Manfredi [1] and Iwaniec [2] obtained L9, g > p, gradient estimates
for weak solutions of (1.7) while Acerbi and Mingione [3] studied the case that p = p(x).
Moreover, the authors [4, 5] obtained L7, g > p, gradient estimates for weak solutions of
quasilinear elliptic equation of p-Laplacian type

div((AVu : Vu)<P*2>/2AVu) = div<|f|”‘2f> in Q (1.9)

under the different assumptions on the coefficients A and the domain Q. Boccardo and
Gallouét [6, 7] obtained W', g < n(p - 1)/(n - 1), p < n, regularity for weak solutions
of the problem —div a(x, u, Du) = f with some structural conditions.

Recently, Byun and Wang [8] obtained W7, 2 < p < oo, regularity for weak solutions
of the general nonlinear elliptic problem

diva(Vu,x) =divf in Q, (1.10)

with a(¢, x) satisfying (6, R)-vanishing condition and the following structural conditions:

2
7

[a(¢,x) —a(n,x)] - (§-1) 2Ci[& -1
la(¢, x)| < CH(1+ &), (1.11)
|Vea(¢, x)| > Ci.
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The purpose of this paper is to extend the LP-type estimates in [8] to the L#-type estimates in
Orlicz spaces for the more general problem (1.1) with < satisfying (1.2)—(1.5). In particular,
we are interested in estimates like

IB d(|VulP)dx < C{’[B d(|f]7)dx + ¢<’[B |u|pdx> + 1}, (1.12)

where C is a constant independent from u and f. Indeed, if ¢(x) = |x|9? with g > p, (1.12) is
reduced to the classical LY estimate.

Orlicz spaces have been studied as a generalization of LP spaces since they were
introduced by Orlicz [9] (see [10-16]). The theory of Orlicz spaces plays a crucial role in
a very wide spectrum (see [17]). Here for the reader’s convenience, we will give some
definitions on the general Orlicz spaces. We denote by @ the function class that consists of all
functions ¢ : [0, +o0) — [0, +o0) which are increasing and convex.

Definition 1.2. A function ¢ € @ is said to satisfy the global A, condition, denoted by ¢ € A,,
if there exists a positive constant K such that for every t > 0,

P(2t) < K(t). (1.13)

Moreover, a function ¢ € @ is said to satisfy the global V, condition, denoted by ¢ € V,, if
there exists a number a > 1 such that for every ¢ > 0,

¢(at)
() < S (1.14)

Remark 1.3. (1) We remark that the global A, N V, condition makes the functions grow
moderately. For example, ¢(t) = [t|*(1 + |log|t]]) € A, NV, for a > 1. Examples such as
tlog(1 +¢t) are ruled out by V5, and those such as exp(tz) are ruled out by A,.

(2) In fact, if ¢ € Ay NV, then ¢ satisfies for 0 <6, <1< 67 < oo,
$O:11) SKO"P(t),  $(6t) < 2a02(t), (1.15)

where a; = log,K and a; = log,2 + 1.

(3) Under condition (1.15), it is easy to check that ¢ € @ satisfies ¢(0) = 0 and

limM: li t

t—0+ t tirilmw =0 (1.16)
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Definition 1.4. Let ¢ € @. Then the Orlicz class K#(Q) is the set of all measurable functions
g Q — Rsatisfying

fQ¢(|gI>dx<oo- (1.17)

The Orlicz space L?(Q) is the linear hull of K#(Q).

Remark 1.5. We remark that Orlicz spaces generalize L9 spaces in the sense that if we take
¢(t) =t9,t >0, then ¢ € A, N Vy, so for this special case,

LY(Q) = L1(Q). (1.18)

Moreover, we give the following lemma.

Lemma 1.6 (see [10, 12, 15]). Assume that ¢ € Ay NV and g € L¥(Q). Then

(1) K? = L? and C is dense in L?,
(2) L(Q) ¢ L#(Q) ¢ L*=(Q) ¢ LY(Q), where ay and ay are defined in (1.15),
3)

[ pUghax=[lixea:|sl> 1), 119)
Q 0

(4)
*1
- dx d[p(b dx, |
fO .uJ‘[XGQ:g>a#]|g| X [4)( ‘l/l)] SCJQ¢(|g|) X (]_ 20)

forany a,b >0, where C = C(a, b, §).
Now we are set to state the main result.

