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We introduce a new iterative scheme for finding a common element of the set of solutions of
the equilibrium problems, the set of solutions of variational inequality for a relaxed cocoercive
mapping, and the set of fixed points of a nonexpansive mapping. The results presented in this
paper extend and improve some recent results of Ceng and Yao (2008), Yao (2007), S. Takahashi
and W. Takahashi (2007), Marino and Xu (2006), liduka and Takahashi (2005), Su et al. (2008), and
many others.

1. Introduction

Throughout this paper, we always assume that H is a real Hilbert space with inner product
(+,+) and norm || - ||, respectively, C is a nonempty closed and convex subset of H, and P is
the metric projection of H onto C. In the following, we denote by “ — " strong convergence,
by “—” weak convergence, and by “R” the real number set. Recall that a mapping S: C — C
is called nonexpansive if

ISx~Syll < lx -yl ¥xyeC. (L1)

We denote by F(S) the set of fixed points of the mapping S.
For a given nonlinear operator A, consider the problem of finding u € C such that

(Au,v-u) >0, VYve(, (1.2)
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which is called the variational inequality. For the recent applications, sensitivity analysis,
dynamical systems, numerical methods, and physical formulations of the variational
inequalities, see [1-24] and the references therein.

For a given z € H, u € C satisfies the inequality

(u-z,v-u)>0, Yvec(, (1.3)

if and only if u = Pcz, where Pc is the projection of the Hilbert space onto the closed convex
set C.

It is known that projection operator Pc is nonexpansive. It is also known that Pc
satisfies

(x -y, Pcx - Pcy) > ||Pcx - Pey|?, Vx,y € H. (1.4)

Moreover, Pcx is characterized by the properties Pcx € C and (x — Pcx, Pcx — y) > 0 for all
yecC.

Using characterization of the projection operator, one can easily show that the
variational inequality (1.2) is equivalent to finding the fixed point problem of finding u € C
which satisfies the relation

u = Pclu—-M\Au], (1.5)

where A > 0 is a constant.
This fixed-point formulation has been used to suggest the following iterative scheme.
For a givenup € C,

Ups1 = Pelu, — AAu,], n=12,..., (1.6)

which is known as the projection iterative method for solving the variational inequality
(1.2). The convergence of this iterative method requires that the operator A must be strongly
monotone and Lipschitz continuous. These strict conditions rule out their applications in
many important problems arising in the physical and engineering sciences. To overcome
these drawbacks, Noor [2, 3] used the technique of updating the solution to suggest the two-
step (or predictor-corrector) method for solving the variational inequality (1.2). For a given
uy € C,

wy = Pelu, — LAuy,],
(1.7)
Upy1 = Pe[w, - VAw,], n=0,1,2,...,

which is also known as the modified double-projection method. For the convergence analysis
and applications of this method, see the works of Noor [3] and Y. Yao and J.-C. Yao [16].
Numerous problems in physics, optimization, and economics reduce to find a
solution of (2.12). Some methods have been proposed to solve the equilibrium problem;
see [4, 5]. Combettes and Hirstoaga [4] introduced an iterative scheme for finding the best
approximation to the initial data when EP(F) is nonempty and proved a strong convergence
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theorem. Very recently, S. Takahashi and W. Takahashi [6] also introduced a new iterative
scheme,

F(yn,u) + l(u—yn,yn -x,)>0, YuecC,
T (1.8)

Xn+l = anf(xn) + (1 - “n)Tynr

for approximating a common element of the set of fixed points of a nonexpansive nonself
mapping and the set of solutions of the equilibrium problem and obtained a strong
convergence theorem in a real Hilbert space.

Iterative methods for nonexpansive mappings have recently been applied to solve
convex minimization problems; see [7-11] and the references therein. A typical problem is
to minimize a quadratic function over the set of the fixed points of a nonexpansive mapping
on a real Hilbert space H:

1
I;?Elgz<Ax’x> - <x/b>/ (19)

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S,
and b is a given point in H. In [10, 11], it is proved that the sequence {x,} defined by the
iterative method below, with the initial guess xy € H chosen arbitrarily,

Xps1 = (I —ay,A)Sxy +ayb, n>0, (1.10)

converges strongly to the unique solution of the minimization problem (1.9) provided the
sequence {a,} satisfies certain conditions. Recently, Marino and Xu [8] introduced a new
iterative scheme by the viscosity approximation method [12]:

Xpe1 = (I =y A)Sxp + oy f(xy), n2>0. (1.11)

They proved that the sequence {x,} generated by the above iterative scheme converges
strongly to the unique solution of the variational inequality

((A-yf)x",x-x*)>0, x€eC, (1.12)
which is the optimality condition for the minimization problem
o1
min=(Ax, x) — h(x), (1.13)
xeC 2

where C is the fixed point set of a nonexpansive mapping S and h a potential function for y f
(i.e, W' (x) =yf(x) forx € H).
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For finding a common element of the set of fixed points of nonexpansive mappings
and the set of solution of variational inequalities for a-cocoercive map, Takahashi and Toyoda
[13] introduced the following iterative process:

Xni1 = ApXy + (1 — ) SPc(x, — L\ Axy), (1.14)

for every n = 0,1,2,..., where A is a-cocoercive, xop = x € C, {a,} is a sequence in (0,1),
and {1,} is a sequence in (0, 2a). They showed that, if F(S) N VI(C, A) is nonempty, then the
sequence {x,} generated by (1.14) converges weakly to some z € F(S) N VI(C, A). Recently,
liduka and Takahashi [14] proposed another iterative scheme as follows:

Xp+1 = ApX + (1 - an)SPC(xn - )‘nAxn)/ (115)

for every n = 0,1,2,..., where A is a-cocoercive, xo = x € C, {a,} is a sequence in (0,1),
and {1, } is a sequence in (0, 2a). They proved that the sequence {x,} converges strongly to
z € F(S)NnVI(C, A).

