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Let /' be a polynomial with only real zeros having —1, +1 as consecutive zeros. It was
proved by P. Erd6s and T. Griinwald that if f(x) > 0 on (-1, 1), then the ratio of the area
under the curve to the area of the tangential rectangle does not exceed 2/3. The main result
of our paper is a multidimensional version of this result. First, we replace the class of
polynomials considered by Erdés and Griinwald by the wider class € consisting of
functions of the form f(x) := (1—x*}(x), where |1}| is logarithmically concave on (-1, 1),
and show that their result holds for all functions in €. More generally, we show that if f'€ €
and max_; <, <1|f(x)| <1, then for all p > 0, the integral f_ll | £(x)|P dx does not exceed
fll (1 — x?)? dx. It is this result that is extended to higher dimensions. Our consideration of
the class € is crucial, since, unlike the narrower one of Erd3s and Griinwald, its definition
does not involve the distribution of zeros of its elements; besides, the notion of logarithmic
concavity makes perfect sense for functions of several variables.
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1. INTRODUCTION

For any continuous function f:[—1, 1]+ C and any p € (0, 00), let

171, = (3 [ 1) ”,
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216 D. DRYANOV AND Q.I. RAHMAN

besides, let

[/ Nl = max [f(x)]-

—1<x<1
If 0 < p < 0o and f is an arbitrary polynomial, then the trivial inequality
1A, <1 f Nl (1)

is also the best possible one. In fact, it becomes an equality for any
constant.

For m >2 let g, be the class of all polynomials of degree at most m
having only real zeros and —1,1 as consecutive zeros. Furthermore,
let p :=,_, pm. It was proved by Erdés and Griinwald [3] that if
f€ g, then

1
s (5 -2 )il =31 e @

where equality holds if and only if f(x)=c(1 — x?),c€ C. We extend
this result by proving that under the same condition

1 [t 1/p
11, < (5 1-2Pax) 1

not only for p =1 but for all p > 0. In fact, we shall prove more.

One of the most important properties of a polynomial f with only
real zeros is that | f| is logarithmically concave between two consecutive
zeros. Indeed, if f(x) := ¢ [T}, (x — x,), then

V) R

is negative at each point of the real line where it is defined. We extend
the class p by considering the class € of all functions of the form
f(x) == (1 — x*}¢(x), where |¢)| is logarithmically concave on (-1, 1).
Note that p is a subset of €. The following result holds.
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THEOREM 1 Let f belong to €. If f(x) is not a constant multiple of
1 — x?, then

1 ! 2y /p
I, < (5 [ =20 0x) Il 0<p<oo ()

Note It may be added that the coefficient of || f|| in this inequality
is equal to

T(p+ )T(p+ 1)\
4( T2 +2) ) ‘

Some Remarks

1. Not only g is a subset of € but more generally, if
m
Y(x) = [ T(1 = xu,)™,
p=1

where the numbers u, belong to [—1,1] and the numbers o, are all
positive, then f(x) := ¢ (1 — x%)1(x) belongs to € for all ¢ # 0. Indeed, for
all xe (—1,1), we have

RS e

p=1

For the relevance of such functions see [11].
2. Let

’()ZJ(Z) = ﬁ(z_xﬂ_iy#) (lyltlSLxul_l’ ,u-:l,,m)
p=1

Setting ¥(x) := |¢(x)|, we see that for —1 <x <1,

T e

2
u=1 ’x - lel

i.e. |1| is logarithmically concave on (—1, 1). Hence f(z) := c(1 — z2)¢(z)
belongs to € for all ¢#0, and Theorem 1 applies to such polynomials
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as well. Note that these polynomials may have complex coefficients,
except that they are required to have all their zeros in E=E, U E,,
where

E :={z=x+iy: |y|<x-1, x> 1},
E:={z=x+iy: |y <1-x, x<-1}.

Here, it may be added that, in order to obtain a meaningful
improvement on (1) it is not enough to assume that f(—1)=f(1)=0
and that f(z) # 0 for |z| < 1. In fact, the supremum of || f|| /|| f|sc Over all
such polynomials is 1 as the example f(z) := 1 — z2™, m € N, shows.

