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An antiplane problem of a stress deformation condition of a piecewise wedge consisting
of two heterogeneous wedges with different opening angles and containing on the line of
their attachment a system of arbitrary finite number of collinear cracks is investigated.
With the help of Mellin’s integral transformation the problem is brought to the solution
of the singular integral equation relating to the density of the displacement dislocation
on the cracks, which then is reduced to a system of singular integral equations with ker-
nels being represented in the form of sums of Cauchy kernels and regular kernels. This
system of equations is solved by the known numerical method. Stress intensity factors
(SIF) are calculated and the behavior of characteristic geometric and physical parame-
ters is revealed. Besides, the density of the displacement dislocation on the cracks, their
evaluation, and J-integrals are calculated.

1. Introduction

Numerous problems of antiplane deformation of elastic homogeneous and heteroge-
neous bodies of different geometric forms, containing cracks, are well known from [3,
8, 11, 12, 13]. In such problems elastic bodies are usually taken in the form of an infi-
nite space, half-space, layer, infinite circular or noncircular (e.g., elliptic) cylinder spaces
with cylindrical opening, and so forth. The problems of antiplane deformation of wedge-
shaped bodies with cracks, especially of heterogeneous ones are not sufficiently stud-
ied. Here we can mention the scientific works [4, 6] and also [15], which is close to
the investigation. It should be mentioned here that these problems are of interest in the
mechanics of composites and generally in designing various constructions with angular
points, which are exposed to force input causing antiplane deformation. Round the an-
gular points there usually occur strong stress concentrations owing to which in bodies
there may be formed and propagated cracks.

In the present work on the basis of the theory of elasticity we investigate the prob-
lem of a stress deformation condition of a piecewise-uniform wedge-shaped body with
an antiplane deformation consisting of two heterogeneous wedges with various opening
angles and containing an arbitrary finite number of intercrossing cracks on the seal line.
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Figure 2.1. Geometry and loading of a piecewise-uniform wedge at an antiplane deformation with a
system of collinear internal cracks L=⋃N

k=1(ak ,bk) at the interface.

With the help of Mellin’s integral transformation we derive the principal equation of the
problem which on the assembly of the cracks gives the determinative integral equation
(DIE) of the problem with respect to the density of the displacement dislocations of the
crack edges, but outside of the crack system on the line of their disposition defines the
tangential breaking stress. The kernel structure of DIE is investigated and as a result the
equation is represented as a sum of its singular parts: Cauchy kernels and regular kernels.
Further, DIE is transformed into a system of singular integral equations for the solution
of which we use the numerical method developed in [5, 14].

After the definition of the density of the displacement dislocations on the cracks from
DIE we define the stress intensity factors (SIF), J-integrals, representing the velocities of
the energy release of elastic deformation at the end zones of the cracks and opening of
the cracks. The behavior of the SIF is studied on a large scale of changes of characteristic
geometric and physical parameters.

2. Formulation of the problem and derivation of determinative equations

We consider an infinite elastic wedge-shaped body in a right rectangular Cartesian sys-
tem of coordinates Oxy, which is in condition of antiplane deformation (longitudinal
shear) in the direction of axis Oz with datum plane Oxy and consists of two heteroge-
neous wedges with shear moduli G+, G−, with opening angles α+, α−(0 < α+ +α− < 2π),
respectively. On the plane of their seal y = 0 the composite wedge contains a system of
the arbitrary number N of nonintercrossing cracks in the form of strips. Traces of these
cracks on axis Ox form the collection of intervals (Figure 2.1)

L=
N⋃
k=1

(
ak,bk

) (
ak < bk; k = 1,2, . . . ,N ; bk < ak+1; k = 1,2, . . . ,N − 1

)
. (2.1)

Furthermore, let the antiplane body deformation be accomplished by distributing along
the wedge faces and crack edges tangential horizontal forces acting in the direction of axis
Oz.
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To describe these loads on datum plane Oxy, we introduce the polar system of coor-
dinates (r,θ) with a pole at the beginning of the coordinate O and with the polar axis Or
coinciding with axis Ox. Assume that such loads act on the faces of the wedges:

τθz|θ=±α± = f±(r) (0 < r <∞) (2.2)

and the following loads on the edges of the cracks:

τθz|θ=±0 =−τ±(r) (r ∈ L). (2.3)

Here the limiting equalities θ =±0(r ∈ L) define the upper and lower edges of the crack
systems, respectively, f±(r) and τ±(r) are preliminarily given functions from a rather gen-
eral class of functions with finite integrals (resultants) in their domains of definition, and
τθz is the stress component.

For these assumptions it is necessary to define the main mechanic characteristics of
the given problem, such as the dislocation density, SIF, J-integrals, and openings of the
cracks.

We derive the determinative equation of the problem. For this purpose the composite
wedge must be divided into two parts with the help of the seal line of variable wedges,
that is, the polar axis θ = 0:

D+ =
{

0≤ r <∞; 0 < θ < α+
}

, D− = {0≤ r <∞; −α− < θ < 0}, (2.4)

and here we must introduce the following for consideration of the load:

τϑz|ϑ=±0 =−T±(r)=
−τ±(r) (r ∈ L),

−τ(r) (r ∈ L′)(L′ = [0,∞)\L), (2.5)

and also the singular different from zero components of the points of displacement of
elastic wedges at an antiplane deformation

u±z =w±(r,θ)
(
(r,θ)∈D±

)
(2.6)

satisfying Laplace equation in region D±. Furthermore taking into account Hooke’s law
we consider the following boundary problems in region D±:

∂2w±
∂r2

+
1
r

∂w±
∂r

+
1
r2

∂2w±
∂θ2

= 0
(
(r,θ)∈D±

)
,

τθz|θ=±0 = G±
r

∂w±
∂θ

|θ=±0 =−T±(r) (0 < r <∞),

τθz|θ=±α± =
G±
r

∂w±
∂θ

|θ=±α± = f±(r) (0 < r <∞),

τθz, τrz −→ 0 (r −→∞).

(2.7)
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We construct the solution of boundary problems (2.7) by applying the method of Mellin’s
integral transform. For this purpose we must introduce Mellin’s transformations

w̄±(p,θ)=
∫∞

0
w±(r,θ)r p−1dr, (2.8a)

τ̄θz(p,θ)=
∫∞

0
τθz(r,θ)r pdr, (2.8b)

T̄±(p)=
∫∞

0
T±(r)r pdr, (2.8c)

f̄±(p)=
∫∞

0
f±(r)r pdr. (2.8d)

To define a strip of Mellin’s integral of regularities we must assume as in [16] that the
stresses τθz and τrz at infinity have the order 1/r and on a wedge face in the vicinity of the
tip (r → 0) have the order r−ε(0 < ε < 1). Then, to provide the convergence of the integrals
(2.8b) and (2.8d) it is sufficient to assume that the complex variable p changes in limits
of the strip

ε− 1 < Re p < 0 (0 < ε < 1). (2.9)

As regards the integrals (2.8a) they should be considered in the limits of the theory of
generalized functions. On the whole it is more convenient to consider the Mellin’s integral
transform applied here as the theory of generalized functions.

