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1. INTRODUCTION

Let X be a real Banach space with norm || - || and X* be the dual space
of X. The normalized duality mapping from X to the family of subsets
of X* is defined by

* * * 2 *112
J(x) = {x*€X": {x,x*) = ||x|I" = [Ix*|I’}, xe€X,

where (-, - ) denotes the generalized duality pairing between X and
X*. A mapping T with domain D(T") in X is said to be accretive if, for

* Corresponding author.
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each x, y € D(T'), there exists j(x— y) € J(x— y) such that
(Tx = Ty,j(x —y)) 2 0. (1)

Furthermore, T is called strongly accretive if there exists a constant
k > 0 such that, for all x, ye D(T'), there exists j(x —y) € J(x—y) for
which the inequality

(Tx = Ty, j(x — y)) 2 kl|x = || 2)

holds. T is said to be ¢-strongly accretive if there exists a strictly
increasing function ¢: [0, co) — [0, co) with ¢(0) = 0 such that, for all x,
y € D(T), there exists j(x—y) € J(x—y) for which the inequality

(Tx = Ty,j(x —y)) = ¢(llx = yIDIIx = yl| (3)

holds. Let (T )={xe€ D(T ): x=Tx} and N(T )={xe€ D(T ): 0€ Tx}.
If N(T ) # 0 and the inequalities (1), (2) and (3) hold for any x € D(T')
and ye N(T), then the corresponding operator 7T is called quasi-
accretive, strongly quasi-accretive and ¢-strongly quasi-accretive,
respectively. It was shown in [22] that the class of strongly accretive
operators is a proper subclass of ¢-strongly accretive operators.

A class of mappings closely related to accretive operators is the class
of pseudo-contractions. A mapping 7: D(T ) C X — X is called pseudo-
contractive (respectively, strongly pseudo-contractive, ¢-strongly
pseudo-contractive, ¢-hemicontractive) if and only if (/—T') is accre-
tive (respectively, strongly accretive, ¢-strongly accretive, ¢-strongly
quasi-accretive), where I denotes the identity operator on X. Such
operators have been extensively studied and used by several authors
(see [4,7,22,27,28, 31)).

Recently, several strong convergence theorems for the Mann
(steepest descent approximation) and Ishikawa iterative (generalized
steepest descent approximation) processes in general Banach spaces
have been established for approximating either fixed points of strong
pseudo-contractions acted from a nonempty convex subset K into
itself or solutions of nonlinear equations with accretive operators
acted from a Banach space X into itself (see [4,7,11, 19,29, 30]).

In several practical applications, it is well known that a mapping
with domain D(T ) and range R(T' ) need not be a self-mapping. If the
domain of T, D(T), is a proper subset of the Banach space X and T
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maps D(T ) into X, then neither the Mann nor the Ishikawa iterative
process may be well defined.

It is our purpose in this paper to establish several strong con-
vergence theorems for the Mann iterative (steepest descent ap-
proximation) and Ishikawa iterative (generalized steepest descent
approximation) processes involving a class of non-self-mappings in
general Banach spaces.

For this purpose, we need the following:

LemMMA 1.1 [29] Let X be a real Banach space. Then the following
inequality

[l + Y12 < 112 + 2¢3,(x + )
holds for all x, y € X and all j(x+y) € J(x+y).

2. MAIN RESULTS

THEOREM 2.1 Let X be a real Banach space and let A:D(A)C X — X
be a ¢-strongly quasi-accretive and uniformly continuous operator.
Suppose that, for some initial value xo€ D(A), ¢~ (||Axo|) is well-
defined and there exists a closed ball By={x¢€ D(A):||x—xo| <
3¢(||Axol|)} contained in D(A). Then the generalized steepest descent
approximation process (GSDA), defined by

X0 €EB 1y
Xni1 = Xn — OpAyn, (GSDA),
Yn = Xn — BnAXn

for all n> 0 remains in By and converges strongly to x* € N(A) provided
that {a,} and {B,} are two real sequences in [0,1) satisfying the
Jfollowing conditions:

() ant B, <min{((¢~ (|| 4x0l| )/(2M)), (§/2M)}, n > 0;
(i) Y opop 0 = 00; and
(iii) o, — 0, B, — 0 as n— oo, where M and 6 are some fixed constants.