3. An entire function is said to belong to the Laguerre—Polya class,
L—P for short, if it is the local uniform limit in C of a sequence of
polynomials with only real zeros [7, pp. 174—177, 10]. Let us denote by
(L-P)1, the set of all functions in £L—P which have x=—1, x=1 as
consecutive zeros. A function f in (£L—-P); can be written as f(z) =
(1 — 2%)Y(z), where

Y(z) = ce™ =[] (1 - ,2)e"*,  (c#0, a2 0, beR),

v=1

and —1<1,<1 for v=1,2,3,... such that 3%, 2 < co. Note that

v=] ‘v

(L-P); C €. So, Theorem 1 certainly applies to all functions in (£L—P);.

Extensions of Theorem 1to Higher Dimensions

A priori, it is not clear what kind of functions of several variables
correspond to polynomials in one variable having only real zeros. The
observation that the modulus of such a polynomial is logarithmically
concave between two consecutive zeros does, however, provide a clue.
In view of Theorem 1, it seems natural to consider functions whose
moduli are logarithmically concave on an appropriate region in R”,
like the open n-dimensional cube C,:=(—1,1) x --- x(—1,1) or the
hypersphere

n
B, := {(xl,...,x,,): sz < 1}‘
v=1
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As an analogue of €, we introduce the class €, of functions in n variables
X1, ..., X, which are of the form

FOay e xn) = (1= x3) - (1= X2)d(x1, . - -, Xn),
where |¢| is logarithmically concave on C,,. As a direct generalization

of the problem considered and solved by Erdds and Griinwald, we ask
the following question. How large can

1/p
—n P
(2 / /n 1 f(x1, e xn) P dxg dx,,)

be if f belongs to €, and |f(x)| <1 for all x=(xy,...,x,) in C,. The
next result contains the answer.

THEOREM 2 Let C, and €, be as above. If f € €, then for all p >0,

(2‘”/..-/@ If(xl,.‘.,x,,)|pdx1”‘dxn)l/l’

nf
< (2'1 /_11 11 —x2|”dx> psup £ (x)], 4)

xeC,

unless f(xy,. .., Xy) is a constant multiple of (1 — x3)--- (1 — x2).

In the case where p=1 and n=2, this theorem says that if fe &,
and f(x,y) >0 for —1 < x, y < 1, then the ratio of the volume under the
surface z=f{(x, y) and the volume of the tangential parallelopiped does
not exceed 4/9. The analogy of this result with that of Erdds and
Griinwald is obvious. Instead of assuming the square {(x,y)eR%
—1< x, y< 1} to be the domain of definition of the function f we may
consider functions on other regions in R?. We shall only look at the class
F, consisting of functions of the form f(x,y) := (1 — x> — y2)1p(x, ),
where |¢| is logarithmically concave on B, := {(x,y) € R*:x* 4+ )2 < 1}.
The answer to the corresponding question in this case is contained in the
following result.

THEOREM 3 Let B, and F, be as above. If f € F,, then for all p >0,

([ i aser)”

</ 2(1—x2—y2>1'dxdy)l/p sip |/ ()

x24y2<1

unless f(x, ) is a constant multiple of 1 — x> — 2.
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2. PROOF OF THEOREM 1

Without loss of generality we assume f(x) to be positive on (—1, 1). Thus,
F(x):=(1 — x*)y(x), where log(x) is concave on (-1, 1). Because of
concavity, log ¥(x) is not only continuous on (—1, 1) but also bounded
above. Consequently, f is continuous on [—1, 1]. It follows that the
supremum of | f(x)| on [—1, 1] is finite and cannot be attained at —1 or
+1. For simplicity, let || f|lco=1.

We claim that || f]| is attained at only one point of (—1, 1), which
we denote by £. For this observe that ¢ satisfies the equation

1
log == log ¥(x).

The function log(1/(1 — x?)) being strictly convex on (—1, 1), the line

1 2
Le: y=log—1 _£2+——1 »552 (x—¢)

meets the curve y =log(1/(1 - x?)) if and only if x = ¢. For all other x it
lies below the curve. Now it suffices to note that no point of the curve
y=log(x) lies above the line L. Suppose (z,log(?)) lies above L,
for some ¢ < £. The line segment joining the point (¢,log(¢)) to the
point (£,log(£)) intersects the curve y=log(l/(1 — x%) at a point
(s, 1og(1/(1 — s»))). It is clear that log(1/(1 — x%)) < log ¥(x) for s < x < €.
Hence || ]| cannot be 1, which is a contradiction. The case ¢ > £ can be
treated similarly.