Theorem 1.7. Assume that ¢ € A, NV, and |f|F € Lﬁ’)c(Q). If u is a local weak solution of (1.1)
with 4 satisfying (1.2)—(1.5), then one has

IVul € L? (Q) (1.21)

loc

with the estimate (1.12), that is,

IB d(IVulP)dx < C{L ¢(|f|P)dx+¢<fB |u|de> +1}, (1.22)

where By, C Q and C is a constant independent from u and f.
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Remark 1.8. We remark that the global A, NV, condition is optimal. Actually, the authors in
[15] have proved that if u is a solution of the Poisson equation —Au = f in R", then

[ o(pruf)ar<c| oaspax (1.23)

holds if and only if ¢ € A, N V.

Our approach is based on the paper [18]. Recently Acerbi and Mingione [18] obtained
local L9, g > p, gradient estimates for the degenerate parabolic p-Laplacian systems which
are not homogeneous if p # 2. There, they invented a new iteration-covering approach, which
is completely free from harmonic analysis, in order to avoid the use of the maximal function
operator.

This paper will be organized as follows. In Section 2, we give a new normalization
method and the iteration-covering procedure, which are very important to obtain the main
result. We finish the proof of Theorem 1.7 in Section 3.

2. Preliminary Materials
2.1. New Normalization

In this paper we will use a new normalization method, which is much influenced by [8, 19],
so that the highly nonlinear problem considered here is invariant.
For each A > 1, we define

we =", he =1, @)
(g x) = LoE), 22)

Lemma 2.1 (new normalization). If u € Wllo’f(Q) is a local weak solution of (1.1) and <4 satisfies
(1.2)—(1.5), then

(1) A4, satisfies (1.2)—(1.5) with the same constants C; (1 <i < 4),

(2) uy is a local weak solution of

div /) (Vuy, x) = % div /(Vu, x) = div<|fA|P’2fA> in Q. (2.3)

Proof. We first prove that &/, satisfies (1.2)—(1.5) with the same constants C; (1 <i <4). From
(1.2) and (2.2) we find that

[44(63) = S (1,0)] - (=) = 35 [0, 0) = A (b, )] - (A& = )
(2.4)
> Cigp A~ Al = Cafe - )
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for all ¢, 77 € R™. That is to say, &/, satisfies (1.2). Moreover, <4, satisfies (1.3)-(1.4) since

@l = T o Gr k) (1),

Ap-1 Ap-1
(2.5)
1 1
SEx) = A8 2) A 2 1 (GNP = Ca) 2 CaleP - €
forall {,77 € R" and A > 1. Furthermore,
1

|16, 20 = (8 y)| = 5= |0 - (0, y)]

C _
< M—iw(|x—y|)<1+|)ug|p D) (2.6)

< Csw(|x - y]) (1+13F)

forall¢, e R"and A > 1.
Finally we prove (2). Indeed, since u is a local weak solution of (1.1), it follows from
Definition 1.1, (2.1), and (2.2) that

f JA(VuA,x)'Vq)dszJ‘ HA(Vu,x) - Vedx
Q W)

(2.7)
1

= [ v = [ p - vpax
Q Q

Thus we complete the proof. O

2.2, The Iteration-Covering Procedure

In this subsection we give one important lemma (the iteration-covering procedure), which is
much motivated by [18]. To start with, let u be a local weak solution of the problem (1.1). By
a scaling argument we may as well assume that r = 1 in Theorem 1.7. We write

1 r
Ao = ]f |VuPdx + -]f [fPdx| (2.8)
B, €J)B,
where € > 0 is going to be chosen later in (3.47). Moreover, for any x € Q and p > 0, we write

B =f, vwrays of - ray, 29)

B, (x B, (x)