Moreover, if inf; > o(¢(£)/1) > 0, then we have the error estimation
”xﬂ - x*“2 < r20m

where r=max{¢ (|| Axo||),1} and 6, <1 for all n>0 and 6,—0 as
n— 00.
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Proof We first observe that

llx0 — x| < 67 (1 Axoll). “)

Let M =sup{|Au|:ue B,}. Since A:D(A)CX— X is uniformly
continuous, we can choose a positive constant § such that

A

whenever ||x—y|| < 6. Now we can choose {a,} and {8,} satisfying the
conditions (i)— (iii).

Cram 1 ||y, —x*|| < ¢~ (|| 4x0l|) whenever || x,— x*|| < ¢~ (|| Ax0||).
Let |lx,~x*|| < ¢~ (Il dxoll). Then ||x,—xol| <26~ '(|lAxo|l) and
then || Ax,|| < M. On the other hand, by (GSDA),, we have

llyn = x*l < &7 (lAxoll) + BuM < 207" ([l Ao,

which shows y,€ Bi. Now we want to show that || y,—x*||<¢ "
(ll4xol)). Suppose that || yu—x"|| > ¢~ (|| Axoll ). Then ¢(|| yo—x*I|) 2
|[Axo||. Observe that

“)’n - xn” < ﬁn”Axn” < ﬂnM <
and so we have

140m) — AGen) < 1%l (5

By using Lemma 1.1, (GSDA), and (5), we have

lyn = X*[1* = [0 — x* = BuAxa|*
< e = X" |17 = 265 (Axn,j(3n — x*))
<l = %17 = 284 (llyn — x* [ llyn — x*||
+ 28,87 (4x0])) 1A (yn) — A(xn) |
< [lxn = x*[1* = 2Bal|Axoll 6" ([l Axo]])
+ 2B,/ Ax0ll6™" ([|Axo))
< Jlxn — x*|1%, (6)

which implies that || y,—x*|| < ||xs—x*|| < ¢~ '(||4%0||). This contra-
dicts the assumption || y,—x*|| > ¢~ (]| 4xol|)-
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CLaM 2 ||x,—x*|| < ¢~ '(||Axol|) for all n > 0.
First of all, ||xo—x*|| <&~ (| dxoll). Let |lx,—x]| < ¢~ '(lIxoll)-
We shall prove that

%1 = x*[| < &7 (| Axo)-

Assume that it is not the case, i.e., || X,41—x*|| > ¢~ '(||Axo|| ). Then we
have

¢(llxnt1 — x*|) > [|Axo]|.

Since ||x,—x*|| < ¢~ (|| 4xo|| ), by Claim 1, we see that

llyn = x*| < ¢~ (I1Axo)-
Thus it follows from the definition of M that |Ax,|<M and
|4ya|| < M. Observe that
[%ne1 = x| < ¢~ (lAx0]) + M < 267 (|| Axoll),

50 that x, 1 € By. Observing that || y,— Xp 1 1|| < (an+Bn)M < 6, in view
of the uniform continuity of A, we have

Ax
Iyn — Azl < 201

It follows from Lemma 1.1 and the above arguments that

[I%n1 — x|
< [|%n = X*|* = 200 (A, j(Xns1 — X¥))
< [1%n = x*|* = 200 (Ayn — Axns1,7 (Xns1 — x*))
= 20m{AXns1 — AX*,j(Xns1 — X))
< |l = X*|I + 2|l Axol| ¢~ (| Axo]l)
— 209" ([|Ax0|) |Axo |
< |lxn = x*|1%, (7

which implies that

% = x| < [l = 27| < 67 (| Aoll)-

This is a contradiction and so Claim 2 is true.
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CLAM 3 x,— Xx* as n— oo.
Again using Lemma 1.1, we have

a1 = x*|1°
< lxn = x*1* = 2008 ([l xns1 = x*[)lxns1 = x| + o(an).  (8)

Set limsup,_.oo || Xni1—x*||=a. Then a=0. If not, suppose a> 0.
Then we can do prove that there exists an positive integer Ny such that
for all n> Ny, ||x,+1—x*|| > (a/2) and hence, for all n> Ny,

$(IPonsr — x°[)) > as(g).