Recently, Chen et al. [15] studied the following iterative process:

Xn+l = lxnf(xn) + (1 - a,)SPc(x, — 1 Axy) (1.16)

and also obtained a strong convergence theorem by viscosity approximation method.
Inspired and motivated by the ideas and techniques of Noor [2, 3] and Y. Yao and ].-C.
Yao [16] introduce the following iterative scheme.
Let C be a closed convex subset of real Hilbert space H. Let A be an a-inverse strongly
monotone mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that z € F(S) N VI(C, A) #0. Suppose that x; = u € C and {x,}, {y,} are given by

Yn = Pc(xn — AAxy),
(1.17)
Xn+1 = Ay + ﬂnxn + YnSPC (yn - /\nAyn)/

where {a,}, {f,}, and {y,} are the sequences in [0,1] and {.A,} is a sequence in [0, 2a]. They
proved that the sequence {x,} defined by (1.17) converges strongly to common element of
the set of fixed points of a nonexpansive mapping and the set of solutions of the variational
inequality for a-inverse-strongly monotone mappings under some parameters controlling
conditions.

In this paper motivated by the iterative schemes considered in [6, 15, 16], we introduce
a general iterative process as follows:

F(yn,u) + l(u—yn,yn -x,)>0, YuecC,
Tn (1.18)

X1 = Y f (Xn) + Puxn + (1= Pu)I — y A)SPc(I - $,B)yn,

where A is a linear bounded operator and B is relaxed cocoercive. We prove that the sequence
{x,} generated by the above iterative scheme converges strongly to a common element of
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the set of fixed points of a nonexpansive mapping, the set of solutions of the variational
inequalities for a relaxed cocoercive mapping, and the set of solutions of the equilibrium
problems (2.12), which solves another variational inequality

(yf(q) -Aq,q-P)<0, VpeF, (1.19)

where F = F(S) N VI(C, B) N EP(F) and is also the optimality condition for the minimization
problem min,er(1/2)(Ax, x) — h(x), where h is a potential function for yf (i.e., ' (x) = y f(x)
for x € H). The results obtained in this paper improve and extend the recent ones announced
by S. Takahashi and W. Takahashi [6], [iduka and Takahashi [14], Marino and Xu [8], Chen
etal. [15], Y. Yao and J.-C. Yao [16], Ceng and Yao [22], Su et al. [17], and many others.

2. Preliminaries

For solving the equilibrium problem for a bifunction F : C x C — R, let us assume that F
satisfies the following conditions:

(A1) F(x,x) =0forall x € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forallx,y € C;
(A3) foreach x,y,z € C, lim; ,oF(tz+ (1 - t)x,y) < F(x,y);

(A4) for each x € C, y — F(x, y) is convex and lower semicontinuous.

Recall the following.
(1) B is called v-strong monotone if for all x, y € C, we have

(Bx-By,x-y) >v|x-yl|? (2.1)
for a constant v > 0. This implies that

1Bx = Byl 2 vllx - yl|, (2.2)

that is, B is v-expansive, and when v = 1, it is expansive.
(2) B is said to be p-cocoercive [2, 3] if for all x, y € C, we have

(Bx-By,x-y) > ul|Bx - By|*>, for a constant y > 0. (2.3)

Clearly, every p-cocoercive map B is 1/ p-Lipschitz continuous.
(3) B is called —pu-cocoercive if there exists a constant y > 0 such that

(Bx-By,x-y) >-u||Bx-By|? Vx,yeC. (2.4)
(4) Bis said to be relaxed (4, v)-cocoercive if there exists two constants y, v >0 such that

(Bx - By, x —y) > —u||Bx - By|* +v||x - y||>, Vx,yeC, (2.5)
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for p = 0, B is v-strongly monotone. This class of maps are more general than the class of
strongly monotone maps. It is easy to see that we have the following implication: v-strongly
monotonicity = relaxed (p, v)-cocoercivity.

We will give the practical example of the relaxed (u,v)-cocoercivity and Lipschitz
continuous operator.

Example 2.1. Let Tx = xx, for all x € C, for a constant x > 1; then, T is relaxed (y, v)-cocoercive
and Lipschitz continuous. Especially, T is v-strong monotone.

Proof. 1. Since Tx = kx, forall x € C,wehave T : C — C.Forforall x,y € C, forall 4 >0, we
also have the below

(Tx-Ty,x-y) =«lx -yl

(2.6)
> —p[|Tx = Tyl* + (k= Dllx ~ ylI*.
Taking v = k — 1, it is clear that T is relaxed (p, v)-cocoercive.
2. Obviously, for for all x,y € C
[Tx - Tyl < (x+1)l[x -yl (27)
Then, T is x + 1 Lipschitz continuous.
Especially, Taking 1 = 0, we observe that
(Tx =Ty, x-y) > (k- 1)|lx - yl* (2.8)
Obviously, T is v-strong monotone.
The proof is completed. O

(5) A mapping f : H — H is said to be a contraction if there exists a coefficient
a (0 < a < 1) such that

IfG) - fW)l <alx-yl, Vvx,yeH. (2.9)
(6) An operator A is strong positive if there exists a constant y > 0 with the property

(Ax,x) >¥||x|>, VxeH. (2.10)

(7) A set-valued mapping T : H — 2H is called monotone if forall x,y € H, f € Tx,
and g € Ty imply (x -y, f — g) > 0. A monotone mapping T : H — 2! is maximal if the
graph of G(T) of T is not properly contained in the graph of any other monotone mapping.
It is well known that a monotone mapping T is maximal if and only if for (x, f) € H x H,
(x-y,f-g)>0forevery (y,g) € G(T) implies f € Tx.
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Let B be a monotone map of C into H and let Ncv be the normal cone to C atv € C,
thatis, Ncv={w e H : (v—u,w) >0,Yu € C} and define

(2.11)

Bv+ Ncv, veC,
To = B
0, veC.