Ex(1) = {x € By : [Vu, [’ > 1}. (2.10)
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From (1.6), we can choose a proper constant Ry = Ry(¢) € (0,1) such that

w(Ry) <e. (2.11)

Lemma 2.2. Given A > A, =: (10/Ro)"/? Ao +1, there exists a family of disjoint balls {Bp,(xi)}, xi €
E,(1) such that 0 < p; = p(x;) < Ro/10 and

Ji[By (x1)] =1, Ju[Bo(xi)] <1 for any p > p;. (2.12)
Moreover, one has
Ey(1) C UBspi(xi) U negligible set, (2.13)
ieN
| By, (xi)] < 3<I |Vuy [Pdx + lf |fl|pdx>. (2.14)
{x€B,, (x;):[Via [P>1/3) € J (xeB,, (x;)f\[P>€/3)

Proof. (1) We first claim that

sup sup Ji[By(w)] <1. (2.15)
weBy Ry/10<p<Ry

To prove this, fix any w € By and Ry/10 < p < Ryp. Let A > A, = (10/R0)n/p)L0 + 1. Then we
have

|B1]
|Bp (w) |

< (E) J( \Vuy Pdx (2.16)
By

Jf |Vuy |Pdx < J( |Vuy|Pdx
Bp(w) By

Ro

1 /10\"
= (= P
G <Ro> ](B] |[VulPdx.

Similarly,

10\" 1 /710\"
f,[Pdx < (—) ]( f ’”dx=—(—> J: fiPdx. 2.17
J(Bpw)' X &) f =5 (x) f (2.17)

Consequently, combining the two inequalities above, (2.8) and (2.9), we know that
Ji[By(w)] <1 (2.18)

for any w € By and Ry/10 < p < Ry, which implies that (2.15) holds truely.
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(2) Now for a.e. w € E;(1), a version of Lebesgue’s differentiation theorem implies

that

tim 1, B, ()] > 1,
which implies that there exists some p > 0 satisfying
Ji[By(w)] > 1.
Therefore from (2.15) we can select a radius p,, € (0, Ry/10] such that
Pw = max{p | J\[Bp(w)] =1,0<p < %}
Then we observe that
Ja[Bp, (w)] =1

and that for p,, < p < Ry,

Ji[B,(w)] < 1.

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

From the argument above we know that for a.e. w € E,(1) there exists a ball B, (w)
constructed as above. Therefore, applying Vitali’s covering lemma, we can find a family of
disjoint balls {B,, (x;)};cy With x; € Ey(1) and p; = p(x;) € (0,Ro/10], so that (2.12) and

(2.13) hold truely.
(3) From (2.12) we see that

1
|VuA|de+—]( [f2]Pdx = 1.
€J B, (x)

Ja[Bpi (xi)] = Jj

By, (xi)

That is to say,

1
Vi Pdax + 2 J' I£, [P dx.

By, (xi)

1By (x| = [

By, (xi)

Therefore, by splitting the right-side two integrals in (2.25) as follows we have

B, (x;
|B,, (x:)] < f |V [Pdx + 1By )]
{x€By, (xi):|Vuy [P>1/3} 3
1 B, (x;
+-f |15A|de+—| Sl
€ ) (xeB,, (xlfi[>e/3) 3

Thus we obtain the desired estimate (2.14). This completes our proof.

(2.24)

(2.25)

(2.26)
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3. Proof of Main Result

In the following it is sufficient to consider the proof of Theorem 1.7 as an a priori estimate,

therefore assuming a priori that |[VulP € L (Q) C Lii;c (€). This assumption can be removed
in a standard way via an approximation argument as the one in [12, 15, 18].
We first give the following local L? estimates for problem (1.1).