We conclude that if f belongs to €, then for some ¢ belonging to
(—1,1) we have

— x2 _
17091 < M) = = perp (B2 ) (1<)

Let us look for the supremum of the quantity

b= (3 (eyar) " 0<p<oo)

as ¢ is allowed to vary in (—1, 1) and hope that it is attained for £ =0.
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If x is any given number in (—1, 1), then (M(x))” tendsto O as § | —1,
i.e. £ tends to —1 from the right or as £ 1 1, i.e. £ tends to + 1 from the
left. Since 0 < M(x) <1 for all x €[—1, 1], we may apply the dominated
convergence theorem of Lebesgue to conclude that

1 1
gliml (I,,(E))p= lim 1/ (M¢(x))? dx = l/ gl}ml(Mg(x))p dx =0,
- L€l
1 1
: p : Py —
51%211( L,(9)) = ginl / (M¢(x))? dx = 161%211(M§(x)) dx =0.

So, the supremum of ¢,(£) :=2(I,())? on (—1,1) is attained at one
or several points in (—1,1). At any such point alj(ﬁ) must vanish.
Elementary calculations give

VoY — oy LT E 2p¢ 2p¢
4 =2 gpmon(-1 EaH [0 o)

—§/_1(1—x2)pexp( piz )dx}

Setting
1+¢ 2p€?
T(€) :=2p - §2€)p+2 exp<_ 1 1_7552) ’
N =)
we obtain

al() = T(g){/_ll w(£,x) x xdx —5/_11 w(é,x) x 1 dx}.

Let us check the sign of ¢,/ (£) at a point  where 0,(£) = 0, i.e. at a point
& where

1 1
/ w(&,x) X xdx — f/ w(&,x) x1dx=0. (6)
-1 -1
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At any point £ satisfying (6) we have ¢,/(§)/7(§) = Q(€), where

2 1
Q2(8) _2p(1+£)/ (€,x) x x* dx — / w(é, x) x 1dx

21’5(1 +¢&)
—ay / w(&, x) x x dx.

Since 7(£) > 0, the sign of 0,/(€) at a critical point of o, agrees with that
of Q(£). Now, we note that

/—1w(§,x)xx2dx=/ { (1—x2yY 2)”H}exp( 2f§§2x> dx

. _pH11-¢ 1%
_/_rJ(f,x)xl » £ /w(f, x) x xdx.

Hence at a critical point of o), i.e. at a point ¢ satisfying (6), we have

—/lw(f,x)xldx—Zp +€2)/ w(&, x) x xdx

1

148 :
=2p(_T§2)2 (/_ w(£,x) x 1dx

p+1(1 62)/ w(&, x) ><1dx> /_llw(g,x)xldx

80148
(1-¢)
3+

=..1—_—g/_lw(£,x) x 1dx <0.

/ w(&,x) x 1dx

This means that every critical point of ¢, is a point of local maximum.
Since two consecutive local maxima must be separated by a point of
local minimum, we conclude that o, has only one local maximum in
(—1,1). It is easily seen that o, is an even function of £ and so its unique
local maximum in (—1, 1) must occur for £ =0. Hence, for all p € (0, 00)
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and £ € (—1, 1)\{0}, we have
0p(&) < 0p(0) = 27HB(p+1,p+1),

where B(., .) is the beta function. From this (3) follows.

3. THE LIMITING CASE p =0 OF (3)

It is known (see for example [6, §6.8]) that if S belongs to L?(—1,1)
for some p >0, then ((1/2) fil |S(x)[Pdx)!"” tends to the limit

exp (%/_11 log]S(x)|dx)

as p— 0. This is exactly the value given to the functional ||S||, when
p=0. From Theorem 1 it follows that if f belongs to €, then

1 1
171 < exp((5 [ 10wt = 21x ) 1.

Although the inequality is sharp the argument we have just used to
obtain it does not allow us to identify the extremal functions. However,
as an addendum to Theorem 1 we prove the following result.