At this point, we can choose Ny > Ny so large that

o(an) < §¢(g—)an )

for all n> Ny. It follows from (8) and (9) that
a (a) .
§¢(§) Z: Qy S HxN, — X ”2 < 00,
n=N;
which contradicts the assumption (ii). Therefore, we have

liminf ||xns1 — X|| < limsup || xu11 — x*|| = 0.
n—o00 n—oo

This implies that x,,— x* as n— oo.

Now we consider an error estimation. For this purpose, assume that

¢(”xn+l - x*”) _

inf =0>0.

720 ||xn41 — x*|

Without loss of generality, we assume that o(a,) < 20w, for all n> 0.
Define iteratively a real sequence {6,}, > ¢ as follows:

6o =1,
{ Oni1 = (1 = ((2000)/(1 + 2004)))0n + ((0(0))/ (1 + 200n))

for all n>0. Then we have that 6,<1, lim,_ . 6,=0 and
|, — x*||> < 8, for all n>0, where r=max{¢~'(||4xo|),1}. This
completes the proof.
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Remark 1 1If A is Lipschitz continuous in Theorem 2.1, then we can
choose 8 < (||Axol|/2L), where L > 1 is the Lipschitz constant for 4.

Remark 2 If D(A)=X and ¢ is surjective, then, for all xo€ X,
¢~ '( |[Axo|| ) always is well-defined. Moreover, B; C X. In this case, the
convergence in Theorem 2.1 is global.

Remark 3 By taking §8,=0 for all n>0, then we obtain the cor-
responding convergence theorem for the steepest descent approxi-
mation to accretive operator equations in arbitrary Banach spaces.

THEOREM 2.2 Let X be a real Banach space and let A: D(A)C X —> X
be a uniformly continuous ¢-hemicontractive mapping. Set T=1—A.
Suppose that, for some initial value xo€ D(A), ¢~ (|| Txol) is well-
defined and there exists a close ball By={x€ D(A):||x—xo| <
3é(||Txol| )} contained in D(A). Then the Ishikawa iterative process
(IS), defined by

X0 €By
Xnt1 = (1 — o) Xn + nAyn, (IS)I
Yn = (1 - ﬂn)xn + BnAxn

Jor all n > 0 remains in B, and converges strongly to x* € F(A) provided
that {a,} and {(B,} are two real sequences in [0,1) satisfying the
following conditions:

() nt28, < min{((| Txoll¢ ™" (I Txoll )/QRM + ¢~ (IITx0l))), (8]
@M)), (¢ ~ (I Txol D/@M))}, n>0;
(i) Yop2gom = o00; and
(iii) a,— 0, B, — 0 as n— oo, where M and é are some fixed constants.

Moreover, if inf; > o ($(9)/1) > 0, then we have the error estimation
[ — X*Hz < 1?6,

where r=max{¢~'(||Txo||), 1} and 6, <1 for all n>0 and 6,— 0 as
n— oo.

Proof We first observe that, if F(4)#0, then F(4) must be a
singleton. Let F(A4) = {x*}. By the definition of 4, we have

llxo = x*[| < ¢~ (I Txoll). (10)
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Since A: D(A) — X is uniformly continuous on D(A), sois T. Let M =
sup {||Tyll: y€ Bo}. Then M < +oo. For &=(||Txoll¢~"(|| TxolD)/
QM+ "(ITxo||))), there exists 6>0 such that ||[Tx—Ty| <e
whenever ||x—y|| <6. At this point we can choose {a,} and {8}
satisfying the conditions (i) — (iii).