Then T is the maximal monotone and 0 € Tv if and only if v € VI(C, B); see [1].

Related to the variational inequality problem (1.2), we consider the equilibrium
problem, which was introduced by Blum and Oettli [19] and Noor and Oettli [20] in 1994. To
be more precise, let F be a bifunction of C x C into R, where R is the set of real numbers.

For given bifunction F(:,-) : C x C — R, we consider the problem of finding x € C
such that

F(x,y) >0, VyeC (2.12)

which is known as the equilibrium problem. The set of solutions of (2.12) is denoted by EP(F).
Given a mapping T : C — H, let F(x,y) = (Tx,y — x) for all x,y € C. Then x € EP(F) if
and only if (Tx,y —x) > 0 for all y € C, that is, x is a solution of the variational inequality.
That is to say, the variational inequality problem is included by equilibrium problem, and the
variational inequality problem is the special case of equilibrium problem.

Assume that T is a potential function for T (i.e., VT (x) = T(x) for all x € C), it is well
known that x € C satisfies the optimality condition (Tx,y — x) > 0 for all y € C if and only if

find a point x € C such that Tx = mi(r:j(y). (2.13)
ye

We can rewrite the variational inequality (Tx,y — x) > 0 for all y € C as, for any y > 0,
(x=(x-yTx),y-x)>0 VyeC. (2.14)
If we introduce the nearest point projection Pc from H onto C,
Pex = argminlﬂx -ul®>, x€H, (2.15)
ueC 2
which is characterized by the inequality
Cox=Px=(x-x,y-x)<0, Vye(C, (2.16)

then we see from the above (2.14) that the minimization (2.13) is equivalent to the fixed point
problem

Pe(x—yTx) = x. (2.17)
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Therefore, they have a relation as follows:

finding x € C, x € EP(F)
i
Finding x € C, F(x,y) >0, VYyeC, letF(x,y)=(yTx,y—-x)>0, Vy>0, VyeC
T
I;leigT(y), where VT (x) = T(x), Vx € C.

0
x € Fix(Pc (I -yT)).
(2.18)

In addition to this, based on the result (3) of Lemma 2.7, Fix(T,) = EP(F), we know if
the element x € F := Fix(5) Nn EP(F) N VI(C, B), we have x is the solution of the nonlinear
equation

x-SPc(I-yB)T,x =0, Vy>0, (2.19)

where T, is defined as in Lemma 2.7. Once we have the solutions of the equation (2.19),
then it simultaneously solves the fixed points problems, equilibrium points problems, and
variational inequalities problems. Therefore, the constrained set F := Fix(S)NEP(F)NVI(C, B)
is very important and applicable.

We now recall some well-known concepts and results. It is well-known that for all
x,y € H and A € [0,1] there holds

[+ (1= 1y l? = Ml + (1= Mllyll? = A1 = D) llx - Il (2.20)

A space X is said to satisfy Opial’s condition [18] if for each sequence {x,} in X which
converges weakly to point x € X, we have

liminf||x, — x|| <liminfl|x, - y|, YyeX, y#x. (2.21)

Lemma 2.2 (see [9, 10]). Assume that {a,} is a sequence of nonnegative real numbers such that
A1 < (1 - Yn)lxn +06n, (2.22)

where v, is a sequence in (0,1) and {6,} is a sequence such that
(i) 3521 yn = 00
(ii) imsup, .,  6n/Yn <001 X2 |64 < co.

Then lim,, _, ,a, = 0.



Journal of Inequalities and Applications 9

Lemma 2.3. In a real Hilbert space H, the following inequality holds:

llx +ylI* < x| +2(y, x +y), Vx,y€H. (2.23)

Lemma 2.4 (Marino and Xu [8]). Assume that B is a strong positive linear bounded operator on a
Hilbert space H with coefficient Y > 0 and 0 < p < ||B||™Y. Then ||I - pB|| <1 - py.

Lemma 2.5 (see [21]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {f,} be
a sequence in [0,1] with 0 < liminf, , B, < limsup,_, B, < 1. Suppose xps1 = (1= Pu)zn + PnXn
for all integers n > 0 and limsup,_ . (||zus1 ~ Zall = [Xws1 — Xall) < 0. Then, limy - o |z — xall = 0.

Lemma 2.6 (Blum and Oettli [19]). Let C be a nonempty closed convex subset of H and let F be a
bifunction of C x C into R satisfying (A1)—(A4). Let r > 0 and x € H. Then, there exists z € C such
that

F(z,y)+%(y—z,z—x)20, Vy e C. (2.24)

Lemma 2.7 (Combettes and Hirstoaga [4]). Assume that F : Cx C — R satisfies (A1)—(A4). For
r > 0and x € H, define a mapping T, : H — C as follows:

Tr(x)={zeC:F(z,y)+%(y—z,z—x)20, VyEC} (2.25)

forall z € H. Then, the following hold:

(1) T; is single-valued;

)
(2) T, is firmly nonexpansive, that is, for any x,y € H, ||T,x — Tryll2 <(Thx-T,y,x-y);
)

)

(3) F(T;) = EP(F);
(4) EP(F) is closed and convex.