Lemma 3.1. Suppose that |f|P € L?(Bar), Bor C Q, and let u € Wllo’f(Q) be a local weak solution of
(1.1) with 4 satisfying (1.2)—(1.5). Then one has

J' \VulPdx < c{ % J' lufP dx + J' P dox + 1}. 3.1)
Br Bor Bor

Proof. We may choose the test function ¢ = (fu € WS’F(BZR) in Definition 1.1, where ¢{ €
Cy (R") is a cutoff function satisfying

Rn
0<¢<l, ¢=1 in Bg, ¢=0 in , IVQISE. (3.2)
Bor R
Then we have
A(Vu,x) - V(Pu)dx = f |f|’”_2f -V (¢Pu)dx (3.3)
BZR BZR
and then write the resulting expression as
I =L+ 13 +14, (34)
where
L= f PA(Vu,x) - Vudx,
Bor
L =- pePud (Vu, x) - Vi dx,
Bar
(3.5)
Ii=| P2 Vudx,
Bar
L=| plulff?f vidx.
Bar
Estimate of I;. Using (1.4), we find that
L >C (IVulP -1)¢Pdx (3.6)

Bar
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Estimate of I,. From Young’s inequality with 7, (1.3), and (3.2) we have

L< | pg A (Vu,x)||ul|VEldx

Bar

<c| pe|(1+ 1Vl |l vedx

B
B (3.7)
STI gp(|Vu|p+l)dx+C(T)J [VEIPulP dx
Bor Bor
<r{ eqvup+0)ax+ E2 [ pas.
Bor Rp Bor
Estimate of I3. From Young’s inequality with 7 we have
I; < Tj CP|Vuldx + C(1) |f|P dx. (3.8)
Bar Bar
Estimate of 1. From Young’s inequality and (3.2) we have
I < C{J |V§|p|u|de+f |f|’”dx}
Bar Bar
(3.9)

1
<C{— P flPdx ¢.
< C{ =P J‘BzR [ulP dx + J‘BzR |f]| dx}

Combining the estimates of I; (1 < i <4), we deduce that

1

Cf ¢PIVulPdx SZTI ¢PIVulPdx + C(t) f |u|”dx+f [f]Pdx + 1 (3.10)
Bar Rp Bor Bog

Bar

and then finish the proof by choosing 7 small enough. O

Let v be the weak solution of the following reference equation:

dive#(Vo,x*) =0 in B,,
(3.11)
v=u ono0B,,

where x* € B, is a fixed point.
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We first state the definition of the global weak solutions.
Definition 3.2. Assume that v € W'#(B,). One says that v € W'?(B,) withv —u € Wé’p(Br) is

the weak solution of (3.11) in B, if one has

f HA(Vo,x*) - Vedx =0 (3.12)
Br

for any ¢ € W&’p(Br).
From the definition above we can easily obtain the following lemma.

Lemma 3.3. If v € W' (Byg,, (x;)) is the weak solution of (3.11) in Bigy, (x;), where x; € Ey(1) and
pi are defined in Lemma 2.2, then one has

;[: |VU|”dx§C{J: |Vu|”dx+1}. (3.13)
Biop, (xi) Bigp,; (xi)

Proof. Choosing the test function p =u—-v € Wg’p (Biop, (xi)), from Definition 3.2, we find that

J‘ A(Vv,x*) - V(u—-v)dx =0. (3.14)
Bigg, (xi)
That is to say,
f HA(Vou,x*) - Vodx = j A(Vov,x*) - Vudx. (3.15)
Bigp,; (xi) Biop; (xi)

From (1.4), we conclude that
I A(Vou,x*) - Vodx > C<f |VolPdx — | Bigy, |> (3.16)
Bigp,; (xi) Biop; (xi)

Moreover, from (1.3) and Young’s inequality with 7 we have

f A(Vo,x*) - Vudx < C (1 + |VU|P*1)|vu|dx
Biog, (xi)

Biop, (xi)
(3.17)
< TJ |VolPdx + C(T) (1+|Vul)dx.
Bigp,; (xi)

Biop; (xi)
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Combining the estimates of I; (i = 1,2) and selecting a small enough constant 7 > 0, we
deduce that

;f |[VolPdx < C{]( |Vu|’”dx+1} (3.18)
Bigp,; (xi) Bigp,; (xi)

and then finish the proof. O

Lemma 3.4. Suppose that v € Wl"’(Bwpi(xi)) is the weak solution of (3.11) in Byoy, (x;) with A4
satisfying (1.2)—(1.5). If

Jf |[VulPdx <1, J[ [ffPdx <e, (3.19)
Biop; (xi) Biop; (xi)

then there exists N > 1 such that

sup [Vo| < No,
Bey, () (3.20)
]f V(1 - v)Pdx < e. (3.21)
BlOpi (xi)

Proof. If the conclusion (3.21) is true, then the conclusion (3.20) can follow from [20, Lemma
5.1].