We shall prove that || y,—x*|| < ¢~ (|| Txol|) whenever ||x,—x*|| <
¢~ (|| Txo|). Let |Jxn—x*|| < ¢~ (|| Txol| ). Then

ll3%n = xoll <26~ (|| Txoll)
and hence || Tx,|| < M by the definition of M. Observe that
llyn = x*Il < ¢~ (I1Txoll) + BaM < 267" (|| Txol))
and
%0 — yull < BuM < 6.
Thus we have || Tx, — Ty, < e. Assume that || y,—x*|| > ¢~ (|| Txol|)-

Then we have ¢( || y,—x*||) > || Txo||. Using Lemma 1.1, (IS); and the
above arguments, we have

lyn = %1% < fotm = 1% = 265(Tm, 3 = %)
< 1% = X*I* + 281w = Tymllllym — x*||
= 2Ba8(|lyn = X*Dllyn — X7

< llxn = x*|, (11)
which implies that || y,—x*|| < ||x,—x*|| <&~ '(||Txo||). This is a
contradiction and so || y,—x*|| < ¢~ (|| Txol|) whenever ||x,—x*|| <
# (]| Txol| ). Observe that

[1%n+1 = x*[| < M + ¢~ (| Txoll) < 267" (| Txoll)

and

Ixns1 = Yall < (280 + an)M <6,



ITERATIVE APPROXIMATIONS FOR SOLUTIONS 585

so that ||Tx,,—Ty,|| <e. Again using Lemma 1.1, (IS); and the
arguments above, we obtain

xne1 = x*|2 < [0 = %*|> = 200 (%0 — Ayn,j (i1 — x*))
< Jxn = x*> + 201 %0 = yull[%ns1 — x*]]
+ 200 || Tyn = Txpsa |[[|Xns1 — X*||
= 205 ¢(||Xn41 = X*|) | 2n+1 — x|
< llxn = x*|1%, (12)

which implies that ||x,.1—x*|| < ||x,—x*|| < ¢~ (|| Txo||). This is a
contradiction and so ||x,4 1 —x*|| < ¢~ '(||Txo|| ) whenever [|x,—x*| <
&~ '(||Txo|| ). By induction, we assert that

llx = x*[l < &7 (I T%l)

for all n> 0. Therefore, ||Tx,|| <M and ||Ty,|| < M for all n>0. It
follows from Lemma 1.1 and (IS); that

[[%ne1 = x*|?
< I = %" = 20 ([|xn41 = %" lIxns1 = x*|| + 0(cn).  (13)

Set im sup,,_,oo ||Xn 41— x*|| = 7. Then 7=0. If not, then we can do
prove that there exists a positive integer N, such that, for all n > N,,
|60+ 1—x*|| > (7/2) and then &(||x,41—x*||) > &é(7/2). At this point,
we can choose N;> Ny so large that o(c,) < (7/2)¢(7/2). It follows
from (13) that

T T "
79(3) X enslow - xTP<oo
n2N|

which is a contradiction and so 7=0. Therefore, we have

lm inf [1vys1 — x°]| < lim sup (s — 7)) =0,
n—oo n—oo0

ie., x,— x* as n— o0.
Now we consider an error estimation. For this purpose, assume that

— %
inf M =0c>0.
n20 ||Xp41 — x*|
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Without loss of generality, we assume that o(a,) < 20a, for all n> 0.
Define iteratively a real sequence {6,}, > o as follows:

0y =1,
LT 0 (oon) (1 + 2000 + (o1 + 2000)

for all #>0. Then we have that 60,<1, lim,_.6,=0 and
1%, — x*||> < r*8,, for all n>0, where r=max{¢~'(||Txo|),1}. This
completes the proof.

Remark 4 1If A is Lipschitz continuous in Theorem 2.2, then we
can choose & < ((||Txoll¢ ™ "(|| Txol| ))/QL(M+¢~'(||Txo||))), where
L > 1 is the Lipschitz constant for A.

Remark 5 1f D(A)=X and ¢ is surjective, then the convergence in
Theorem 2.2 is global.

Remark 6 By taking §,=0 for all n>0 in Theorem 2.2, then we
obtain the corresponding convergence theorems for the Mann iterative
process in arbitrary Banach spaces.