Thus, we multiply both sides of the differential equation from (2.7) by r p+1, the bound-
ary conditions by r p, and then the obtained equalities we integrate for r over the interval
(0,∞). Applying the elementary properties of Mellin’s transform we arrive at the follow-
ing boundary problem for ordinary differential equations:

d2w̄±
dθ2

+ p2w̄± = 0
(
θ ∈ (0,α+

)⋃
θ ∈ (−α−,0

))
,

G±
dw̄±
dθ

|θ=±0 =−T̄±(p), G±
dw̄±
dθ

|θ=±α± = f̄±(p).
(2.10)

Solutions of the boundary problem (2.10) have the following form:

w̄±(p,θ)=∓ 1
pG±

{[
ctg
(
pα±

)
cos(pθ)± sin(pθ)

]
T±(p) +

cos(pθ)
sin(pα±)

f̄±(p)

}
(
0≤ θ ≤ α±; −α− ≤ θ ≤ 0

)
,

(2.11)

wherefrom we find

w̄±(p,0)=∓ 1
pG±

[
ctg
(
pα±

)
T̄±(p) +

f̄±(p)
sin

(
pα±)

]
. (2.12)

Hence, by the formula of Mellin’s inverse transform we have

dw±(r,0)
dr

=± 1
2πiG±

∫
Γ

[
ctg
(
pα±

)
T̄±(p) +

f̄±(p)
sin

(
pα±

)]r−p−1dp, (2.13)
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where contour Γ is the straight line parallel to the imaginary axis and is located in the strip
(2.9). Applying the residue theory or the known integrals from [1, page 301, formula (13)
and page 302, formula (19)] when n= 1 we easily obtain that

dw±(r,0)
dr

=± r
π/α±−1

α±G±

[∫∞
0

T±(r0)dr0

rπ/α±0 − rπ/α± −
∫∞

0

f±
(
r0
)
dr0

rπ/α±0 + rπ/α±

]
(0 < r <∞). (2.14)

This result in this particular case of the half-planes (α+ = α− = π) coincides with the
known results of [9].

However, for further investigation it is convenient not to appeal to the original equal-
ities and to manipulate with (2.12) of Mellin’s images.

Further, we took into consideration the sum and difference of the derivatives of the
displacements on the seal line of heterogeneous wedges:

Ω(r)= dw+(r,0)
dr

+
dw−(r,0)

dr
,

Φ(r)= dw+(r,0)
dr

− dw−(r,0)
dr

(0 < r <∞),
(2.15)

and also their Mellin’s images

Ω̄(p)=
∫∞

0
Ω(r)r pdr, Φ̄(p)=

∫∞
0
Φ(r)r pdr. (2.16)

It is obvious that owing to the infinity of the displacements on L′(L′ = [0,∞)\L is the
additional to L system of intervals) we may introduce

Φ(r)=
ϕ(r) (r ∈ L),

0 (r ∈ L′). (2.17)

The function ϕ(r) defines the density of the displacement dislocations on the system of
the cracks.

Taking into account the functions introduced by means of (2.12) we get the following
system of linear algebraic equations for T̄±(p):

ctg
(
pα+

)
G+

T̄+(p) +
ctg
(
pα−

)
G−

T̄−(p)= Φ̄(p)− f̄+(p)
G+ sin

(
pα+

) − f̄−(p)
G− sin

(
pα−

) ,

ctg
(
pα+

)
G+

T̄+(p)− ctg
(
pα−

)
G−

T̄−(p)= Ω̄(p)− f̄+(p)
G+ sin

(
pα+

) +
f̄−(p)

G− sin
(
pα−

) . (2.18)

The solution of this system has the following form:

T̄±(p)= G±
2
tg
(
pα±

)[
Φ̄(p)± Ω̄(p)

]− f̄±(p)
cos

(
pα±

) , (2.19)
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hence we form the expression T̄+(p)± T̄−(p) as

T̄+(p) + T̄−(p)= 1
2

[
G+tg

(
pα+

)
+G−tg

(
pα−

)]
Φ̄(p)

+
1
2

[
G+tg

(
pα+

)−G−tg(pα−)]Ω̄(p)

− f̄+(p)
cos

(
pα+

) − f̄−(p)
cos

(
pα−

) ,

T̄+(p)− T̄−(p)= 1
2

[
G+tg

(
pα+

)−G−tg(pα−)]Φ̄(p)

+
1
2

[
G+tg

(
pα+

)
+G−tg

(
pα−

)]
Ω̄(p)

− f+(p)
cos

(
pα+

) +
f−(p)

cos
(
pα−

) .

(2.20)

Now, from the second equation we define Ω̄(p) and represent its expression in the first
equation. As a result of elementary transformations, we arrive at the following key equa-
tion in Mellin’s images for our problem:

T̄+(p) + T̄−(p)= 2G+
tg
(
pα+

)
tg
(
pα−

)
χtg

(
pα+

)
+ tg

(
pα−

) Φ̄(p)

+
χtg

(
pα+

)− tg(pα−)
χtg

(
pα+

)
+ tg

(
pα−

) [T̄+(p)− T̄−(p)
]

− 2tg
(
pα−

)
f̄+(p)

cos
(
pα+

)[
χtg

(
pα+

)
+ tg

(
pα−

)]
− 2χtg

(
pα+

)
f̄−(p)

cos
(
pα−

)[
χtg

(
pα+

)
+ tg

(
pα−

)](
ε− 1 < Re p < 0; 0 < ε < 1, χ = G+

G−

)
.

(2.21)

To write down (2.21) in originals we must mention that the factors introduced into it at
Φ̄(p), T̄+(p)− T̄−(p) and f±(p) are analytical on the imaginary axis of Re p = 0 function.
Therefore, in the formula of Mellin’s inversion integral transform, the imaginary axis may
be accepted as the line of integration Γ, and, hence we can introduce p = iλ(−∞ < λ <∞)
in (2.21). As a result the key equation (2.21) in originals is represented in the following
form:

T+(r) +T−(r)=−2G+

πr

∫
L
K
(
r,r0

)
ϕ
(
r0
)
dr0

+
1
πr

∫
L
R
(
r,r0

)[
τ+
(
r0
)− τ−(r0

)]
dr0

− 2
πr

∫∞
0
M
(
r,r0

)
f+
(
r0
)
dr0− 2χ

πr

∫∞
0
N
(
r,r0

)
f−
(
r0
)
dr0(

χ = G+

G−
; 0 < r <∞

)
.