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F be a bifunction
of C xC into R which satisfies (A1)—(A4), let S be a nonexpansive mapping of C into H, and let B be a
A-Lipschitzian, relaxed (u, v)-cocoercive map of C into H such that F = F(S)NEP(F)NVI(C, B) #0.
Let A be a strongly positive linear bounded operator with coefficient y > 0. Assume that 0 <y <y /a.
Let f be a contraction of H into itself with a coefficient a (0 < a < 1) and let {x,} and {y,} be
sequences generated by x; € H and

1
F(Yn,n) + — (1~ Yn, Yn—%n) 20, ¥neC,
n (3.1)

X1 = AnY f (%n) + Puxn + (1= o) — 2, A)SPc(I - 5,B)yn
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for all n, where {ay}, {Bn} C (0,1) and {r,}, {s,} C [0, 00) satisfy

(C1) lim,, _, oax,, = 0;

(C2) 35k an = oo;

(C3) 0 <liminf, ., ,p, <limsup, ,_ p. <1

(C4) 3521 lann — an| < 00, 35571 [Tne1 — 1| < 00 and 35774 |Sps1 — sl < 00

(C5) liminf, _, ,r, > 0;

(C6) {s,} € [a,b] for some a, bwith0 < a<b<2(v—pul?)/A%

Then, both {x,} and {y,} converge strongly to g € F, where q = Pr(yf + (I - A))(q), which
solves the following variational inequality:

(rf(q)-Aq,p-q)<0, VpeF. (3.2)

Proof. Note that from the condition (C1), we may assume, without loss of generality, that
ay < (1-B,)||AlI™L. Since A is a strongly positive bounded linear operator on H, then

| All = sup{[(Ax, x)| : x € H, ||x]| = 1}. (3.3)

observe that

(=B —anA)x,x) =1-p, — a,(Ax, x)
2 1= fn - anllAl (3.4)

20,

that is to say (1 - f3,)I — a, A is positive. It follows that

1(1-Ba)I - a,All = sup{(((1-pu)] —a,A)x,x):x € H,||x|| =1}
=sup{l -, —a,(Ax,x) : x € H,||x|| = 1} (3.5)

Sl_ﬂn_an?~
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First, we show that I — s, B is nonexpansive. Indeed, from the relaxed (y, v)-cocoercive and
A-Lipschitzian definition on B and condition (C6), we have

I(I = $xB)x ~ (I = suB)ylI* = [l (x ~ y) = s(Bx - By)|I*
= |lx - y||2 -2s,(x—y,Bx - By) + s%||Bx - By||2
< llx = yIP - 25u[-pllBx ~ Byl + vilx - yIP] + 2]1Bx - By
< e = ylI? + 25, A% pllxc = yII? = 25w lx = yI* + Vs3llx — v
= (1 + 28,074 — 25,V + Azsﬁ> l|x - y|?

<|lx-yl
(3.6)

which implies that the mapping I — s,,B is nonexpansive.
Now, we observe that {x,} is bounded. Indeed, take p € F, since y, = T, x,, we have

lyn = pll = 1T, = Tr, Pl < ll2n = pI- (3.7)
Put p,, = Pc(I - s,B)ys,, since p € VI(C, B), we have p = Pc(I - s,B)p. Therefore, we have
“pn - P” = [|[Pc(I - SnB)yn - Pc(I - SnB)P”

< = suB)yn — (I = 5, B)pl| (3.8)

< llyn = pll < llxn = pll.
Due to (3.5), it follows that

i1 = pll = llan (y f (xn) = Ap) + Bu(xa = p) + (1 = Pu) I = anA) (Spn = )l
< (1= Bn = anY) % = pll + Ballxn = pll + anlly f (x1) = Apll
< (1= any)llxn = pll + anyll f(x2) = F(P)Il + anlly f (p) - Apll (3.9)
< (1= an))lxn = pll + anyallx, = pll + anlly f (p) - Apl
= (1= (r-va)an)llxn = pll + anlly f (p) - Apll.

It follows from (3.9) that

M}, n>0. (3.10)

¢ = pll < maxq |lxo - pll, ——=
P P T

Hence, {x,} is bounded, so are { f(x,)}, y», and p,.
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Next, we show that

Jim 1241 = x| = 0. (3.11)

Observing that y,, = T, x, and y,41 = T}, Xn11, Wwe have

Tn+1

1
F(Wu 1) + (=Y Yu=xa) 20, ¥ €C, (3.12)
n

1
F(Yns1,1) + r—1<11 = Ynsl, Yns1 — Xn1) 20, YV eC. (3.13)
n+
Putting 7 = y,+1 in (3.12) and 71 = y,, in (3.13), we have

1
F(Yn, Ynn) + r—(ym ~YnYn—xn) 20, VneC,

1 (3.14)
F(]/n+1/ ]/n) + _<yn —Yn+l, Yns1 — xn+1> >0, VTI eC.
Tn+1
It follows from (A2) that
<]/n+1 — Y, Yn = Xn  Ynel ~ Xnsl > > 0. (3.15)
Tn Tn+1
That is,
Tn
<]/n+1 Y, Yn — Yn+l T Yn+l — Xn — r_l(]/n+1 - xn+1)> > 0. (3-16)
n+

Without loss of generality, let us assume that there exists a real number m such that r,, > m > 0
for all n. It follows that

Tn
et =9l < W = vl (e =l + (1= 22Nt = 50)l)- B17)

n+1

It follows that

T'n

[ e I (1 _ >||(yn+1 x|

T,
e (3.18)

My
< xpet = x| + 7|rn+1 - rn+1|/
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where M; is an appropriate constant such that sup,., [|y» — xx[| < Mi. Note that

”Pn+1 _Pn” = ”PC(I - Sn+1B)yn+1 - ( — Sn )yn”
< = 8ps1B)Yusr1 = (I = s, B)yull

(3.19)
= (I = sps1B)Yni1 — (I = 501 B) Yy + (81 = Sne1) Byl
< ”yn+1 - ]/n” + |50 = 5n+1|||Byn”‘
Substituting (3.18) into (3.19) yields that
||Pn+1 _Pn” < ||xn+1 - xn” + M2(|rn+1 - Tn| + |Sn+1 - Sn|)r (320)
where M, is an appropriate constant such that My = max{sup, ., |Byx|, M1/m}.
Define
Xne1 = (1= P)zn + Puxn, n>0. (3.21)
Observe that from the definition of y,, we obtain
Tyl — Zy = Xn+2 — ﬂn+1xn+l _ Xn+l — ﬁnxn
1- ﬂn+1 1- ﬂn
_ an+1Yf(xn+1) + ((1 - ﬂn+1)1 - an+1A) Spu
1- ﬂn+1
oy f(xn) + ((1=Pn)I - a2, A)Spn
1-pn
Xn+1 a, a, (3.22)
= Xy Xp) + ———ASp,
1 ,Bn+ Yf( +1) _ﬁan( ) 1_ﬁn P
Apyl
- A -
1— ﬁn+1 SPn+l + SPn+1 Spn
O
1 '[;rl (Yf(xml) ASPn+1) + (ASPn Yf(xn))spml
n+1