THEOREM 2.3 Let X be a real uniformly smooth Banach space and let
T:D(T)CX— X be a ¢-strongly quasi-accretive operator. Suppose
that, for some initial value xo€ D(T ), ¢~ "(||Txol|) is well-defined and
there exists a closed ball B={xe D(T): ||x—xo| <3¢~ (|| Txo||)} C
D(T) such that T(B) is bounded. Let {a,} and {3,} be real sequences
in [0, 1] satisfying the following conditions:

(i) ap, B,— 0 as n— oo;
(i) 352 an = 005
(iii) B < min {(6/M), (¢~ (| Txoll )/@M))}, where 6> 0 and M
are some fixed constants satisfying the property:

-1 ~1(|ITx
||j(x)—j(y)|l§¢[(1/4)¢ (Ilsz;ﬂ)M (IToll)

whenever x, y € B(0,2¢ (|| Txo||)) and ||x—y|| < 6.

Define the generalized steepest descent approximation {Xp},>¢ as
Sfollows:

Xni1 = Xn — QnTyn, (GSDA),
Yn = Xp — ﬂnTxn

{ x0 € D(T),
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for all n> 0. Then we have the following conclusions:

(1) T has a unique zero point in D(T ),

@ llxn=x*1l < ¢~ (I Txol)) for all n > 0;

3) x,—x* as n— oo;

@) If inf; > o (6(2))/1) > 0, then we have also the error estimation:
1%, — x*|| < 26,

for all n >0, where r=max{¢~"(||Txo|), 1} and 8, — 0 as n— occ.

Proof The proof of (1): If T has two zeros x*, x} € N(T), then, by
definition of T, we have

0= (Tx* — T}, j(x" = x7)) 2 o(Ilx" — x7|)Ix* — i,

which gives that x* = x}. In the sequel, we denote the unique zero
point of T by x*. Set M =sup {||Ty||: y € B}.

The proof of (2): Since X is real uniformly smooth, j is uniformly
continuous on the ball B(0,2¢~'(||Txo||)) and hence for & = ((¢((1/4)
o~ '(ITxol o~ (N Txol))/(16M)), there exists some fixed >0
such that ||j(x)—j(»)|| <& whenever x,y€ B(0,2¢ '(||Txo|)) and
||lx—y|| < 8. We finish the proof of (2) by the following two steps:

Step (1) || yn—x"|| < ¢ (| Txol)) whenever ||, —x*|| < ¢~ (|| Txol))-

We first observe that ||xo—x*|| <&~ !(||Txo||) by the choice of
Xo€ D(T) and the assumption that ¢~ (|| Txo|| ) is well-defined. Now
assume that

llxn = x*Il < 67" (1 Txol))-
Then x, € B and so ||Tx,|| < M. Observe that
llyn = x*l < ¢~ (I Txo ) + BaM < 267 (1| Txo))
and
llyn = xull < BaM < 6,

so that d, = || j( y,—x*)—j(x,— x*)|| <e. We want to prove that

llyn = x*ll < ¢~ (I Txol))-
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If not, ie., || y,—x*|| > ¢~ '(||Txol|), then it follows from (GSDA),
and the condition (iii) that ||x,—x*|| > (1/2)¢~'(||Txo||) and hence

. 1 _
o(0ba —x'1)2 6 38 (175l ).
Using Lemma 1.1, (GSDA), and the above arguments, we obtain

[y ~ X112 < {1xn = X" 1> = 28(Tn, j(yn — x*))
< |2t = X*||* + 2MBudy — 282¢([|xn — x*||) |0 — x*||
< Jlxn — x*|P?, (14)

which implies that
llyn = x*I < llxn = x| < ¢~ (I Txo))-
This is a contradiction and so Step (I) is true.

Step (II)  ||x,—x*|| < ¢~ (|| Txol|) for all n>0.