(2.22)
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The following designations are introduced here:

K
(
r,r0

)= ∫∞
0

th
(
λα+

)
th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) sin
(
λ ln

r0

r

)
dλ, (2.23a)

R
(
r,r0

)= ∫∞
0

χ th
(
λα+

)− th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) cos
(
λ ln

r0

r

)
dλ, (2.23b)

M
(
r,r0

)= ∫∞
0

th
(
λα−

)
cos

(
λ ln

(
r0/r

))
ch
(
λα+

)[
χ th

(
λα+

)
+ th

(
λα−

)]dλ, (2.23c)

N
(
r,r0

)= ∫∞
0

th
(
λα+

)
cos

(
λ ln

(
r0/r

))
ch
(
λα+

)[
χ th

(
λα+

)
+ th

(
λα−

)]dλ (
0 < r, r0 <∞

)
. (2.23d)

It is obvious that kernels M(r,r0) and N(r,r0) are of somewhat quick converging cosine-
Fourier integrals, but kernels K(r,r0) and R(r,r0) are diverging, in general sense, sine
and cosine-Fourier integrals, which must be understood in the sense of the theory of
generalized functions [7]. To investigate the structure of kernels K(r,r0) and R(r,r0) we
must use the method of asymptotic disintegration of Fourier integrals [7].

Firstly, we consider kernel K(r,r0) from (2.23a). As

th
(
λα+

)
th
(
λα−

)
χ th

(
λα+

)
+ th(λα−

) ∼ 1
χ+ 1

(λ−→ +∞), (2.24)

with the use of the method of asymptotic analysis of Fourier integrals [7], the kernel will
have the form

K
(
r,r0

)= ∫∞
0

[
th
(
λα+

)
th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) − 1
χ+ 1

]
sin

(
λ ln

r0

r

)
dλ

+
1

χ+ 1

∫∞
0

sin
(
λ ln

r0

r

)
dλ,

(2.25)

where the last integral is understood in the sense of the theory of generalized functions
and is expressed by the formula [7, page 43]∫∞

0
sin

(
λ ln

r0

r

)
dλ= 1

lnr0− lnr
. (2.26)

Taking into account this equation after simple transformations we have

K
(
r,r0

)= 1
χ+ 1

[
1

lnr0− lnr
−
∫∞

0
Ωχ
(
λ,α+,α−

)
sin

(
λ ln

r0

r

)
dλ

]
(
0 < r, r0 <∞

)
,

(2.27a)

Ωχ
(
λ,α+,α−

)= [− th
(
λα+

)
th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) +
1

χ+ 1

]
(χ+ 1)

= χ th
(
λα+

)[
1− th

(
λα−

)]
+ th

(
λα−

)[
1− th

(
λα+

)]
χ th

(
λα+

)
+ th

(
λα−

) .

(2.27b)
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Further, we represent function th(λα) (λ,α > 0) as absolutely converging infinite series

th(λα)= 1 + 2
∞∑
k=1

(−1)ke−2kλα (0 < λ, α <∞), (2.28)

with the help of which for function (2.27b) we may write down the following asymptotic
formulas:

Ωχ
(
λ,α+,α−

)∼ 2ψK
(
χ,α+,α−

)
e−2γλ + o

(
e−2γλ) (λ−→ +∞), (2.29a)

γ =min
(
α+,α−

)
, (2.29b)

ψK
(
χ,α+,α−

)=


(χ+ 1)−1
(
α+ < α−

)
,

1
(
α+ = α−

)
,

χ(χ+ 1)−1
(
α+ > α−

)
.

(2.29c)

Taking into account the expression of the known sine-Fourier integral from the expo-
nential function in [1, page 71, formula 2.4(1)] with the help of (2.29a), we obtain the
following representation of kernel (2.27a):

K
(
r,r0

)= 1
χ+ 1

[
1

lnr0− lnr
−K0(r,r0)

]
, (2.30a)

K0
(
r,r0

)= 2ψK
(
χ,α+,α−

) lnr0− lnr(
lnr0− lnr

)2
+ 4γ2

+Q0
(
r,r0

)
, (2.30b)

Q0
(
r,r0

)= ∫∞
0

[
Ωχ
(
λ,α+,α−

)− 2ψK
(
χ,α+,α−

)
e−2γλ

]
× sin

(
λ ln

r0

r

)
dλ

(
0 < r, r0 <∞

)
,

(2.30c)

where γ and functions Ωχ(λ,α+,α−), ψK (x,α+,α−) are given by the formulas (2.29b),
(2.27b), and (2.29c), respectively. In formula (2.30a) kernel K(r,r0) is represented by the
sum of the principal and regular parts, and regular kernel Q0(r,r0) from (2.30c), accord-
ing to (2.29a), is somewhat quickly converging sine-Fourier integral.

Passing to the investigation of the structure of kernel R(r,r0) from (2.23b), we find
that

χ th
(
λα+

)− th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) ∼ χ− 1
χ+ 1

(λ−→ +∞). (2.31)

Hence we may write

R
(
r,r0

)=∫∞
0

[
χ th

(
λα+

)− th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) − χ− 1
χ+ 1

]
cos

(
λ ln

r0

r

)
dλ

+
χ− 1
χ+ 1

∫∞
0

cos
(
λ ln

r0

r

)
dλ

(
0 < r, r0 <∞

)
,

(2.32)
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where the last integral is again understood in the sense of the theory of generalized func-
tions. As in [7, page 43],

∫∞
0

cosλx dλ= πδ(x), (2.33)

where δ(x) is known as Dirac’s delta function, after simple transformations we have

R
(
r,r0

)= π χ− 1
χ+ 1

δ
(

ln
r0

r

)
+

2χ
1 + χ

R0
(
r,r0

) (
0 < r, r0 <∞

)
, (2.34a)

R0
(
r,r0

)= ∫∞
0

th
(
λα+

)− th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) cos
(
λ, ln

r0

r

)
dλ. (2.34b)

Kernel R0(r,r0) is the ordinary converging cosine-Fourier integral by the same consider-
ation as above. Taking into account the expression of the known cosine-Fourier integral
from the exponential function in [1, page 23, formula 1.4(1)] we obtain

R0
(
r,r0

)=−4ψR
(
χ,α+,α−

) γ(
lnr0− lnr

)2
+ 4γ2

+P0
(
r,r0

) (
0 < r, r0 <∞

)
,

(2.35a)

P0
(
r,r0

)= ∫∞
0

[
th
(
λα+

)− th
(
λα−

)
χ th

(
λα+

)
+ th

(
λα−

) + 2ψR
(
x,α+,α−

)
e−2γλ

]
cos

(
λ ln

r0

r

)
dλ,

(2.35b)

ψR
(
χ,α+,α−

)=


(χ+ 1)−1
(
α+ < α−

)
,

0
(
α+ = α−

)
,

−(χ+ 1)−1
(
α+ > α−

)
.

(2.35c)

Kernels P0(r,r0) are somewhat quickly converging cosine-Fourier integral.
Then taking into account (2.30a), (2.30b), and (2.34) we finally write the key equation

of the problem (2.22) as follows:

T+(r) + χT−(r)=−G+

πr

∫
L

[
1

lnr0− lnr
−K0

(
r,r0

)]
ϕ
(
r0
)
dr0

+
χ

πr

∫
L
R0
(
r,r0

)[
τ+
(
r0
)− τ−(r0

)]
dr0

− 1 + χ
πr

∫∞
0
M
(
r,r0

)
f+
(
r0
)
dr0

− χ(1 + χ)
πr

∫∞
0
N
(
r,r0

)
f−
(
r0
)
dr0

(
0 < r <∞; χ = G+

G−

)
.