PROPOSITION 1 Let f belong to €. If f(x) is not a constant multiple of
1 — x2, then

1 2
1o <exp(5 [ 1ot =21ex) Sl = (2) Il 0

Proof We have to determine sup{/y(£€): —1 < £ < 1}, where

. : 12
© = exo(3 [ 1oatt ~ ) ) rgyemera

Since

2 2 4
. _52)exp(T%§_?) 2 _52){1 - 12—662 T iz)z}
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for —1 <& < 1 we conclude that Iy(§) tends to zero as £ | —1 or £ T +1.
Hence the desired supremum of I(£) is attained at one or several points
in (—1,1). Any such point must be a critical point of the function
(Io(6))*. Tt is easily checked that & =0 is the only critical point of I in
(-=1,1). Hence for 0 < |¢| < 1

1(€) < I(0) =exp<%/_l1 log|1 —x2|dx) - (%)2

which proves (7).

4. PROOF OF THEOREM 2 AND A REMARK

Without loss of generality we assume that

Fx) =1 =x}) (1 =xD)p(x) (X:= (X1, %)),
where In |¢(x)| is not only concave but ¢(x)>0 for all x€ C, and
that maxyec, f(x) = 1. Take an arbitrary f satisfying these conditions

and let (§,...,£,) be a point in C, such that f(£;,...,&,)=1. This
means that

Inep(x) < — 3 In1 - 2) ®)
v=1

with equality for x =(£4,...,&,).
Using well known criteria [5, p. 58], it can be seen that the function
=3 _In(1 — x2) is (strictly) convex on C,. Hence the set

K = {(x,xn+1) eR"!: x e C, Xpyl = — Zln(l - xf,)}
v=1

is convex. It is, clearly, supported by the hyperplane H defined by

n n 2 y
Sost = = 2 In(1 =€)+ 2 (- ),
v=1 v=1 v

and because of the strict convexity of K;, the two meet only in the
point (&3, ...,&,). The set

Ko = {(X,Xn1) € R x,0y <Ingp(x)}
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is also convex and must be supported by H, otherwise (8) would be
contradicted. It follows that for all x € C,,,

In () < =Y In(1 - €) + Y- 1o (x - &)
v=1 v=1 v

and so

1-xt  1-x 2
) 3= g p{Zl 5 (5 - s,,)}-

Hence for all p >0,

/ /lf(% s X[ dxy -
T (o

V=

From the proof of Theorem 1, we see that

Y1 =X\ 2pE, !
(= oo( )= [0y

where equality holds only if £, =0. Hence

/ /lf(xl, o Xn) P dxy - dxn.._(/ (l—xz)"dx>n, 9)

with equality only if (£, ..., &,) =0. However, if f(x) is not identically
equalto (1 — x2)--- (1 — x2)and (&, .. .&,) =0, then 0 < 9(x) < 1 except
for x=0, that is, | f(x)| < (1 —x})--- (1 — x2) for x different from 0.
Hence, equality holds in (9), only if f(x) := (1 — x3)--- (1 — x2). This
completes the proof of Theorem 2.

Remark 4 More generally, we may consider functions of the form

Sf(x1,.. 0 xn) i= (a1 —-xl) (anz—xnz)zb(xl,...,x,,),
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where |¢| is logarithmically concave on the parallelopiped
P, = (—aj,a1) X+ X (—ay, ay).

It can be easily proved, as above, that for all p > 0, the ratio

<a1 / / Lf (1, - . v x0) Pdoxy - )l/p/sélg |f(x)]

2—x1) ( )

is maximized by the function (a

5. PROOF OF THEOREM 3

Without loss of generality we assume that

f(x,9) = (1 = x* = y)(x,),

where In |9(x, y)| is not only concave but (x, y) > 0 for (x, y) € B, and
that sup{f(x,y): (x,y) € B,} =1. Let (£,m) be a point in B, such that
f(¢,m)=1. As in the proof of Theorem 2, we can show that in the
present case

2 2
W) < —In(l =€ =) + T (5= O+ T 0 =)
for (x, y) € B,. Hence, for all p >0, we have
[ 11r asdy < aem.
where
p
(x—8&+nly- n))
®p(&m) = //Bz( ) exp<2p e dxdy.