We have shown that, for n=0, the above assertation is true. Now
we assume that it is true for n=k and we shall show that it is also true
for n=k+1. Since ||x—x*|| < ¢~ (|| Txo|]), we see that ||y,—x*| <
¢~ (| Txo|)) by Step (I) and hence || Txy[| < M and || Ty|| < M. On
the other hand, observe that

llk41 — x| < &7 (ITxo0ll) + ceM < 267 (|| o))
and

llxx+1 = Yl < (i + B)M < 6

so that ex=||j(xk+1—x*)—j(re— x| <e.
Now we plan to show that [|x,;—x*|| < ¢~ (|| Txol}). If not, then
we have

* 1 - * 1 —
I =2 567 (Tl I = 11> 367 (1Tl

by (GSDA), and

ol = 1) 2 8 767 170))
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by the property of ¢. It follows from Lemma 1.1, (GSDA), and the
above arguments that

k41 — x*|1?
< e = X7 = 2006(Tyie j (i1 — x*))
< |k = x*|1* + 2Moger — 20 ([ly — x*|) lyx — 7|
< Jlxe = x*|1%, (15)

which implies that

%41 = %*] < llxx = x*| < 67" (|| Tvol)-
This is a contradiction and so Step (II) is true.

The proof of (3): By (2), we see that ||x,—x*|| < ¢~ (|| Txo||) and
I7n—%*| < ¢~ '(ITxo|l) and so || Tx,|| < M and [Ty, < M. Observe
that

1%n+1 = yull < (an + Bn)M — 0O

as n— oo. Thus, in view of the uniform continuity of j, we assert that
So= i G 1= %)= (Pu—x")|| — 0 as n— oo.

Set lim sup,_,.o||y»— x*|| = a. Then a=0. If it is not the case, then we
can do prove that there exists a positive integer ny such that, for all
n>no, ||yn—x*|| >a/2 and then ¢(||y,—x*||) > ¢(a/2). At this point,
we can choose n; >ng such that, for all n>ny, f, <(ad(a/2)/2M).
Using Lemma 1.1, (GSDA), and the above arguments, we have

i1 — x|
< ||%n = x*|* = 200 (Tyn, j(Xng1 — x*))
< ||%n = x| + 2Ma £ — 20(|lyn — x*)|Iyn — x*||

. a (a
<l =5 - 56(§ ) an (16)

which implies that

a
¢(§) Z o < || %, — x*||* < 00.

n>m

NI
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This is a contradiction and so
lim inf [y, — x*|| < lim sup [[y, — x*|| =0,
n—0o0 n—0o0

which implies y,, — x* as n— co. By (GSDA),, we see that x,, — x* as
n — oo. This completes the proof of (3).

The proof of (4): Assume that inf, s o(¢(|| yn—x*|D/Ilyn—x*|) =
o> 0. By using Lemma 1.1 and (GSDA),, we have

llxn — x*”2 <llyn — X*l|2 + 264 {Txn, j(xn — x*))
<lyw = x°I17 + 2M Byl xn — x|
< lyn = X7 + 2MBu(l1%n = yull + llyn — *°I1)
< llyw = x117 + 2MB,6 ™ (I Txol)) + 2M76;,  (17)
which implies that
llyn = X117 > ||x0 = x*[1> — 2M B¢~ (I Txo|) — 2M?B2. (18)
Substituting (18) in (16) yields to
[X%ns1 = X1 < (1 = 2000)[|x0 — x*[1* + o(cw). (19)

Without loss of generality, we assume that o(a,) < 20a,, for all n> 0.
Define iteratively a real sequence {6,,}, > o as follows:

=1,
Oni1 = (1 = 200)6, + 200,

for all n>0. Then we have that 0,<1, lim,_.0,=0 and
l|%,—x*||> < #?6, for all n>0, where r=max{¢~'(]|Txo||),1}. This
completes the proof.

Remark 7 In Theorem 2.3, the choice of the iteration parameters
{a,} and {B,} depends on the initial value x,, but not the smooth-
ness px{(7) of X. It is very interesting to determine the size of 6. If X
is a s-uniformly smooth Banach space, we can give a actual size of 6.

THEOREM 2.4 Let X be a real uniformly smooth Banach space and let
T:D(T)CX— X be a ¢-hemicontractive mapping. Suppose that, for
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some initial value xo € D(T), ¢~ (|| Axo||) is well-defined and there exists
a closed ball B={x € D(T): ||x —xo| < 3¢~ (|| Axo||)} C D(T) such that
T(B) is bounded, where A=1—T. Let {a,} and {3,} be real sequences in
[0, 1] satisfying the following conditions:

(i) an, Br—0 as n— oo;

(i) D opogom = 0.