(2.36)

Here kernels K0(r,r0), R0(r,r0), M(r,r0), and N(r,r0) are given by formulas (2.30b),
(2.30c), (2.34b), (2.23c), and (2.23d), respectively, and for kernel R0(r,r0) the represen-
tation (2.35) is valid.
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Further, we must consider the key equation (2.36) on the system of cracks L. As a
result we arrive at the following determinative integral equation (DIE) of the problem
with respect to the displacement dislocation on crack ϕ(r):

1
π

∫
L

[
1

lnr0− lnr
−K0

(
r,r0

)]
ϕ
(
r0
)
dr0 = F(r) (r ∈ L), (2.37a)

F(r)=−τ+(r) + χτ−(r)
G+

r +
χ

πG+

∫
L
R0
(
r,r0

)[
τ+
(
r0
)− τ−(r0

)]
dr0

− 1 + χ
πG+

∫∞
0
M
(
r,r0

)
f+
(
r0
)
dr0− χ(1 + χ)

πG+

∫∞
0
N
(
r,r0

)
f−
(
r0
)
dr0 (r ∈ L).

(2.37b)

The solution of DIE (2.37a) must satisfy the specific conditions. Without discussion of
various particular cases of the characteristic parameters α+, α−, x and the case of a crack
reaching the tip of a composite wedge, where DIE (2.37a) admits closed solutions and
which is the subject of a special investigation, we must consider only internal nonbound-
ary end cracks, that is, we must assume that a1 > 0 and the sum of interval lengths of
system L is finite (Figure 2.1). Then these conditions will be

∫ bk
ak
ϕ
(
r0
)
dr0 = 0

(
k = 1,N

)
(2.38)

expressing the conditions of unambiguity (continuity) of the displacements at the tips of
the cracks.

Hence, the key equation (2.36) must be considered apart from the system of cracks on
the line of their location, that is, on L′. As a result we obtain the following expression of
the tangential breaking stresses:

−τθz(r,0)= τ(r)=− G+

π(1 + χ)r

∫
L

[
1

lnr0− lnr
−K(r,r0

)]
ϕ
(
r0
)
dr0

+
χ

π(1 + χ)r

∫
L
R0
(
r,r0

)[
τ+
(
r0
)− τ−(r0)

]
dr0

− 1
πr

∫∞
0
M
(
r,r0

)
f+
(
r0
)
dr0

− χ

πr

∫∞
0
N
(
r,r0

)
f−
(
r0
)
dr0

(
r ∈ L′).

(2.39)

Thus, after constructing the solution of DIE (2.37a) under the conditions of (2.38) the
tangential breaking stress is determined by formula (2.39).

3. Reduction of DIE to a system of singular integral equations and description
of the numerical method of its solution

For this purpose, firstly, we appeal to the new variables in (2.37)

r = a1e
t, r0 = a1e

u, (3.1)
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where we assume a1 > 0. Then DIE (2.37a) is transformed into the following singular
integral equations:

1
π

∫
L0

[
1

u− t − K̃0(u− t)
]
ϕ0(u)du= F0(t)

(
t ∈ L0

)
, (3.2a)

L0 =
N⋃
k=1

(
αk,βk

)
, (3.2b)

αk = ln
(
ak
a1

)
, βk = ln

(
bk
a1

)
, (3.2c)(

α1 = 0, αk > 0, k = 2,N ; βk > 0, k = 1,N
)
. (3.2d)

Here we introduce the following designations:

ϕ0(t)= rϕ(r)
a1

= etϕ(a1e
t
)
, (3.3a)

K̃0(u− t)= K0
(
r,r0

)= K0
(
a1e

t,a1e
u
)

= 2ψK
(
χ,α+,α−

) u− t
(u− t)2 + 4γ2

+ Q̃0(u− t),
(3.3b)

Q̃0(u− t)=Q0
(
r,r0

)=Q0
(
a1e

t,a1e
u
)
, (3.3c)

F0(t)= F(r)= F(a1e
t
)=−[τ0

+(t) + χτ0
−(t)

]
+
χ

π

∫
L0

R̃0(u− t)[τ0
+(u)− τ0

−(u)
]
du

− 1 + χ
π

∫∞
−∞

M̃0(u− t) f 0
+ (u)du− χ(1 + χ)

π

∫∞
−∞

Ñ0(u− t) f 0
−(u)du,

(3.3d)

τ0
±(t)= rτ±(r)

G+a1
= etτ±

(
a1et

)
G+

, (3.3e)

f 0
±(t)= r f±(r)

G+a1
= et f±

(
a1et

)
G+

, (3.3f)

R̃0(u− t)= R0
(
r,r0

)= R0
(
a1e

t,a1e
u
)
, (3.3g)

M̃0(u− t)=M(r,r0
)=M(a1e

t,a1e
u
)
, (3.3h)

Ñ0(u− t)=N(r,r0
)=N(a1e

t,a1e
u
)
. (3.3i)

It should be mentioned here that the kernel of (3.2a) is presented by the algebraic sum of
its singular part as Cauchy kernel 1/(u− t) and in the regular part as a regular kernel from
the difference of arguments K̃0(u− t) expressed by formulas (3.3b), (2.30b), (2.30c), and
(2.27b).

Now, we transform each interval (αk,βk) of the collection L0 from (3.2b) into the in-
terval (−1,1), for which in (3.2a) we introduce

t = βk −αk
2

ξ +
βk +αk

2
, u= βk −αk

2
η+

βk +αk
2

(
k = 1,N , −1 < ξ, η < 1

)
. (3.4)
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After elementary transformations we reduce (3.2a) into the following system of the sin-
gular integral equations:

1
π

∫ 1

−1

{
1

η− ξ − νkQ̃0
[
νk(η− ξ)

]− 2(η− ξ)ψK
(
χ,α+,α−

)
(η− ξ)2 + 16γ2

k

}
ϕ0
k(η)dη

+
1
π

N∑
m=1
m�=k

∫ 1

−1

{
1

η− δkmξ − νmQ̃0
[
νm
(
η− δkmξ

)]− 2
(
η− δkmξ

)
ψK
(
χ,α+,α−

)(
η− δkmξ

)2
+ 16γ2

m

}

×ϕ0
m(η)dη = F0

k (ξ)
(− 1 < ξ < 1; k = 1,N

)
,

(3.5a)

ϕ0
m(ξ)= ϕ0

(
βm−αm

2
ξ +

βm +αm
2

)
, (3.5b)

F0
k (ξ)= F0

(
βk −αk

2
ξ +

βk +αk
2

) (
k,m= 1,N

)
, (3.5c)

νm = βm−αm
2

, (3.5d)

δkm = βk −αk
βm−αm , (3.5e)

γm = γ

βm−αm
(
γ =min

(
α+,α−

))
. (3.5f)

Here the designations Q̃0(u− t), ϕ0(t), and F0(t) are the same as in (3.3b) and (3.3i).
With the help of the same formulas of substitution of the variables (3.1) and (3.4), the
conditions of (2.38) are transformed into the following:∫ 1

−1
ϕ0
k(η)dη= 0

(
k = 1,N

)
. (3.6)

Thus DIE (2.37a) may be reduced to the system of singular integral equations (3.5a)
under conditions (3.6).