Here it is more convenient to use polar coordinates. Writing

x=pcosf, y=psind, E£=rcosp, n=rsing,
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we see that

1-r2

27 1 1— o\ P oy
=/0 /o (1 ~lr)2> exp(l frzpCOS(O——qS))pdpdo
2n 1 1— o\ P oy
=/0 _/0 (1__’:2) exp(l_l_)rzpcosa)pdpda‘

The last integral is, obviously, independent of ¢. So, we denote it by
F,(r) which will be our alternative notation for ®,(rcos ¢, rsin ¢).

In order to determine the supremum of F, we differentiate it with
respect to r. We obtain

2
®,(rcos ¢, rsin @) exp( 2pr )

, r r2
F'(r)= 2p-(—1—1_—22—);—5exp (— 1—21_)—’3) (Vp(r) = rUy(r)),

where

2m 1 zpr
Uy(r) := / / p(1 = p?)? exp( 5 pCOS 0) dpde,
0 0 1—r

2 pl ) ”np Zpr
Vy(r) = A p°(1 = p*¥ exp 1_r2p0050 cos 6 dpdo.

A simple calculation shows that

27

Vp(r) = rUp(r) = NIEDIEY)

r+0() (r—0).

There exists, therefore, a positive number ry such that F,(r) is strictly
decreasing on (0,rp). Because of the continuity of F),, it follows
that Fj,(r) < F,(0) for 0 <7 < ro. We claim that ro may be taken to be 1.
This will follow if we show that F, cannot have a local minimum
in (0, 1). So, we may simply check the sign of F,(r) at the points in
(0, 1) where F,(r) = 0. We shall see that it can only be negative. Hence,
F, cannot have a local minimum in (0, 1); and, in fact, not a local
maximum either.
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Assume that r is a critical point of F,, in (0, 1). It is easily seen that the
sign of F/(r) is the same as that of

r r r3
60) = 2 W) = Uy = 2 0,

where U),(r), V,(r) are as above and

2m
W, (r) —/ / p(1—p? exp( 2pr 2pcosB) cos? fdp de.

Note that F,(r) = 0 if and only if V,(r) =rU,(r). Hence, in order to
determine the sign of G,(r) at a critical point of F,, in (0, 1), it is desirable
to find an expression for W,(r) in terms of U,(r) and V,(r). For this
we write

Wp(r) = Ipa(r) — Ipa(r),

where

2m
La(r): / / o(1 = p*Y exp( 5 pcos 0) cos? 0 dpdé

and

2 pl
Lao(r) = /0 /0 p(1 — pAyPt! exp(lzfrr2 pCOS 0) cos? 0 dpdé.

In I, ,(r), we replace cos? by 1—sin%0, and integrate by parts with
respect to 6 to obtain

! 2 [ 2prp .
La(r) = Uy(r) + (1 - ) A sin f exp T rzcosﬁ (—psind)dodp

)_ 2pr /2" (1= 2)peXp(

5COS 0) cosfdpdo.
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Since (1 — p?)? = p*(1 — p*)P + (1 — p*)* 1, we see that

r2
L1 (r) = Up(r) - Vp(")

27r 2pr
_ p+1 Prp
2pr / / (1 eXp(1 cos0) cosf dpdf.

Now we look for a similar representation for I, ,(r). Integrating by
parts with respect to p we obtain

La(r) = — 1?;: /27r (1 - )P exp(lililficosa) cosf dpdf
. <p+1;+r> -
Hence
W) 1= bpa(1) = ) = Uylr) - ZEIA=LD
which in turn gives us
2p(1 +1%) 20(14+7) ((2p +3)(1 = 1)
Gp(r)= ((—7272— I)Up(’)‘ (1— r2)2 ( 2pr +r) Vp(r).

It follows that if r is a critical point of F, in (0,1), i.e. if V,(r) =rUy(r),
then

2417

Gp(r) = —2'1—_—"3 Up(r).

Since U,(r) is positive, we conclude that G,(r) is negative at any point

in (0, 1) where F, vanishes. Hence, so is F, ().

