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In the area of stress-strength models there has been a large amount of work as regards
estimation of the reliability R = Pr(X < Y). The algebraic form for R = Pr(X < Y) has
been worked out for the vast majority of the well-known distributions when X and Y
are independent random variables belonging to the same univariate family. In this pa-
per, we consider forms of R when (X, Y') follows a bivariate distribution with dependence
between X and Y. In particular, we derive explicit expressions for R when the joint dis-
tribution is bivariate beta. The calculations involve the use of special functions.

1. Introduction

Bivariate beta distributions are tractable “lifetime” models in many areas, including life
testing and telecommunications. In the context of reliability, the stress-strength model
describes the life of a component which has a random strength Y and is subjected to
random stress X. The component fails at the instant that the stress applied to it exceeds
the strength and the component will function satisfactorily whenever Y > X. Thus, R =
Pr(X < Y) is a measure of component reliability. It has many applications especially in
engineering concepts, such as structures, deterioration of rocket motors, static fatigue
of ceramic components, fatigue failure of aircraft structures, and the aging of concrete
pressure vessels. Two examples are
(i) the receptor of a communication system operates only if it is stimulated by a
source where magnitude Y is greater than a random lower threshold X for the
system. In this case, R is the probability that the receptor operates,
(ii) if X and Y are future observations on the stability of an engineering design, then

R would be predictive probability that X is less than Y. Similarly, if X and Y

represent lifetimes of two electronic devices, then R is the probability that one

fails before the other.
Because of these applications, the calculation and the estimation of R = Pr(X < Y) is im-
portant for the class of bivariate beta distributions. The calculation of R has been exten-
sively investigated in the literature when X and Y are independent random variables be-
longing to the same univariate family of distributions. The algebraic form for R has been
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worked out for the majority of the well-known distributions, including normal, uniform,
exponential, gamma, beta, extreme value, Weibull, Laplace, logistic, and the Pareto dis-
tributions (Nadarajah [5, 6, 7, 8, 9]; Nadarajah and Kotz [10]). In this paper, we calculate
R when X and Y are dependent random variables from five flexible families of bivariate
beta distributions.

We will assume throughout this paper that (X, Y) has a bivariate beta distribution with
joint probability density function (pdf) f and joint survivor function F. One can write

R= J: ij(x,y)dydx. (L.1)

Our calculations of R make use of a number of special functions. They are the incomplete
beta function ratio defined by

— ; * a-1¢1 _ £\b—1 g4.
L@b) = 5o J et -0 (12)
the Gauss hypergeometric function (,F;) defined by

S (@)k(b)i x|

2Fi(a,bycx) = kgo o i (1.3)
and, the generalized hypergeometric function (sF,) defined by
* k

2Fy(a,b,cdesx) = > (@i(B)i(0) x° (1.4)
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where (f)r = f(f+1)---(f +k—1) denotes the ascending factorial. The properties of
these special functions being used can be found in [2, 11, 12, 13].

2. Dirichlet distribution

Dirichlet distribution has the joint pdf specified by
flox,y) = Kx1yP= (1 —x — y)~! (2.1)
forx>=0,y=0,x+y=<1,a>0,b>0,and c >0, where

_ TI(atb+o)
K= [(a)T(b)I(c) (2.2)

The reliability in (1.1) can be expressed as

12 1-x
R=KJ X! Y11 —x— ) ldydx
0

X

1/2 1
:KJ x“-1(1—x)b+f-lj 2131 = 2)dzdx (2.3)
0 x/(1-x)
1/2
= KB(Q b) J xu71(1 - x)h+6711(1f2x)/(17x)(c) b)dx>
0
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where the transformation z = y/(1 — x) has been applied. Using the relationship

L(a,B) = mﬁl(ml - Bsa+1;2), (2.4)

(2.3) can be rewritten as

R=

K (! 1-2
—ZJ 2711 = %) (1 = 2%)%F (c,l—b;c+1; x)dx
¢ Jo 1—-x

B K lzafl(l_z)afl
_C_z o (2—z)atbtl 2

(2.5)
Fi(¢c,1 = b;c+1;2)dz,

where the transformation z = (1 — 2x)/(1 — x) has been applied. Application of Lemma
A.3 shows that the integral in (2.5) can be calculated to give

_ KI'(a+b)T(c+1)

F(a,a+b+1,a+bya+1,a+b+c;—1). 2.6
ac’T(a+b+c) ha(a.a a a4 a 6=1) (2.6)