Then there exist positive constants M and 6 such that the Ishikawa
iterative process generated by

Xo € D(T),
Xnt1 = (1 - an)xn + anTyn, (Is)z
Yn = (1 - ,Bn)xn + BnTxy

for all n> 0 is well-defined and converges strongly to the unique fixed
point q of T provided that

| 5 ¢ (l4xol) |
@y + B < min { M + ¢ 1(JAxo]))*4(2M + ¢~ 1(JJAxo]])) |

Moreover, if inf;. o(¢(?)/t) >0, then we have also the error
estimation:

”xn - qu < r20n
for all n> 0, where r=max{¢_‘(]|Axo||), 1} and 0,— 0 as n— oo.

Proof Let M=sup{||Tx|:x€B}. Then M<oo since T(B) is
bounded. Since X is uniformly smooth, j is uniformly continuous on
bounded subsets of X. Hence, for & = (¢~ (|| Axo|)d(1/4¢ ~ (|| Ax0l]))/
8M) , there exists a positive constant § > 0 such that

17i(x) —iGl <e (20)

whenever x,y€B and ||x—y| <§. Let g denote the unique fixed
point of 7. Then, by the definition of T and the choice of xo, we see
that

lIxo — gll < ¢~ (llAxol)).

We finish the proof of Theorem 2.4 by the following three steps:
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Step 1 |ly,—4qll < ¢~ (| Axo|l) whenever |lx,—g|| < ¢~'(||4xol). As-
sume that ||x,—g|| < ¢~ (| 4xoll). Then [lx, —xoll <26 ™" ([l 4xo])), s0
that || Tx,|| < M by the definition of M. Now we want to show that

llyn = gll < &~ (llAxoll).-

If it is not the case, assume that ||y, —q|| > ¢ ~'(|| 4xo|). Then we have

lIxn = qll 2 ¢~ (I Axo]l) — Ba(2M + ¢~ ([|Axo]1)) > %df' (lAxol)),

so that

0 = al) 2 6( 567 Jal) ).
Let a, = ||j(x,— q) —j(y»—g)||- Observe that

llyn — gll <267 (llAxoll)

and

lyn — x|l < Bu(2M + ¢—1(”Ax0”)) <6é.

Then, by the uniform continuity of j, we assert that a, <e. Using
Lemma 1.1 and (IS),, we have

yn = gl < (1 = Ba)l1%n — qli” + 2B4(Txn — 4, (3n — 9))
< (1= Bu)l1%n — qll* + 4MBoay
+ 2Bul|%n — gl* = 282¢(1|xn — )| — g
< N1 — gl + 4M Bty — 28,614 — gl llxs — gl
< llxn — gl (21)

which implies that

Iy = gli” < llxn — gll” < [67 (I Axo )T,
ie., ||lyn—qll < ¢~ "(||Axo|). This is a contradiction.

Step 2 ||xu—ql) < 7 '(||4x0])) for all n>0.
First of all, by the choice of xoeD(T), we know that
I X0—qll <&~ '(|4xol)). Assume that |x,—g|| < ¢~ '(|4xoll). Then,



ITERATIVE APPROXIMATIONS FOR SOLUTIONS 593

by Step 1 we have
llya — 4l < 67 (I1Axoll)-

Therefore, | Tx,|| < M and || Ty,|| < M. If ||x,41—ql > ¢~ (|| 4x0l]),
then we have

1
lben = qll < 67 (llAxoll) — o (2M + 6" (llAx0[1)) 2 567" (I1Axo]l)

and so

Ion — gl > 567 (JAxol) = B2 + 67 (4ol)) > 5 6~ (Ao

which leads to

bn = al) > 6( 567 (ol ).

Let b, = || j(yn—q) —j(xXn+1—9)||. Observe that
[1yn = Xnr1ll < (@ + B2) (2M + 67 (J|AX0]])) < 6.