Here for system (3.5) we can apply the known numerical method of the solution of
singular integral equations [5, 14] based on Gauss quadrature formula for a singular inte-
gral of Cauchy type and for an ordinary integral containing positive weighting functions.
This method is stated briefly in [12] for problems of cracks. Following [12] we assume the
natural number M and introduce the roots of Chebyshev’s polynomial of the first type
TM(η)= cos(M arccosη):

η� = cos

(
2�− 1

2M
π

) (
� = 1,M

)
, (3.7)

which are the nodes of the mentioned quadrature formulas. We must also introduce the

roots of Chebyshev’s polynomial of the second type UM−1(ξ) = sin(M arccosξ)/
√

1− ξ2,
determined by the formula

ξn = cos
πn

M

(
n= 1,M− 1

)
. (3.8)
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Then, we represent the solution of system (3.5a) in the form

ϕ0
k(ξ)= X0

k (ξ,χ)√
1− ξ2

(− 1 < ξ < 1; k = 1,N
)
, (3.9)

where function X0
k (ξ,χ) (−1≤ ξ,χ =G+/G−) belongs to Hölder’s class of functions. Pro-

ceeding from (3.9) and (3.7)-(3.8) and according to the given method and conditions
(3.6) we must reduce the system (3.5a) to the following finite system of linear algebraic
equations:

M∑
�=1

X0
k (η,χ)
M

{
1

η� − ξn − νkQ̃0
[
νk
(
η� − ξn

)]− 2
(
η� − ξn

)
ψK
(
χ,α+,α−

)(
η� − ξn

)2
+ 16γ2

k

}

+
M∑
�=1

N∑
m=1
m�=k

X0
m

(
η� ,χ

)
M

{
1

η� − δkmξn − νmQ̃0
[
νm
(
η� − δkmξn

)]

−2
(
η� − δkmξn

)
ψK
(
χ,α+,α−

)(
η� − δkmξn

)2
+ 16γ2

m

}
= F0

k

(
ξn
)
,

(
n= 1,M− 1; k = 1,N

)
,

N∑
�=1

X0
k

(
η� ,χ

)= 0.

(3.10)

LetMN denote the number of unknowns X0
k (η� ,χ) in system (3.10), and also the number

of the equations.

4. Expressions of principal mechanic characteristics of the problem

By solution of the algebraic system (3.10) we express basic mechanic characteristics of
the stated problem of cracks, which are the stress intensity factors (SIF), J-integrals, and
openings of the cracks.

Firstly, we solve SIF. As in case of a homogeneous body with antiplane deformation we
determine the SIF at the crack tips (ak,bk) by formulas

KIII
(
ak
)= lim

r→ak−0

[√
2π
(
ak − r

)
τθz

]
=− lim

r→ak−0

[√
2π
(
ak − r

)
τ(r)

]
, (4.1a)

KIII
(
bk
)= lim

r→bk+0

[√
2π
(
r− bk

)
τθz

]
=− lim

r→bk+0

[√
2π
(
r−bk

)
τ(r)

] (
k=1,N

)
, (4.1b)

where τ(r) is expressed by the formula (2.39). With the help of (2.39) the formula (4.1)
obtains the form

KIII
(
ak
)= √

2πG+

π(1 + χ)ak
lim

r→ak−0

[√
ak − r

∫ bk
ak

ϕ
(
r0
)

lnr0− lnr
dr0

]
. (4.2)
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Substitution of variables (3.1) in this equality gives

KIII
(
ak
)= √

2πa1G+

π(1 + χ)
√
ak

lim
t→ak−0

[√
ak − t

∫ βk
αk

ϕ0(u)
u− t du

]
. (4.3)

Now, the density Cauchy integral in the vicinity of the point αk can be represented as

ϕ0(t)= ϕ∗0 (t)√
t−αk

(
t −→ αk + 0

)
, (4.4)

where ϕ∗0 (t) is Hölder’s function and we can take the advantage of known properties of
the Cauchy type integral at the end points of integration intervals [10]. As a result we
obtain

KIII
(
ak
)= √

2πa1G+

(1 + χ)
√
ak

lim
t→αk+0

[√
t−αkϕ0(t)

]
. (4.5)

Going back to the former variable r according to (3.1) we finally find

KIII
(
ak
)= G+

1 + χ
lim

r→ak+0

[√
2π
(
r− ak

)
ϕ(r)

] (
k = 1,N

)
. (4.6)

In the same way formula (4.1b) is transformed as follows:

KIII
(
bk
)=− G+

1 + χ
lim

r→bk−0

[√
2π
(
bk − r

)
ϕ(r)

] (
k = 1,N

)
. (4.7)

It should be mentioned here that if in formulas for SIF in case of homogeneous body
[11, 13]

KIII

(
ak
bk

)
=±G

2
lim

r→ak+0
r→bk−0


√√√√2π

∣∣∣∣akbk − r
∣∣∣∣ϕ(r)

 , (4.8)

we substitute the shear modulus G by the given shear modulus G0

G0 = 2G+G−
G+ +G−

= 2G+

1 + χ

(
χ = G+

G−

)
, (4.9)

that is, if a piecewise-uniform body with the elastic constants G+, G− is substituted by a
homogeneous body with the elastic constant G0, they will go to formulas (4.6) and (4.7).
Hence, substitution of G by G0 in the given sense at the antiplane deformation creates
some correspondence between piecewise-uniform and homogeneous bodies with cracks.
Formulas (4.6)-(4.7) are analogous to known formulas of the plane theory of elasticity
for homogeneous bodies with cracks [2].