Elementary expressions for R can be obtained if one assumes that b or ¢ is an integer. If b
is an integer, then, by using the property

b

o la+i-1 o
Iz(a,b)—i;ir(a)r(i) Z(1-2)", (2.7)
it follows from (2.3) that
12 " T(e+i—1)(1-2x\/ x \
_ a— _a\bte—
R_KB(C’b)Jo #1-x) 1{121 (oI (1—x> <l—x> }dx
b - 1/2 )
—KB(c,b) S % L X1 = x)P7i(1 = 2x)°dx

i=1

o |

c+i—1) ! i+a— c Y -
2rara b7 (1=5) @

— —a rc+i—1) ! i+a— Cbii b—i Y ‘
= KB(c,b)2' ZWJ Yy (1 - y) go(_l)k( k )(E) dy

= KB(c,b)21*“Z
(2.8)

0

CHb—i\ (=D (c+i-1) (1,
:KB(C,b)zliaZ Z ( B 1) %’L y1+k+a72(1 _y)cdy

=i\ (~DFT(i+c— DT(i+k+a—1)
24kT(i+k+a+c— DTG

where the transformation y = 2x has been applied. Thus, for integer values of b, one can
express R as a finite sum of elementary functions. On the other hand, if ¢ is an integer,
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then, by using the property

Iz(C,ﬂ)Zl—zr(I,ﬁ(;)i 1) - 1(1—x)

i=1

it follows from (2.3) that one can write

R =KB(c,b) Jol/zx”’*l(l —x)b“l{l _ i F(b+i—‘1) (1 _2x>i*1<1

T'(b)I(i) 1-x

i=1
B o Ib+i-1) .
—KB(ab){I ;ir(b)r(i) J(z)},

where
1/2
I= J X711 —x)b*e ldx,
0
12 ‘ .
7(0) = J X1(1 — x)ei(1 = 20) .
0
By the definition of the incomplete beta function ratio,
I =B(a,b+c)1p(a,b+c)

and after transforming y = 2x — J (i) can be calculated as

1 c—i
J(i) = 2*(a+b) L ya+b—1(1 7},)171 (1 _ %) dy

— 27(a+b)’[1ya+h—l(1 _y)il{ i(_l)k (C;l) <_
0 —_

—(a+b) CZ:Z (C_ )J ya+b+k 1( )1 1dy

O

— p—(a+b) Z ( ) (a+b+k,i).

x>b}dx

) fo

Substituting (2.12) and (2.13) into (2.10), one obtains the elementary expression

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

R=KB(c,b){ (a,b+c)i2(a,b+c)— “”’)Z

i=1 k=0

for integer values of c.

© T e—i\ (=DFT(b+i—1)T(a+b+k)
~ 2kT(b)T(a+b+itk)

(2.14)
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3. Connor and Mosimann’s generalized Dirichlet distribution

Connor and Mosimann generalized Dirichlet distribution [1] has the joint pdf given by

flx,y) = Kx“_lyb_l(l —x)bdq —x—y)d_1 (3.1)
forx>0,y>0,x+y<1,a>0,b>0,d>0and c>b+d, where

_ T(a+)I(b+d)
K= rarerora: (3.2)

For this distribution, R can be expressed as

1/2 1-x
R:KJ x4 (1 —x)cbd yb_l(l—x—y)d_ldydx

1/2
= KJ (1 —x)~ II wt=1(1 — w)4 Ydwdx (3.3)
x/(1—x)

1/2
B(d, b)j 1= 0 T pen (d b)dx,

where the transformation w = y/(1 — x) has been applied. Using the relationship (2.4),
(3.3) can be rewritten as

1/2 1—2x
R=KJ X711 =) (1 - 2x0)LFy (d,l—b;l-i—d; T« )dx
0 _

1 (3.4)
= 2’(“+C)KJ (1= 2)* (1 —2/2)" 9, F,(d,1 - b;1 + d;2)dz,
0

which follows by transforming z = (1 — 2x)/(1 — x). Now, an application of Lemma A.3
shows that (3.4) can be reduced to

_ KT(d+1)T(a+b)
T al(a+b+d)

sBh(a,a+c,a+bja+1l,a+b+d;—1). (3.5)

As in Section 2, simpler expressions for R can be obtained for certain special cases. In
particular, if b is an integer, then, by using (2.7), one can show that

_ KT(b) ir(d+i— 1)B(a+i,d+1)

. . . 1
S 29T(b+d) & 2T(i) 2Fr (d—c+z,a+z,a+d+z+1,2). (3.6)

Also, if d is an integer, then, by using (2.9), one can show that

T(a+b) i iT(b+i—1)

R= KB(d, b){B(a:C)Il/Z(%C) - 2“+hr(b) I'(a+ b+i+ 1)
i=1

(3.7)
><2F1(b—c+i+1,a+b;a+b+i+1;%)},
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4. Inverted Dirichlet distribution

The inverted Dirichlet distribution has the joint pdf specified by

xaflybfl

Foy) = Ry yyarbne

forx=0,y=0,a>0,b>0,and c >0, where

_ TI(atb+o)
C T(a) (DI (c)

For this distribution, R can be expressed as

R= KJ a— IJ Ldydx
X 1+x+y)“”’+‘

x4~ 1 ) ybfl
=KJ f dydx
0 (1+x)a+b+c X (1+)//(1+X))a+b+c Y
p— K *
B a+cJo

1+x
x (DR (a+b+c,a+c;a+c+ 1;—T)dx,

where the last step follows by an application of Lemma A.4. On transforming y =

x)/x, (4.3) can be rewritten as

_ c—1 _
R= a+cJ (y—D"“F(atb+catcatc+l;—y)dy.