Then, by the uniform continuity of j, we see that || j(y,) —j(x,+1)|| <e.
It follows from Lemma 1.1 and the above discussions that

lI%ns1 — ql®
< (1= an)?llxn — gl + 20 (Tyn — 4,7 (Xns1 — ))
< (1 = an)l1%n — g2 + 4M by + 2an|lyn — gl
- 2an¢(”)’n —ql)lly» —all, (22)

which implies that
%11 — gl < Il — gli* < [67 (A0 ]I,
ie., ||Xn+1—qll < ¢ '(||Axo||). This is a contradiction.

Step 3 x,—q as n— oo.
It follows from the above arguments that

xns1 = ql* < 110 — ql* = cnd(llyn — al)llyn — all + 0(en) ~ (23)

for very large n, which implies that there exist infinite subsequences
{9} of {yn} and {x,} of {x,} such that y, — ¢ and x, — g asj— oo.
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By (IS), and induction, we can prove that x, — q as n— oo. Assume
that

o Bllyn —all) _

inf ——— 22 =¢g>0
n20 |lyn =4l

By using Lemma 1.1 and (IS),, we have

%0 = ql> < llyn — qli* + 284 (A%, j(xn — g))
< llyn — gl +2(M + ¢~ (|Ax0]1)) Bullxn — 4l
< llyn = gl +2(M + ¢~ (14%011)) Ball%n = yull + llyn — qll)
< llyn — ql* +2(M + ¢~ (| Ax0]1)) Bugp ™ (1 Ax0]|)
+2(M + 67 ([lAxol))* 55, (24)

which gives to

llyn — qlI* > lIxn — qll* — 2(M + ¢~ (|Ax0]1)) Bagp ™" (Il Axo]l)
— 2(M + ¢~ (|| Axo][))* B2 (25)

Substituting (25) in (23) yields to

a1 — glI* < (1 = 2004)||xn — qlf* + o(ctn). (26)

Without loss of generality, we assume o(c,) <20a, for all n>0.
Define iteratively a real sequence {6,}, > o as follows:

0 =1,
Oni1 = (1 = 20ap,)8, + 200,

for all n>0. Then we have that 6,<1, lim,_ . 0,=0 and
X, —x*|><r?0, for all n>0, where r=max{¢ '(||Axo|),1}.
This completes the proof.

Remark 8 In Theorem 2.4, the choice of the iteration parameters
{a,,} and {8,} depends on the initial value x,, but not the smoothness
px(7) of X. It is very interesting to determine the size of é. If X is a s-
uniformly smooth Banach space, we can give a actual size of 4.
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As a direct consequence of Theorem 2.4, we have the following:

COROLLARY 2.1  Let X be a real uniformly smooth Banach space and let
T: D(T) C X — X be a ¢-strongly quasi-accretive operator. Suppose that,
for some initial value xo€ D(T), ¢~ (|| Txo|)) is well-defined and there
exists a closed ball B={x¢eD(T):||x—xo| <3¢~ (| Txol|)} € D(T).
Let {a,} and {B,} be real sequences in [0, 1] satisfying the following
conditions:

(i) an, Bn—0 as n— oo;
(i) Dopogam = 0.

Define Sx=x—Tx for each x€ D(T). Then there exist positive
constants M(xy) and & such that the Ishikawa iteration process gen-
erated by

X0 € D(T),
Xpl = (1 - an)xn + pSyn, (IS)3
Yn = (1 - ,Bn)xn + BnSxn

for all n>0 is well-defined and converges strongly to the unique zero
point of T provided that

an+)6n5rm'n{ 6 ¢ (I} }

2M + ¢~ (|| Txoll)  2M + ¢~ (|| Txo )

Proof Observe that S:D(T)— X is ¢-hemicontractive. Thus the
conclusion of Corollary follows from Theorem 2.4.

Remark 9 The iterative scheme used in Corollary 2.1 is different from
one used in Theorem 2.3. We don’t know which one’s rate of
convergence is faster. It is very interesting to make some differences
between these two kinds of iterative schemes.
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