- Spn.
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It follows that with

21 = 2l = s =l € 25 (o) + 1ASpua ) + 72 (I f G+ 14Spal)
+lpn1 = pall = [Xna = xnll
a, Oy
<o ; (y f Gens) | + [1ASpraal) + 7 y; (Ilyf Cen)ll + 1ASpall)
+ M2(|7n+1 - rnl + |Sn+1 - 5n|)~
(3.23)
This together with (C1), (C3), and (C4) implies that
lim sup(||zn+1 = zall = |xn41 = xall) < 0. (3.24)
Hence, by Lemma 2.5, we obtain ||z, — x,|| — Oasn — oo.
Consequently,
nan;lO”anrl - Xl = nlgl;lo(l - ﬂn)”zn - x,|| = 0. (3.25)
Note that
”xn+1 - xn” = Han (Yf(xn) - Axn) + ((1 - ﬂn)I - Oan) (SPn - xn)“ (3.26)
< an“Yf(xn) - Axn” + (1 - ﬁn - ‘xn?)”SPn - xn”-
This together with (3.25) implies that
”Spn - x|l — 0. (3.27)
For p € F, we have
1y = pIP* = I Ty, %0 = T, I
<A(Ty,xn = Tr,p, Xu — p)
(3.28)

=(Yn =P, Xn—P)

1
= 5 (llyn = pIP + 11 = I = lxn = yall?)
and hence

Iy = PI* < llotn = pIP = l1xn =yl (3.29)
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Set A > 0 as a constant such that

o> sl;p{llyf(xk) — ASpill, llxx = pll}- (3.30)

By (3.29) and (3.30), we have

%61 = pI* = lawy f (xn) + Buxn + (1= pu) I = 20 A) Spu — plI?
= 1[(1 = Bu)T = aw Al (Spu = p) + Pu(xn = p) + au(y f (xn) = Ap) |
= |(1=Bu) (Spu—p) = anA(Spu = p) + Pu(xtn = p) + an(y f (xn) = Ap) |
= 1(1 = Bu) (Spu =) + Pu(xn = ) + au(yf (xa) = ASpy) |
<11 = Bu) (Spu = p) + Pu(xn = p)I?
+ 20, (Y f (xn) = ASpn, Xni1 — p) (3.31)
< (1= Pu) (Spn = p) + Pu(2xn = p) I + 2a,A*
< (1= P)lISpn = pI* + Bullcn = pl* + 22,4
< (1= Ba)llon = pI* + Bullcn = plI + 20,07
< (1= Ba)llyn = pl* + Pallxn = plI* + 20,07

< ”xn - P||2 - (1 - pn)”yn - xn“2 + 26(n)lz.

It follows that
1
Iy =l < 7—- (It =PI = llter = I +2a,12)
1
= 1= ﬁ <(”xn - P” - ||xn+1 _p”)(”xn - P” + ||xn+1 —P”) + zan/\2> (3-32)
1
< 1= (= w3 = Pl + e = ) + 2000%).

By ||xn — Xps1]] = Oand a, — 0,as n — oo, and {x,} is bounded, we obtain that

Tim [y = x| = 0. (3.33)
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For p € F, we have

llpn = pI* = I1Pc(I = $4B)yn — Pc(I - S,B)p||*
<I(yn = P) = su(Byn - Bp)|I?
= |yn = PII* = 252(Yyn = p, Byn — Bp) + s;| By - Bp|®
< It = pII? = 255 [~pl By — Byl + vllyn — pIP| + s2Byn - Bpl?
< |lxn = plI* + 25uptl| By — Bpl* = 2suvllyn — pII* + s l|Byn — Bpll?

25,v
< lxn = P”Z + (2571/" + 531 - );

Y1y, - B
Observe (3.31) that
l2ns1 = plI* < (1=PBn)llpn - pl? + Bullcn = plI* + 20,02,

Substituting (3.34) into (3.35), we have

25,V
[ns1 =PI < 0 = I+ (2501 + % = 2557 ) By = Bl + 23,2
It follows from condition (C6) that
2av
(5% - 2001 ) By = BpIP < 1= pIP = s = i + 2,2

< Ml = 2t [l (20 = pll + lloeer = plI) + 20,02

From condition (C1) and (3.25), we have that

lim ||By, - Bp|| = 0.

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)
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On the other hand, we have

llpn = PI> = IPc(I = $,B)yn — Pc(I - S, B)p|?
< - SnB)yn -(I- SnB)prPn - P>

1
= S{ I = suB)ya = (I = SuB)PIP + llow — pI’

I = suB)yn — (I = SuB)p = (pu = P) I} (339)
1 —_ 2 _ 2 _ _ _ _ 2
< 5 {lya =PI +llpn =PI = (¥ = ) = su(Bya = Bp) I}
1
< 5{ I = pIP +llpn = I = lly = pull* = 5211 By — Bpl?

+25,(Yn — Pn, AYn — Ap) }

which yields that

“Pn —P||2 < loxn - p”Z - Hyn _Pn||2 + 25n||yn _Pn””Byn - BP”- (3.40)

Substituting (3.40) into (3.35) yields that

%41 =PI < lloew = pI% = (L= Bu) 1y = pull?