D. I. Bardzokas et al. 259

Now, we express SIF as functions X0
k (ξ,χ) from (3.9). For this purpose in (4.6)-(4.7)

we consequently move to new variables (3.1) and (3.4), and, then, we allow for (3.2c) and
(3.2d). After simple transformations we obtain

KIII
(
ak
)= √a1

√
πa1G+√

2ak(1 + χ)

√
ln
(
bk
ak

)
X0
k (−1,χ), (4.10a)

KIII
(
bk
)=−√a1

√
πa1G+√

2bk(1 + χ)

√
ln
(
bk
ak

)
X0
k (1,χ)

(
χ = G+

G−
; k = 1,N

)
. (4.10b)

Proceeding from (4.10) we also introduce the infinite SIF:

K0
III

(
ak
)= KIII

(
ak
)

√
πa1G+

=
√
a1√

2ak(1 + χ)

√
ln
(
bk
ak

)
X0
k (−1,χ), (4.11a)

K0
III

(
bk
)= KIII

(
bk
)

√
πa1G+

=−
√
a1√

2bk(1 + χ)

√
ln
(
bk
ak

)
X0
k (1,χ)

(
k = 1,N

)
. (4.11b)

We will solve values X0
k (±1,x) by means of interpolating Lagrange polynomials for func-

tions X0
k (ξ,χ) according to Chebishev’s nodes η� from (3.7). They have the form in [12]:

X0
k (1,χ)= 1

M

M∑
�=1

(−1)�+1X0
k

(
η� ,χ

)
ctg
(

2�− 1
4M

π
)

, (4.12a)

X0
k (−1,χ)= 1

M

M∑
�=1

(−1)M+1X0
k

(
η� ,χ

)
tg
(

2�− 1
4M

π
) (

k = 1,N
)
. (4.12b)

Values X0
k (±1,χ) depend on the choice of the natural number M, that is, on the number

of nodes.
We start solving J-integrals. These integrals give the velocities of energy release of the

elastic deformation at the end zones of cracks and when the velocities reach a definite
critical quantity the cracks are propagated. In the plane problems of piecewise-uniform
bodies with cracks it is more convenient to deal with these integrals than with SIF [8].

These integrals are also of interest for piecewise-uniform bodies with cracks at an-
tiplane deformation and therefore here we present the expression of J-integral [8]:

J = 1
4

(
1
G+

+
1
G−

)
K2
III . (4.13)

Furthermore, we consider the relationship J/J0 where J0 is the corresponding J-integral
for a homogeneous body made of a material with shear modulus G+:

J0 = 1
2G+

K̃2
III . (4.14)
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Here K̃III is the SIF in case of a homogeneous body. The quantity J/J0 somehow numer-
ically characterizes the possibility of propagation of cracks in piecewise-uniform bodies
in comparison with the possibility of propagation in homogeneous bodies.

On the basis of (4.10) we have

J
(
ak
)

J0
(
ak
) = 2

1 + χ

[
X0
k (−1,χ)

X0
k (−1,1)

]2 (
χ = G+

G−

)
, (4.15a)

J(bk)
J0(bk)

= 2
1 + χ

[
X0
k (1,χ)

X0
k (1,1)

]2 (
k = 1,N

)
. (4.15b)

It is obvious that the relation J/J0 is not symmetrical to shear moduliG± and to the angles
of the wedge openings α±, that is, if we substitute G+ by G− and α+ by α−, and as a result
the variable components of a piecewise-uniform wedge exchange their places, the value of
the relationship will change. To reach the symmetry of J/J0 in the mentioned sense unlike
[8], we must compare the value of J-integral of the composite wedge with the maximum
value of J-integral of homogeneous wedges with equal angles of the opening α+ +α− and
with the same crack system, manufactured from the material of the upper (G+) or lower
(G−) wedges. So we arrive at the function

J
(
χ,α+,α−

)= J

max J0
= 1

4

(
1
G+

+
1
G−

)
K2
III

/[
1
2

max
(

1
G+

,
1
G−

)
K̃2
III

]
= K2

III

K̃2
III

δ−1
0 (χ),

δ0(χ)=


2

1 + χ
(0 < χ < 1)

2χ
1 + χ

(χ > 1)

(
χ = G+

G−

)
,

(4.16)

which as it can be easily seen by means of (4.6) or (4.7) does not change even if the triple
(χ,α+,α−) is substituted by the triple (1/χ,α−,α+), that is, J(χ,α+,α−) = J(1/χ,α−,α+).
Then instead of (4.15) we have the following characteristics for J-integrals:

Jak
(
χ,α+,α−

)= J
(
ak
)

max J0
(
ak
) = [X0

k (−1,χ)

X0
k (−1,1)

]2

δ0(χ), (4.17a)

Jbk (χ,α+,α−)= J
(
bk
)

max J0(bk)
=
[
X0
k (1,χ)

X0
k (1,1)

]2

δ0(χ)
(
k = 1,N

)
. (4.17b)

Finally, the opening of the k-th crack (ak,bk) is determined by the formula

Φk(r)=
∫ r
ak
ϕ
(
r0
)
dr0

(
ak ≤ r ≤ bk; k = 1,N

)
, (4.18)
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which by virtue of (3.1), (3.4), and (3.9) is transformed into the form

Φ0
k(ξ)= ln

√
bk
ak

∫ ξ
−1

X0
k (η,χ)√
1−η2

dη
(− 1≤ ξ ≤ 1; k = 1,N

)
(4.19)

and Φ0
k(±1)= 0. Here an infinite crack opening is introduced:

Φ0
k(ξ)= a−1

1 Φk

[
a1 exp

(
βk −αk

2
ξ +

βk +αk
2

)] (
k = 1,N

)
. (4.20)

By applying the corresponding quadrature formula we have

Φ0
k(ξ)= π

M
ln

√
bk
ak

∑
η�≤ξ

X0
k

(
η� ,χ

) (
k = 1,N

)
. (4.21)

Hence

Φ0
k

(
ξn)= π

M
ln

√
bk
ak

∑
η�≤ξn

X0
k

(
η� ,χ

) (
n= 1,M− 1

)
. (4.22)

Thus, an infinite opening of the k-th crack may be solved by (4.21) or by (4.22).

5. Numerical results and conclusions

For numerical realization of the problem being investigated here, firstly, it is necessary to
choose natural numbers M, N and at the given values of the physical parameter χ(χ =
G+/G−) the geometric parameters

α+,α−, ck = ak
a1

, dk = bk
a1

(
c1 = 1, k = 1,N

)
, (5.1)

and also at the given loads τ0±(t), f 0±(t) (see formulas (3.3e) and (3.3f)) to calculate the
quantities included into the algebraic system of the formulas (3.10). After solving this
system, the SIF is calculated by formulas (4.11), J-integrals by formulas (4.15) or (4.17)
and crack openings by the formula (4.22). And values X0

k (±1,x) (k = 1,N) are calculated
by (4.12).

The described procedure may be illustrated in two cases.
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α+ = π

α− = π/2

ϑ

M(r, ϑ)

r

a1 b1

τ0

τ0

G+

G−

0

y

x, r

Figure 5.1. An antiplane deformation of the piecewise-uniform wedge consisting of a half-plane and
quarter-plane, and containing a single inner crack L= (a1,b1) at the interface of media, the edges of
which are uniformly loaded by the distributed forces τ0.

Case I. Let N = 1, α+ = π, α− = π/2, f+(r)= f−(r)≡ 0, τ+(r)= τ−(r)≡ τ0 = const (Fig-
ure 5.1).