Next we are set to prove (3.21). We may choose the test function ¢ = u - v €
Wg’p(Blopi (x;)) in Definitions 1.1 and 3.2 to find that

f A(Vu,x) - V(u-v)dx = J [fP2f - V(u — v)dx,
Buop, (xi) Biop,; (xi)

(3.22)
I HA(Vo,x*)-V(u-v)dx =0,
Bigp, (xi)

where x* € By, (x;) is a fixed point. Then a direct calculation shows the resulting expression
as

L=0Lh+1;, (3.23)



Journal of Inequalities and Applications

where
I = f (A(Vu,x) —A(Vo,x)) - V(u—-v)dx,
Biop, (xi)
I = _f (A(Vo,x) - A(Vo,x7)) - V(u - v)dx,
Biog, (xi)

I = f [£P2f - V(1 — v)dx.
Biop; (xi)

Estimate of I;. Equation (1.2) implies that

I ZCI |V (u-o)Pdx.
Biop; (xi)

Estimate of I,. From (1.5) and the fact that p; € (0, Ry/10] we obtain

I, < Cw(10p;) (1 + |Vv|P-1)(|Vu| +|Vo|)dx
B]Op,v(xi)

< Cw(Ry) [1 +[VoP + (1+ |Vv|P-1)|Vu|]dx,

Bigp; (xi)

then it follows from (2.11), Young’s inequality, and Lemma 3.3 that

I SCE{I (1+|Vv|p)dx+f |Vu|”dx}
Bigp; (xi) Biop; (xi)

SC&'J (1+|VulP)dx.
Biop, (xi)
Furthermore, using (3.19) we can obtain
I, < C|B10pi(xi) |€.
Estimate of I3. Using Young's inequality with 7, we have
L[ V- o)ds
Bigp, (xi)

< Tf |V (u-0)Pdx + C(T) |£]P dx.
Biop; (xi)

Bigp,; (xi)

13

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
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Combing all the estimates of I; (1 < i < 3) and selecting a small enough constant 7 > 0, we
obtain

f 191 - 0) Pdx < C| By (x:)|e + Cf (P dx, (3.30)
Bigp, (xi) B

10p; (Xi)

then it follows from (3.19) that

Jf |V (u-2v)Pdx < Ce. (3.31)
By, (xi)

This completes our proof. O

In view of Lemma 2.2, given A > A, =: (10/ Ro)"/ PAo + 1, we can construct the disjoint
family of balls {B,,(x;) };cy, Wwhere x; € Ey(1). Fix any i € N. It follows from Lemma 2.2 that

J[ |[Vuy|Pdx <1, )[ [f\[Pdx <e for any p > p;. (3.32)
Bp(xi) By (xi)

Furthermore, from the new normalization in Lemma 2.1, we can easily obtain the following
corollary of Lemma 3.4.

Corollary 3.5. Suppose that vy € Wlfp(Blopi (x;)) is the weak solution of

divedy (Voy,x*) =0 in Q,,

vy =uy on 0,Qr, (333)
with x* € By, (x;) and A satisfying (1.2)—(1.5). Then there exists No > 1 such that
sup |Voy| < Ny,
Bsp, (xi)
(3.34)

J: |V (uy —vy)Pdx < Ce.
Bigp, (xi)

Now we are ready to prove the main result, Theorem 1.7.
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Proof. From Corollary 3.5, for any A > A, =: (10/Ry)"/PAy + 1 we have

|{x € By, (xi) : [Vu| > 2NoA}| = |{x € Bsp,(xi) : [Vua| > 2No }|
< |{x € Bsy, (x) : |[V(uy —01)| > No} |
+ [{x € Bs, (xi) : [Vua| > No} |
= |[{x € Bsp,(xi) : [V (1 — v2)| > No}| (3.35)