(3.41)

+ 25,1y~ palllByn ~ Bpl + 22,02

It follows that
Iy = pall® < 7= (I = pII2 = 1 ~ pI)
<

2s, 2a,\2

ool = pulll By - Bl + 125
(3.42)

1
S 1 _ ﬂn ||xn+1 - xn”(”xn - P” + ||xn+1 —p”)
25y 20, A2
1 g n~— Pn B n = B .

+1_ﬁnlly pullllBy p||+1_ﬂn

From condition (C1), (3.25), and (3.38), we have that

nh_r};”yn - pn” =0. (3.43)
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Observe that

Yn = Synll < lyn = Xull + X0 = Spall + 1Spn = Synll

(3.44)
S yn = xull + 10 = Spull + lpn = ynll-
From (3.27), (3.33), and (3.43), we have

lim [ly, — Syl = 0. (3.45)

Observe that Pr(yf + (I — A)) is a contraction. Indeed, for all x, y € H, we have

IPE(yf + (I = A)x = Pe(yf + (I = A)yll < lI(yf + (T - A))x = (yf + - A)yl

<ylf @) = fF@)I+ I = Allllx -y

(3.46)

<vyalx-yll+ (1-y)llx -yl
=[1-(-yao)llx-yl.

Banach’s Contraction Mapping Principle guarantees that Pr(y f + (I — A)) has a unique fixed
point, say q € H, thatis, g = Pr(yf + (I - A))qg.
Next, we show that

limsup(yf(q) - Ag,x, —q) <0. (3.47)

n—oo

To see this, we choose a subsequence {x,,} of {x,} such that

limsup(yf(q) - A, x, - q) = limsup(yf(q) — Aq, xs, - q). (3.48)

n— oo i—oo

Correspondingly, there exists a subsequence {y,, } of {y,}. Since {y,, } is bounded, there exists
a subsequence { Yn;, } of {y,} which converges weakly to w. Without loss of generality, we can
assume that y,, — w.

Next, we show that w € F. First, we prove w € EP(F). Since y,, = T, x,, we have

1
F(yn, 1) +r—(q—yn,yn—xn> >0, VneC. (3.49)

It follows from (A2) that,

<n—yn, In _x"> > F(1,Yn)- (3.50)

Tn
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It follows that

n — Xn;
<Tl = Ynis Y r > 2 F(”lz]/n,-)- (351)

ni

Since (Yn, — Xn;)/Tn, — 0, Yn, = w, and (A4), we have F(1,w) < 0 for all 7 € C. For t with
O<t<landneCletn =tn+ (1-t)w.Sincen € C and w € C, we have 7; € C and hence
F(n:,w) <0.So, from (Al) and (A4), we have

0= F(n,me) < tF(me,m) + (1= )F (e, w) < tF (11, 7). (3.52)

That is, F (7, 17) < 0. It follows from (A3) that F(w, ) > 0 for all € C and hence w € EP(F).
Since Hilbert spaces satisfy Opial’s condition, from (3.43), suppose w # Sw; we have

lim infl|y,, — wl| < lim inf]y,, - Sw|
1— 00 1— 0

= liminf||y,, — Syu, + Sy, — Sw||

(3.53)
< liminf| Sy, - Swl|
< lim inf{|y,, —w||
which is a contradiction. Thus, we have w € F(S).
Next, let us show that w € VI(C, B). Put
Bwy + Ncw,, w; €C,
Tw1 = _ (354)
@, w1 €C.
Since B is relaxed (y, v)-cocoercive and from condition (C6), we have
(Bx - By, x ~y) > (-p)[|Bx - By|* + vllx -yl > (v - jA?) |x - yII* 2 0, (3.55)

which yields that B is monotone. Thus T is maximal monotone. Let (w;, w;) € G(T). Since
wy — Bw;, € Ncw; and p, € C, we have

(w1 = pn, wp — Bwy) > 0. (3.56)
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On the other hand, from p,, = Pc(I — s,B)y,, we have

(w1 = pn,pn — (I = 5,B)yn) > 0. (3.57)

and hence

<w1 — ou, p"s_ Yn Byn> > 0. (3.58)

It follows that

(w1 = puyyw2) > (w1 — pu,, Bwr)
Pni = Yn;

ni

- <w1 — pn;, Bwy - '0""5_ Yni _ Byni>

n;

> (w1 — pu;, Bwr) - <w1 - Pnis + Byn,->

(3.59)
= <w1 - Pni'Bwl - BPn,»> + <w1 _PnﬂBPni - B:Vm)

— <w1 - Pris p"is_ yn,->

ni

> (w1 = Py, Bpn, — Byn,) — <w1 = Pnis P"S;y">

ni

which implies that (w; — w,w,) > 0, We have w € T7'0 and hence w € VI(C, B). That is,
w € F.
Since g = Pr(yf + (I — A))g, we have

limsup(yf(q) - Aq,x» —q) =limsup(yf(q) - Aq,x», - q)
e e (3.60)

=(yf(q) -Aqw-gq) <0.

That is, (3.47) holds.
Finally, we show that x,, — g, where g = Pr(y f + (I - A))q, which solves the following
variational inequality:

(rf(q)-Aqp-q)<0, VpeF. (3.61)
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We consider
21 = gll* = 11((1 = Bu) I = 20 A) (Spu = q) + Pu(2n = q) + an(y f (xn) = Aq)|I*
= 1((1 = )L = anA) (Spu = q) + Pu(xn = )II* + @i lly f (xn) — Aqll?
+ 2Pnttn(Xn = q, 7 f (Xn) = Ag)
+ 20, (((1 = fu) I = anA) (Spu = 4), v f (xn) = Aq)
(3.62)
< (1= Bal = ) ISpn = ll + Bullxn = ql))* + Iy £ (x2) = Aql?
+ 2Byan(xn = q, f(xn) = £(9)) + 2Pnan(xn — 4,7f(q) = Aq)
+2(1 = B)yan(Spn = q, f (xa) = £ (9))