In the given case by (5.1),

γ = π

2
; c1 = 1; d1 = b1

a1
; (5.2)

by (2.29c), (3.2c), (3.2d), (3.5d), and (3.5f),

ψK
(
χ,α+,α−

)= χ

χ+ 1
; ν1 = 1

2
lnd1; δ11 = 1; γ1 = π

2lnd1
; (5.3)

and by (2.27b), (2.30c), (3.3b), (3.3i), and (3.5c),

Q̃0(t)=
∫∞

0

{
χ th(πλ)

[
1− th(πλ/2)

]
+ th(πλ/2)

[
1− th(πλ)

]
χ th(πλ) + th(πλ/2)

− 2χ
1 + χ

e−πλ
}

× sin(λt)dλ (−∞ < t <∞);

(5.4a)

F0
1 (ξ)=−(1 + χ)τ̄0d

(1+ξ)/2
1

(
τ̄0 = τ0

G+

)
. (5.4b)

Further, proceeding from (5.4b), the solution of system (3.10) in the first part, equal to
G0

1(ξn) (n= 1, M− 1), where

G0
1(ξ)=−d(1+ξ)/2

1 (−1 < ξ < 1), (5.5)
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is designated with ω0
1(η� ,χ). Then

X0
1

(
η� ,χ

)= (1 + χ)τ̄0ω
0
1

(
η� ,χ

) (
� = 1,M

)
. (5.6)

To investigate the behavior of SIF K0
a1

at approaching the left crack tip r = a1 to the tip
of the composite wedge O in the investigated case it is convenient instead of (4.11) to
introduce the following infinite SIF:

K̃0
III

(
a1
)= KIII

(
a1
)√

πb1τ0
= 1√

2d1

√
lnd1ω

0
1(−1,χ), (5.7a)

K̃0
III

(
b1
)= KIII

(
b1
)√

πb1τ0
=− 1

d1
√

2

√
lnd1ω

0
1(1,χ). (5.7b)

Values ω0
1(±1,χ) are again defined by formulas (4.12) in which quantities X0

1 (η� ,χ) must
be substituted by quantities ω0

1(η� ,χ).
In the given case the quantities of the relations of J-integrals in correspondence with

(4.17) and (5.6) will be expressed by the formulas

Ja1

(
χ,α+,α−

)= J
(
a1
)

max J0
(
a1
) = δ0(χ)

[
ω0

1(−1,χ)

ω0
1(−1,1)

]2

, (5.8a)

Jb1

(
χ,α+,α−

)= J
(
b1
)

max J0
(
b1
) = δ0(χ)

[
ω0

1(1,χ)

ω0
1(1,1)

]2

. (5.8b)

Finally, according to (4.22) for a crack opening we will have

Φ̃0
k

(
ξn
)= π

M
ln
√
d1(1 + χ)

∑
η�≤ξn

ω0
1

(
η� ,χ

)
, (5.9)

where

Φ̃0
k(ξ)= G+

τ0
Φ0
k(ξ)= 1

τ̄0
Φ0
k(ξ) (−1≤ ξ ≤ 1). (5.10)

Thus, in the considered case, systems (3.10) and formulas (5.4)–(5.10) will be design
formulas.

Case II. Let now N = 2 and again α+ = π, α− = π/2, f+(r)= f−(r)= 0 (Figure 5.2). As to
loading crack edges here we must consider the following three underloading operations
of their edges:

(1) the crack edges (a1,b1) are loaded by the same uniformly distributed intensity
forces τ0, but the crack edges (a2,b2) are free of loads;

(2) the crack edges (a2,b2) are loaded by the same uniformly distributed forces τ0,
but the crack edges (a1,b1) are free of forces;

(3) the crack edges (a1,b1) and (a2,b2) are loaded simultaneously by uniformly dis-
tributed forces τ0.
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10.80.60.40.20−0.2−0.4−0.6−0.8−1

ξ
0

0.01
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Φ̃0
k(ξ)
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χ = 5

χ = 8

χ = 10

Figure 5.2. Changes of infinite crack openings Φ̃0
k(ξ) calculated by the formulas (5.9)-(5.10) in the

interval 1≤ ξ ≤ 1 at d1 = 1,2 and at different values of the parameter χ.

In this case in (5.1),

γ = π

2
; c1 = 1, c2 = a2

a1
; d1 = b1

a1
, d2 = b2

a1
; (5.11)

in (2.29c), (3.2c), (3.2d), (3.5d), and (3.5f),

ψK
(
χ,α+,α−

)= χ

χ+ 1
; α1 = 0, β1 = lnd1;

α2 = lnc2, β2 = lnd2, ν1 = 1
2

lnd1, ν2 = 1
2

ln
d2

c2
= 1

2
ln
b2

a2
;

δ12 = lnd1

ln
(
d2/c2

) , δ21 = δ−1
12 =

ln
(
d2/c2

)
lnd1

,

δ11 = δ22 = 1; γ1 = π

2lnd1
, γ2 = π

2ln
(
d2/c2

) ;

(5.12)

and in (3.3b), (3.3c), (3.3d), (3.3e), (3.3f), (3.3g), (3.3h), (3.3i), (3.5d), (3.5e), and (3.5f),

F0
1 (ξ)=−(1 + χ)τ̄0d

(1+ξ)/2
1 , (5.13a)

F0
2 (ξ)=−(1 + χ)τ̄0c

(1−ξ)/2
2 d(1+ξ)/2

2

(
τ̄ = τ0

G+

)
. (5.13b)

It must be noted here that in the given case we will have again the kernel function Q̃0(t)
from (5.4a).

Further, we introduce the functions

G0
1(ξ)=−d(1+ξ)/2

1 , (5.14a)

G0
2(ξ)=−c(1−ξ)/2

2 d(1+ξ)/2
2 (−1 < ξ < 1) (5.14b)
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and the solution of the system (3.10) at the right parts equal to

{
G0

1

(
ξn
)
,0
} (

n= 1,M− 1
)
. (5.15)

We denote

{
ω01

1

(
η� ,χ

)
,ω01

2

(
η� ,χ

)} (
� = 1,M

)
, (5.16)

but the solution of this system at right parts is equal to

{
0, G0

2

(
ξn
)} (

n= 1,M− 1
)
. (5.17)

We denote

{
ω02

1

(
η� ,χ

)
,ω02

2

(
η� ,χ

)} (
� = 1,M

)
. (5.18)

Then, at the first, second, and third loading operations of the crack edges, quantities
X0
k (η� ,χ) will have the same form, respectively:

X0
k

(
η� ,χ

)= (1 + χ)τ̄0ω
01
k

(
η� ,χ

)
, (5.19a)

X0
k

(
η� ,χ

)= (1 + χ)τ̄0ω
02
k

(
η� ,χ

)
, (5.19b)

X0
k

(
η� ,χ

)= (1 + χ)τ̄0
[
ω01
k

(
η� ,χ

)
+ω02

k

(
η� ,χ

)]
(k = 1,2). (5.19c)

Furthermore, with the help of (5.19) we write the expressions of SIF (4.11) that may be
used in the given case according to the mentioned loading operations of the crack edges:

K
0 j
III

(
a1
)= K

j
III

(
a1
)

√
πa1τ0

=
√

1
2

lnd1ω
0 j
1 (−1,χ), (5.20a)

K
0 j
III

(
b1
)= K

j
III

(
b1
)

√
πa1τ0

=− 1√
d1

√
1
2

lnd1ω
0 j
1 (1,χ), (5.20b)