Now, the application of Lemma A.1 shows that (4.4) can be reduced to

K
R=—{B(c,—c)3F2(a+b+c,a+c,l;a+c+1,c+1;—1)
atc
I'(c)I'(a+b)
F(l-ca+bal—ca+1;-1)¢.
a(a+c)1"(a+b+c)3 2(l=c.a a4 o4 )

(4.1)

(4.2)

(4.3)

(1+

(4.4)

(4.5)

An elementary expression for R can be obtained if b is an integer. In this case, using the

property
2By —ay = Biysz) = (1= 2)*P05F (o, B3 y52)

one can rewrite (4.4) as

a+c{ (y—1D"Yy+1)'9 b= Fi(1-b,1;a+c+1; —y)dy,

(4.6)

(4.7)
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which can be calculated, using the definition of the Gauss hypergeometric function, as

b-1
_L ” _ 1)1 I-a—b-c M Nk
R_a+c 1 =DT+D kgo(a+c+1)k( y)dy
b-1
_ K (_l)k(l_b)kjw ki, _ 1)c—1 1-a-b-c
_a+ck:0 (a+c+1) 1 Y (}’ b (}/+1) dy
b-1, \k
g S =l j (142) 2 (z+2) -0 b<dz
atcz (atc+ 1l
b-1 k
— K (_l)k(l_b)kjw k I -1 1-a—b—c
_a+ck:0 (@tcr e Jo I:ZO )7 (7 (z+2) dz (4.8)
b-1
_ (1 - b)k J I+c—1 1-a-b-c
B a+Ckz;‘)lZ(:)( ) a+c+1)k 0 ‘ (2+Z) dz
-1 k
(1_b)kzljl cHl-171 _ . \at+tb—1-2
T atb-1(g +¢) 1(a+c g;‘);( ) (a+c+1) Ow (1=w) dw
b-1 k
(=Dk(1 - b)2! L
ZMIHC ZE() arci D B(c+lLa+b-1-1),

where the transformations z = y — 1 and w = 1/(2 + z) have been applied. A simpler ex-
pression than (4.5) can be obtained also if a + ¢ is an integer. In this case, by using the
property that for m > n,

2Fi(n,B3m;z) =

z”’”‘(m—1)!F([3—m+n)'§1 (1—n)r(m—n) (z—l)k
(1=z)r=mB(n—1)IT(P) S (m=B—n+1)ik!\ z (09)
4.9

z"(m—1)T(m—n—p) ’”‘Z"‘l (n—m+1)r(n)k (z—l)k
(m—n-1DITm-B) Z B-m+n+)k!\ z J~’

one can rewrite (4.7) as

R=

Klate- DM —a—b-g; K "5 (-a-de pp )
( Y

(—1)a+T(1 - b) Ca+b+c & (2-a-b—ok

where

I_J y a+c) _ cldy

( _1)61

(4.11)
](k) L yk+1(y+1)a+b+c k-1

dy.
On transforming w = 1/y, I can be calculated as

I= lecfl(l—w)“*ldw=B(c,a) (4.12)
0
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and, on transforming z = y — 1, J(k) can be calculated as

0 c—1
J(k):j1 : z dz

1+Z)k+1(2+z)a+b+c—k—l (4‘13)
=B(a+b,c),Fi(k+1—-a-b-ca+bja+b+c-1),

where the last step follows by application of Lemma A.5. Substituting (4.12) and (4.13)
into (4.10), one obtains the simpler expression

atc—1

R KT'(a)T(c)I'(1—a—b—-c¢) _KB(a+b,c) z (1-—a-o)
(=1)a*+I'(1-b) a+tb+c = 2-a-b-o) (4.14)

X Fi(k+1—a—-b—-ca+bja+b+c—1)

for integer values of a +c.