+2(1 = Bu)an(Spu —q,vf(q) - Aq) = 2a;( A(Spx —q),vf (q) - Aq),

which implies that

e = 42 < [(1 = aF)” + 2B, yan + 2a(1 - B) yaeu| I - I
+allyf (xn) = Aqll? + 2Buctn(xn = q,¥f (q) — Aq)
+2(1 = Pu)an(Spn = q,vf () - Aq) - 203 (A(Spn — ), vf(q) - Aq)
< [L-2(7 = ay)an] lan = qI* + 72 a0 = gI* + oy f (xea) = Aql®
+ 2Pnatn(xn = 4,Yf(q) = Aq) +2(1 = Pn)an(Spn — q,vf(q) - Aq)
=203 [lA(Spn = q)Il - Iy f () - Aqll
= [1-2( - ay) @] llxx - gl

+an{ (P llxa = gl + £ (xa) — AqI + 21 A(Spa—9) 1 - Iy £ () = Aql)

+2B(0 — 4,7 (q) = AQ) +2(1 - Bu)(Spa — 2,7 (q) - Aq)}.
(3.63)

Since {x,}, {f(x,)}, and {Sp,} are bounded, we can take a constant M; > 0 such that

M, > ¥llx = gl* + Iy f (xn) = Aql* + 21| A(Spw = @)1l - Iy f (q) - Aqll (3.64)



22 Journal of Inequalities and Applications

for all n > 0. It then follows that
2041 — glI* < [1-2(7 —ay)au]llx, - gl + anén, (3.65)
where

én = 2Pn(xn —q,vf(q) - Aq) +2(1 - Bn)(Spn —4,Yf(q) - Aq) + anM>. (3.66)
From (3.27) and (3.47), we also have

limsup(yf(q) — Aq, Spn — q) = limsup(yf(q) — Aq,Spn — xu) +limsup(yf(q) - Aq,x, - q)
n—oo

n—oo n—oo

<limsup(yf(q) - Aq, xn - q)
<0.
(3.67)

By (C1), (3.47), and (3.67), we get limsup, , ¢, < 0. Now applying Lemma 2.2 to (3.65)
concludes that x, — g (n — o).
This completes the proof. O

Remark 3.2. Some iterative algorithms were presented in Yamada [11], Combettes [24], and
liduka-Yamada [25], for example, the steepest descent method, the hybrid steepest descent
method, and the conjugate gradient methods; these methods have common form

Xps1 = Xp + Wydy,, (3.68)

where x,, is the nth approximation to the solution, w, > 0 is a step size, and d, is a search
direction. In this paper, We define T := SPc(I — sB)T,; the method (3.1) will be changed as

Xns1 = QnY f(Xn) + Py + ((1 - ﬂn)I - anA)SPc(I - suB)Tx,
(3.69)
=Xn t (1 - ﬂ")(_xn + Txn) +ay [Yf(xn) - ATxn] .

Take wydy, = (1 = Bn)(=xy + Txy) + an[y f(xn) — ATx,], the method (3.1) will be changed as
(3.68).

Remark 3.3. The computational possibility of the resolvent, T,, of F in Lemma 2.7 and
Theorem 3.1 is well defined mathematically, but, in general, the computation of T, is very
difficult in large-scale finite spaces and infinite spaces.
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4. Applications

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F be a bifunction
of C x C into R which satisfies (A1)-(A4); let S be a nonexpansive mapping of C into H such that
F = F(S)NEP(F)NVI(C, B) #0. Let A be a strongly positive linear bounded operator with coefficient
Y > 0. Assume that 0 <y <y/a. Let f be a contraction of H into itself with a coefficient a (0 < a < 1)
and let {x,} and {Y,} be sequences generated by x, € H and

1
F(Yn,n) + — (1= Yn,yn—x0) 20, V¥ €C,
Tn (4.1)

Xn+l = aan(xn) + ﬂnxn + ((1 - :6")1 - a"A)Sy”’

for all n, where {ay,}, {Bn} C (0,1) and {r,}, {s,} C [0, oo) satisfy
(C1) lim,, _, oax,, = 0;
(C2) 324 = o0;
(C3) 0 < liminf, , f, < limsup, B, <1;
(C4) 302 lan — an| < coand 37, [Yns1 = Yl < o0;
)

(C5) liminf, , Y, > 0.

Then, both {x,} and {y,} converge strongly to q € F, where q = Pr(yf + (I — A))(q), which
solves the following variational inequality:

(vf(q)-Aq,p-q)<0, VpeF. (4.2)

Proof. Taking {s,} = 0 in Theorem 3.1, we can get the desired conclusion easily. O

Theorem 4.2. Let C be a nonempty closed convex subset of a Hilbert space H, let S be a nonexpansive
mapping of C into H, and let B be a A-Lipschitzian, relaxed (u,v)-cocoercive map of C into H such
that F = F(S) N VI(C,B) #0. Let A be a strongly positive linear bounded operator with coefficient
Y > 0. Assume that 0 <y <y/a. Let f be a contraction of H into itself with a coefficient a (0 < a < 1)
and let {x,} and {y,} be sequences generated by x; € H and

X1 = Y f (Xn) + Puxn + (1= Pu)I — @, A)SPc(I — 5,B) Pexy, (4.3)

for all n, where {ay,}, {Bn} C (0,1) and {r,}, {s,} C [0, 0o) satisfy

(C1) lim,, _, oax,, = 0;

(C2) 3 an = o0;

(C3) 0 < liminf, ., p, < limsup, , fBn <1;

(C4) 3% |lans1 — an| < oo and 320, |Sus1 — Su| < o0;

(C5) liminf, o y% > 0;

(C6) {sn} € [a,b] for some a, bwith0 < a <b <2(v — pA?)/\%
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Then, both {x,} and {y,} converge strongly to g € F, where q = Pr(yf + (I — A))(q), which
solves the following variational inequality:

(vf(a)-Aq,p-q)<0, VYpeF. (4.4)

Proof. Put F(x,y) = 0 for all x,y € C and y, = 1 for all n in Theorem 3.1. Then we have
Yn = Pcx,,. we can obtain the desired conclusion easily. O

Acknowledgments

This work is supported by the Fundamental Research Funds for the Central Universities, no.
JY10000970006 and National Science Foundation of China, no. 60974082.