K
0 j
III

(
a2
)= K

j
III

(
a2
)

√
πa1τ0

= 1√
c2

√
1
2

ln
d2

c2
ω

0 j
2 (−1,χ), (5.20c)

K
0 j
III

(
b2
)= K

j
III

(
b2
)

√
πa1τ0

=− 1√
d2

√
1
2

ln
d2

c2
ω

0 j
2 (1,χ) ( j = 1,2). (5.20d)

It should be mentioned here that at j = 1 we have the first loading operation, at j = 2 the
second one, and at the third loading operation according to (5.19c) the SIF becomes a
simple linear superposition of the corresponding SIF at the first and second operations.
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Table 5.1. K̃0
III

(
a1
)

and K̃0
III

(
b1
)

values.

d1

χ 1.2 1.5 2 4 8 10 20

0.1
0.00962832 0.0136512 0.0168313 0.0213551 0.0246976 0.0258072 0.0298368

0.00962782 0.0136434 0.0167832 0.0208872 0.0230058 0.0234829 0.0245993

0.3
0.00962917 0.0136575 0.0168548 0.0214822 0.0250238 0.0262172 0.0305629

0.00962859 0.0136484 0.0167999 0.0209526 0.0231318 0.0236283 0.0248006

0.5
0.00962975 0.0136617 0.016871 0.0215697 0.0252486 0.0264997 0.0310631

0.00962912 0.0136519 0.0168114 0.0209977 0.0232189 0.0237288 0.0249402

1
0.00963064 0.0136682 0.0168956 0.0217031 0.0255916 0.0269308 0.0318268

0.00962993 0.0136573 0.0168289 0.0210666 0.0233522 0.0238828 0.0251544

2
0.00963146 0.0136743 0.0169186 0.0218274 0.0259112 0.0273327 0.0325386

0.00963068 0.0136622 0.0168452 0.0211309 0.0234767 0.024027 0.0253555

5
0.00963223 0.01368 0.01694 0.0219439 0.0262111 0.0277097 0.0332067

0.00963138 0.0136668 0.0168604 0.0211911 0.023594 0.0241627 0.0255453

8
0.00963248 0.0136818 0.0169469 0.0219812 0.0263071 0.0278305 0.0334207

0.00963161 0.0136683 0.0168653 0.0212105 0.0236316 0.0242063 0.0256064

10
0.00963257 0.0136824 0.0169494 0.0219945 0.0263416 0.0278738 0.0334976

0.00963169 0.0136688 0.0168671 0.0212174 0.0236451 0.0242219 0.0256283

By analogy with (4.17), (5.19a), and (5.19b) for relations of J-integrals we have

J j
(
a1
)

max J
j

0

(
a1
) = J ja1

(
χ,α+,α−

)= δ0(χ)

[
ω

0 j
1 (−1,χ)

ω
0 j
1 (−1,1)

]2

, (5.21a)

J j
(
b1
)

max J
j

0

(
b1
) = J jb1

(
χ,α+,α−

)= δ0(χ)

[
ω

0 j
1 (1,χ)

ω
0 j
1 (1,1)

]2

, (5.21b)

J j
(
a2
)

max J
j

0

(
a2)

= J ja2

(
χ,α+,α−

)= δ0(χ)

[
ω

0 j
2 (−1,χ)

ω
0 j
2 (−1,1)

]2

, (5.21c)

J j
(
b2
)

max J
j

0

(
b2
) = J jb2

(
χ,α+,α−

)= δ0(χ)

[
ω

0 j
2 (1,χ)

ω
0 j
2 (1,1)

]2

( j = 1,2). (5.21d)

Here we can write easily the following formulas for solving the crack openings.
Thus, in the discussed case the design formulas will be the systems (3.10), (5.4a) and

the formulas (5.13)–(5.21).
Further we give the numerical results only in the first case, introducing

χ = G+

G−
= 0.1;0.3;0.5;1,2;5;8;10, d1 = 1.2;1.5;2;4;8;10;20. (5.22)

In Table 5.1 the formulas calculated by (5.7), values of infinite SIF K̃0
III(a1), and K̃0

III(b1)
at different values of the parameters d1 and χ are given, and in each square of Table 5.1
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Table 5.2. Ja1 (χ,α+,α−) and Jb1 (χ,α+,α−) values.

d1

χ 1.2 1.5 2 4 8 10 20

0.1
1.81731 1.81366 1.80436 1.76033 1.69337 1.66962 1.59793

1.81738 1.81448 1.80832 1.78734 1.76465 1.7578 1.73881

0.3
1.53799 1.53603 1.53104 1.5073 1.47096 1.45801 1.4187

1.53803 1.53648 1.53316 1.52185 1.50957 1.50584 1.49548

0.5
1.33309 1.33206 1.32945 1.31699 1.29783 1.29098 1.27012

1.33311 1.33229 1.33056 1.32463 1.31816 1.31619 1.31071

1
1.0 1.0 1.0 1.0 1.0 1.0 1.0

1.0 1.0 1.0 1.0 1.0 1.0 1.0

2
1.33356 1.33452 1.33696 1.34864 1.36685 1.37342 1.39364

1.33354 1.3343 1.33592 1.34148 1.3476 1.34947 1.35473

5
1.66722 1.66953 1.67544 1.70385 1.74833 1.76446 1.81432

1.66717 1.66901 1.67292 1.68643 1.70136 1.70595 1.71887

8
1.77846 1.7813 1.78859 1.82362 1.87858 1.89854 1.96031

1.7784 1.78066 1.78548 1.80214 1.82058 1.82626 1.84223

10
1.81891 1.82196 1.82977 1.86734 1.92631 1.94774 2.01409

1.81885 1.82127 1.82644 1.8443 1.86409 1.87018 1.88733

in the first lines values K̃0
III(a1) are written, and in the second lines the values K̃0

III(b1)
are written. The analysis of these data shows that at a fixed value of d1 the values of SIF
change insignificantly when χ is changed. In this case, the nearest to the wedge tip SIF
K̃0
III(a1) is larger than SIF K̃0

III(b1). When χ is fixed the infinite SIF of the parameter d1

which may be considered to be the approach of the crack tip a1 to the wedge tip increases.
In Table 5.2 the values of J-integrals calculated by the formulas (5.8) at different values

of the parameters d1 and χ are given, and in Table 5.1, in the first lines values Ja1 (χ,α+,α−)
are given, and in the second lines values Jb1 (χ,α+,α−) are given. The analysis of these data
shows that heterogeneity (values χ) of the wedge at fixed d1 significantly influences the
quantities of J-integrals. It is easy to discover that at 0 < χ < 1 the values of J-integrals
decrease but at χ > 1 increase.

In Figure 5.2 the way of changes of infinite crack openings Φ̃0
k(ξ) calculated by for-

mulas (5.9)-(5.10) in the interval −1 ≤ ξ ≤ 1 at d1 = 1,2 and at different values of the
parameter χ is shown. The graphs Φ̃0

k(ξ) at other values of the parameters d1 and χ have
the same form.
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