5. Lee’s generalized inverted Dirichlet distribution

Lee generalized inverted Dirichlet distribution [3] has the joint pdf given by

(bkx)*~1(bky)* !
(14 bkx)ate(1 + bky)ate

flx,y)=K 2F1<a+c,a+c;c; -k ) (5.1)

(1+bkx)(1+bky)
forx>0,y>0,a>0,b>0,c>0,and k >0, where

Dk (a+ o)

K= "rare (.2)

Using the definition of the Gauss hypergeometric function, the corresponding form of R
can be expressed as

(a+c)m(1—=Kk)m

— 2a-2 o (a+ C)m
R = K (bk) mZ:O Ot I(m), (5.3)
where
I ) xafl o0 ya_l d d 54
(Wl) B JO (1 +bkx)“+f+m Jx (1 +bk},)a+c+m yax. ( . )

An application of Lemma A.4 reduces this integral to

(bk)f(a+c+m) 00 yo—c—m—1
B c+m ,[o (14 bkx)atetm
_ (bk)72a 0 y2a+2m—1
ctm Jo (1+y)atctm

1
»Fy <a+c+m,c+m;c+m+ 1;——)dx
bkx
(5.5)

I(m)

2Fila+c+m,c+myc+m+1;—-y)dy,
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where the last step follows after transforming y = 1/(bkx). The integral in (5.5) can be

calculated by a direct application of Lemma A.2; so, it follows from (5.3) that

(a+)mla+c)m(l—k)™
(c+m)(c)pm!

R(ka:

X{B(2c+2m,a—c— m)

Xs3F(a+c+m,c+m,2c+2m;c+m+1l,c+m—a+1;1)

(c +m)I'2a) (c+m —a)
al'(a+c+m)

3B (2a,a,a+c+mya+l,a—c—m+ 1;1)}.

(5.6)

As in Section 4, simpler expressions for R can be obtained in certain special cases. In
particular, if 4 is an integer, then, using (4.6), one can show that

K ij( D)™ (a+c)m(atc)m(1-k)"(1-a),

(b0 (c+m)()m(c+m+1),m! B(2c+2m+n,2a—n—1).

m=0 n=0
(5.7)
Also, if ¢ is an integer, then, using (4.9), one can show that
i a+c)m(a+c),(1—Kk)m
o (c+m)(c)pm!
I'(@)I2(c+m)(1—a—c—m) (5.8)
(=D)mT(a+c+m)I(1—a) ’

1 C+i71 (1—c—m),

— B(2c+2m—-—n—-1,2 .
atc+tm-—1 2-a—c—m), (2c+2m—n a)}

n=0

6. Beta Stacy distribution
The beta Stacy distribution (Mihram and Hultquist [4]) has the joint pdf specified by

fxp) = Wllwxpﬂyhc—pw(y_x)q—l exp{ _ <%) } (6.1)

for y>x=0,a>0,b>0, —0 <c<oco, p>0,and g >0. By definition, it is clear that
R=1.
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Appendix
Some technical lemmas required for the calculations above are noted below.
Lemma A.1 (Prudnikov et al. [13, equation (2.21.1.13)]). For >0 and f3 >0,

I x*(x — y)P15F (a,b;c;—wx)dx
y

=B(B,1—a—B)y**P 3F(a,b,a;c,a+ B —wy)

+Kw' P B (1-Ba—a—f+1,b—a—B+1;2—a—fc—a—B+15-wy),

where

_ Fre)fa-—a-p+1)Ib—a—-p+ I (a+f—-1)

K T(a)I(B)[(c—a—B+1)

LEMMA A.2 (Prudnikov et al. [13, equation (2.21.1.15)]). For a >0,

J x* Y x +2) P, F (a,b;c; —wx)dx
0

=2z"FPB(a,p — a)sF(a,b,a5c,a — p+ 15 wz)
+Kwl %3F(a—a+p,b—a+p,p;c—a+p,p—at+l;wz),
I'(o)T(a—a+p)T(b—a+p)

K= T rc—arp)

LemmMa A.3 (Prudnikov et al. [13, equation (2.21.1.22)]). For ¢ >0 and 8 >0,

Y oaC=1(a _ 4 \p-1

J %zﬂ (a,b;c;f)dx

o (1-2x) y
Kchrﬁ—l

g er _ ._JZ
3F2(ﬁ,p,c a-b+pc—a+pfec b+[3,yz_1

)

C(1-y2)p
where

_T(r(Br(c—a-b+p)
C T(c—a+P)T(c-b+p)’

LemMa A.4 (Gradshteyn and Ryzhik [2, equation (3.194.2)]). Forv>u >0,

) xﬂfl d u‘“*v F - . 1 )
) L+per ™ " PO’ (o=t pu)

LemMA A.5 (Gradshteyn and Ryzhik [2, equation (3.197.9)]). For u>A >0,

wa1*1(1 +x) #(x+B) Vdx = B(u — LA F1(v,p — Asps 1 = B).
0

(A1)

(A.2)

(A.3)

(A4)

(A5)

(A.6)

(A7)
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