References

[1] R. T. Rockafellar, “On the maximality of sums of nonlinear monotone operators,” Transactions of the
American Mathematical Society, vol. 149, pp. 75-88, 1970.

[2] M. A. Noor, “New approximation schemes for general variational inequalities,” Journal of
Mathematical Analysis and Applications, vol. 251, no. 1, pp. 217-229, 2000.

[3] M. A. Noor, “Some developments in general variational inequalities,” Applied Mathematics and
Computation, vol. 152, no. 1, pp. 199-277, 2004.

[4] P. L. Combettes and S. A. Hirstoaga, “Equilibrium programming in Hilbert spaces,” Journal of
Nonlinear and Convex Analysis, vol. 6, no. 1, pp. 117-136, 2005.

[5] S. D. Flaim and A. S. Antipin, “Equilibrium programming using proximal-like algorithms,”
Mathematical Programming, vol. 78, no. 1, pp. 29-41, 1997.

[6] S. Takahashi and W. Takahashi, “Viscosity approximation methods for equilibrium problems and
fixed point problems in Hilbert spaces,” Journal of Mathematical Analysis and Applications, vol. 331, no.
1, pp. 506-515, 2007.

[7] F. Deutsch and I. Yamada, “Minimizing certain convex functions over the intersection of the fixed
point sets of nonexpansive mappings,” Numerical Functional Analysis and Optimization, vol. 19, no.
1-2, pp. 33-56, 1998.

[8] G.Marino and H.-K. Xu, “A general iterative method for nonexpansive mappings in Hilbert spaces,”
Journal of Mathematical Analysis and Applications, vol. 318, no. 1, pp. 43-52, 2006.

[9] H.-K. Xu, “Iterative algorithms for nonlinear operators,” Journal of the London Mathematical Society,
vol. 66, no. 1, pp. 240-256, 2002.

[10] H. K. Xu, “An iterative approach to quadratic optimization,” Journal of Optimization Theory and
Applications, vol. 116, no. 3, pp. 659-678, 2003.

[11] I. Yamada, “The hybrid steepest descent method for the variational inequality problem over the
intersection of fixed point sets of nonexpansive mappings,” in Inherently Parallel Algorithms in
Feasibility and Optimization and Their Applications (Haifa, 2000), D. Butnariu, Y. Censor, and S. Reich,
Eds., vol. 8 of Studies in Computational Mathematics, pp. 473-504, North-Holland, Amsterdam, The
Netherlands, 2001.

[12] A. Moudafi, “Viscosity approximation methods for fixed-points problems,” Journal of Mathematical
Analysis and Applications, vol. 241, no. 1, pp. 46-55, 2000.

[13] W. Takahashi and M. Toyoda, “Weak convergence theorems for nonexpansive mappings and
monotone mappings,” Journal of Optimization Theory and Applications, vol. 118, no. 2, pp. 417428,
2003.

[14] H.Iiduka and W. Takahashi, “Strong convergence theorems for nonexpansive mappings and inverse-
strongly monotone mappings,” Nonlinear Analysis: Theory, Methods & Applications, vol. 61, no. 3, pp.
341-350, 2005.

[15] J. Chen, L. Zhang, and T. Fan, “Viscosity approximation methods for nonexpansive mappings and
monotone mappings,” Journal of Mathematical Analysis and Applications, vol. 334, no. 2, pp. 1450-1461,
2007.



Journal of Inequalities and Applications 25

[16] Y. Yao and J.-C. Yao, “On modified iterative method for nonexpansive mappings and monotone
mappings,” Applied Mathematics and Computation, vol. 186, no. 2, pp. 1551-1558, 2007.

[17] Y. Su, M. Shang, and X. Qin, “An iterative method of solution for equilibrium and optimization
problems,” Nonlinear Analysis: Theory, Methods & Applications, vol. 69, no. 8, pp. 2709-2719, 2008.

[18] Z. Opial, “Weak convergence of the sequence of successive approximations for nonexpansive
mappings,” Bulletin of the American Mathematical Society, vol. 73, pp. 591-597, 1967.

[19] E.Blum and W. Oettli, “From optimization and variational inequalities to equilibrium problems,” The
Mathematics Student, vol. 63, no. 1-4, pp. 123-145, 1994.

[20] M. A. Noor and W. Oettli, “On general nonlinear complementarity problems and quasi-equilibria,”
Le Matematiche, vol. 49, no. 2, pp. 313-331, 1994.

[21] T. Suzuki, “Strong convergence of Krasnoselskii and Mann'’s type sequences for one-parameter non-
expansive semigroups without Bochner integrals,” Journal of Mathematical Analysis and Applications,
vol. 305, no. 1, pp. 227-239, 2005.

[22] L.-C. Ceng and ].-C. Yao, “Hybrid viscosity approximation schemes for equilibrium problems
and fixed point problems of infinitely many nonexpansive mappings,” Applied Mathematics and
Computation, vol. 198, no. 2, pp. 729-741, 2008.

[23] M. A. Noor, K. I. Noor, and H. Yaqoob, “On general mixed variational inequalities,” Acta Applicandae
Mathematicae, vol. 110, no. 1, pp. 227-246, 2010.

[24] P. L. Combettes, “A block-iterative surrogate constraint splitting method for quadratic signal
recovery,” IEEE Transactions on Signal Processing, vol. 51, no. 7, pp. 1771-1782, 2003.

[25] H.Iiduka and I. Yamada, “A use of conjugate gradient direction for the convex optimization problem
over the fixed point set of a nonexpansive mapping,” SIAM Journal on Optimization, vol. 19, no. 4, pp.
1881-1893, 2008.