1

<= |V (uy —vy)Pdx
Ng BSpi (xi)

S Cepri (xi) Ir
then it follows from (2.14) in Lemma 2.2 that

[{x € Bsp, (xi):|Vu|>2NoA }|

1 (3.36)
5Ce<j |Vuy|Pdx + —j |fA|”dx>,
{x€By, (xi):| Vi [P>1/3) € J (xeB,, (xi):lfulP>e/3)
where C = C(n, p). Recalling the fact that the balls {B,, (x;)} are disjoint and
\UBsp.(xi) 2 Ex(1) = {x € By : [Vuy| > 1} (3.37)

ieN

forany A > A, =: (10/Ry)™" Ay + 1 and then summing up on i € N in the inequality above, we
have

|{x € By : |Vul’ > @No)PAP}| = |{x € By : |Vu| > 2Ny}

< Zl{x € B5Pi(xi) : |vu| > 2N())L}|

<Ce J |Vul|”dx+1J‘ |, |Pdx
(x€By:|Vuy [P>1/3) € J xeByi|f)|P>e/3
(3.38)
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forany A > A, = (10/R0)”/”’)t0 + 1. Recalling Lemma 1.6(3), we compute

[ dwunax=[|xe s var > pldlpgo)

(2Np)PA¥
=L |[{x €Bi:|Vul > u}|d[¢p(n)]

" lxe B vl > ) dp (o)
Ny AL (3.39)

(@No)" X%

=I |[{x €Bi:|Vul > u}|d[¢p(n)]

0

+ fw|{x € By : [Vul’ > (2No)" AP }|d[(2No)PA7]
A

=N+ )

Estimate of J;. From the definition of A in (2.8) we deduce that

Mfgc[ﬂgn]gc{f u|V|pdx+é;[: |f|de+1}, (3.40)
By

By

then it follows from Lemma 3.1 that

W<cC J: |u|”dx+][ |f|”dx+1 [f|Pdx +1
B, B, €)B

< C{f |u|”dx+f |f|P dx + 1},
B, B,

where C = C(n, p, €). Therefore, by (1.15) and Jensen’s inequality, we conclude that

(3.41)

Ji < ¢|@Noy ] 1Byl

< C{¢ <)fBz|u|de> + <]f32|f|r’dx> + 1} (3.42)
< c{¢<f32 |u|de> + IBZ P(I£)dx + 1},

where C = C(n,p, ¢, €).
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Estimate of ],. From (3.38) we deduce that

J2 < Cef f |Vuy|Pdx d[(2No)P A7)
0 J {x€By:|Vuy[P>1/3}

+ CI J [£1[Pdx d[(2No)P AP].
0 J {xeBy:|fy|[P>e/3}
Set p = A\P. The above inequality and (2.1) imply that

J < Ce fm [Vup dx d[(2No)" 4]
0

J
K J (xeBy:|Vulp>u/3)

+CI lf |f|Pdx d[(2No)P ],
0 M J(xeB:lfp>pe/3)
then it follows from Lemma 1.6(4) that
l<Cie [ p(vur)dx+C: [ p(er)dx,
Bz BZ

where C; = C(n,p, ) and C, = C(n,p, §, €).
Combining the estimates of J; and J,, we obtain

f ¢(|Vu|P)dx§Clef (])(|Vu|”)dx+C3f ¢(|f|p)dx+C4¢<f |u|”dx>+l,
By B, B By

where C3 = C3(n,p, ¢, €) and Cy = C4(n, p, ¢, €). Selecting suitable e such that

1
C1€=§

17

(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

and reabsorbing at the right-side first integral in the inequality above by a covering and
iteration argument (see [21, Lemma 4.1, Chapter 2], or [22, Lemma 2.1, Chapter 3]), we have

fBl $(IVulP)dx < C{IBZ P(fP)dx + ¢<IBZ |u|de> N 1}.

Then by an elementary scaling argument, we can finish the proof of the main result.

(3.48)

O
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