6. CONNECTION WITH LINEAL FUNCTIONS

A polynomial of » variables zi,...,z,, which can be expressed as a
product of the form ¢[T/_, (1 + Z,,_l auzy) is called lineal [9]. It is
said to be really lineal if ¢ and o, (1 <p<m, 1<v<n) are all real.
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The special determinant called circulant [4, p. 23], with the variables
z1,...,Zy, as the elements of its first row is a lineal polynomial. In the
case n=1, every polynomial is lineal, but not so if n > 2. By definition,
a transcendental entire function of n variables is (really) lineal if it is
the local uniform limit in C” of a convergent sequence of (really) lineal
polynomials. The class of really lineal entire functions of one variable
is the same as the Laguerre—Polya class £—P mentioned in the
Introduction. The study of really lineal entire functions of several
variables was started by Motzkin and Schoenberg, who found the
following characterization [9, Theorem 2] for such functions.

THEOREM A"  An entire function is really lineal if and only if it admits
a representation of the form

n n m n
f(z1,...,2y) =exp (— Z VuwZuZv + Z&,,z,,) H( cu,,z,,)
v=1 % =1

wy=1 =1
00 n "
x H (1 + Z 6kuzu) e(_ z"“ 6"”2”)’
k=1 v=1

where ., 8., Cpu» Ok, are real, the series Y poy > 0 _ 6,%,, converges, while
the quadratic form Y~ v,,2,z, is positive semi-definite.

For further developments see [2] and [8, Chapter 4] along with
some of the references given there; also [8, p. 203] for a letter of
I.J. Schoenberg to friends.

Let (ay,...,0,) €R" with 37 _, |a| < 1 and consider the function
g(x) :=1In(1 — >°7_; awx,) on the cube C, defined in the Introduction.
Then

2
840 = 5

2
n
—a?/ (1 -> ayx,,) if j =k,
v=1
" 2
—ajor/ (1 - Z oz,,x,,) if j#k.
v=1

Hence, the principal minor determinants of the matrix (—g;(x)) are all
non-negative. It follows (see [1, pp. 140, 147] or [5, p. 58]) that the
function 1—3"7_, a,x, is logarithmically concave. The same can
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therefore be said about the real lineal polynomial

P(x) = ﬁ(l - iau,,x,,) <i{aw| <l,u= l,...,n). (10)
v=1

”=l v=1
Thus, Theorem 2 holds for functions of the form

fx) :=c(1 =x3)--- (1 = x2)p(x)

with % as in (10). It is clear that more general functions of the form

=1

m n P
f(x) = C(l _x%)..‘(l —xﬁ)H(l “‘Zap,l/xu> s
w v=1

where the numbers o, are as above and 3,>0 for p=1,...,m, are
also admissible.

From Theorem A* it follows that Theorem 2 applies to all functions
of the form f(x) := ¢(1 — x2) - - - (1 — x2)h(x), where 1) is a really lineal
entire function different from zero on C,. An analogous remark can be
made about Theorem 3.

References

[1] M. Bocher, Introduction to Higher Algebra, Macmillan, New York, 1929.
[2] J.G. Clunie, Convergence of polynomials with restricted zeros, Lecture Notes in
Mathematics 1511, Springer-Verlag, Berlin, 1992, pp. 100—-105.
[3] P. Erd6s and T. Griinwald, On polynomials with only real roots, Ann. of Math. 40(2)
(1939), 537-548.
[4] W.L. Ferrar, Algebra, 2nd edn., Oxford Univ. Press, London, 1957.
[51 W.H. Fleming, Functions of Several Variables, Addison-Wesley Publishing Co.,
Reading, Massachusetts, 1965.
[6] G.H. Hardy, J.E. Littlewood and G. Pélya, Inequalities, Cambridge Univ. Press,
Cambridge, 1959.
[7] E. Laguerre, Euvres de Laguerre, Vol. 1, Gauthier-Villars, Paris, 1898.
[8] C.A. Micchelli, Mathematical Aspects of Geometric Modelling, Capital City Press,
Montpelier, Vermont, 1995.
[9] T.S. Motzkin and 1.J. Schoenberg, On lineal functions of n complex variables, Proc.
Amer. Math. Soc. 2 (1952), 1-10.
[10] G.Poélya, Uber Anniherung durch Polynome mit lauter reellen Wurzeln, Rend. Circ.
Mat. Palermo 36 (1913), 279-295.
[11] Q.I. Rahman, On extremal properties of the derivatives of polynomials and rational
functions, Amer. J. Math. 113 (1991), 169-177.



