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Functionally graded materials have gained considerable attention in the high-temperature
applications. A study of parametric vibrations of functionally graded plates subjected
to in-plane time-dependent forces is presented. Moderately large deflection equations
taking into account a coupling of in-plane and transverse motions are used. Material
properties are graded in the thickness direction of the plate according to volume fraction
power law distribution. An oscillating temperature causes generation of in-plane time-
dependent forces destabilizing the plane state of the plate equilibrium. The asymptotic
stability and almost-sure asymptotic stability criteria involving a damping coefficient and
loading parameters are derived using Liapunov’s direct method. Effects of power law ex-
ponent on the stability domains are studied.

1. Introduction

Functionally graded materials have gained considerable attention in the high-temperature
applications. Functionally graded materials are composite materials, which are micro-
scopically inhomogeneous, and the mechanical properties vary smoothly or continuously
from one surface to the other. It is this continuous change that results in gradient proper-
ties in functionally graded materials (FGM). Commonly, these materials are made from
a mixture of ceramic and metal or a combination of different metals. The ceramic ma-
terial provides high temperature resistance due to its low thermal conductivity while the
ductile metal component prevents fracture due to thermal stresses and secures a suitable
strength and stiffness. Many studies have examined FGM as thermal barriers. With the
increased usage of these materials it is also important to understand the dynamics of FGM
structures. A few studies have addressed this. Transient thermal stresses in a plate made of
functionally gradient material were examined by Obata and Noda [5]. Vibration analysis
of functionally graded cylindrical shells was performed by Loy et al. [3]. Recently, Lam
et al. [4] presented dynamic stability analysis of functionally graded cylindrical shells un-
der periodic axial loading. In this paper, the parametric vibrations or dynamic stability of
functionally graded rectangular plate described by geometrically nonlinear partial differ-
ential equations is studied using the direct Liapunov method. Moderately large deflection
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equations taking into account a coupling of in-plane and transverse motions are used.
Due to a small thickness coupling and rotary, inertia terms are neglected. Material prop-
erties are graded in the thickness direction of the plate according to volume friction power
law distribution. The viscous model of external damping with a constant coefficient is as-
sumed. An oscillating temperature causes generation of in-plane time-dependent forces
destabilizing plane state of the plate equilibrium. The asymptotic stability and almost sure
asymptotic stability criteria involving a damping coefficient and loading parameters are
derived. Effects of power law exponent on the stability domains are studied.

2. Problem formulation

Consider the thin functionally graded rectangular plate with in-plane dimensions a and
b. In-plane and transverse displacements are denoted by u, v, and w, respectively. Taking
into account the Kirchhoff hypothesis on nondeformable normal element and Kérman-
type geometric nonlinearity, the governing partial differential equations are given as fol-
lows (Whitney [8]):

Nyx+ N,y =0, (2.1)

Ny + Ny, =0, (2.2)

W +2dw, + (Nx + Z\_]Ox)w,xx + (Nx + NOy)W,yy = Mijxx — 2Mxy,xy (2.3)

+—M,,,y — NxWyr — Nyw,yy = 2Ngywy, =0, (x,) € Q= (0,a) X (0,b), ’

where d is a damping coefficient, N and N, are time-dependent components of mem-
brane forces, Ny, and Z\_loy are constant components of membrane forces divided by ph,
p is the equivalent density of the plate, / is the total thickness. The membrane forces are
stochastic with means equal to zero and known probability distributions. The processes
are physically realizable and sufficiently smooth in order for the solution of dynamics

equations to exist. We use the extensional, coupling, and bending stiffnesses A;;, Bij, and
D;j (i, j) = 1,2,6 which are defined as follows:

h/2
{Aij,Bij, Dij} = 711/2 Qij{l,z,2’}dz. (2.4)

The reduced stiffnesses Q;j, divided by ph, for isotropic materials are given by

Eeff Veff Eeff

0
1-— ngf 1 - ngf
1 E E
Q= YelfSeff - _Zell 0 : (2.5)
P 1- Vet 1- Vet
0 0 _ Fer
2(1 + 'Veff)

Therefore matrix Q has the same form as the stiffness matrix of isotropic plate, but we
should keep in mind its spatial dependency on z. In-plane and moments are expressed by
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displacements as follows:

1
U+ -—w’
N, Ay Ap 0 By By 0 2
N, A An 0 B B 0 v,y+lw2},
Ng| [0 0 Ag 0 0 Be 2 (26)
M, n B By 0 Dy1 Dy, 0 Uyt VTt Waw,y |’ ’
My B, By 0 Dy, Dy 0 —Woxx
My 0 0 Bss O 0 Des ~Wyy
—2Wyy
Using (2.5), the constitutive equation (2.6) can be rewritten in the form
An Ap 0 Bii B 0
N, A An 0 B, Bu 0
N A —A B;—B
nyy 0 0 112 12 0 0 112 12
M, B Bp; 0 Dy Dy 0
M,
My, B Bn 0 Dy, Dy 0
BII_BIZ Dll_DIZ
. (2.7)
1
u,x+§w,2x
1,
v,y+§w,y
X Uy+Vxt+wew,y |
—Woxx
Wy
—2Wyy

The effective elastic modulus and the effective Poisson ratio of the functionally graded
plate are denoted by Ecs and ves, respectively. In order to model precisely the material
properties of functionally graded materials, the properties must be both temperature and
position dependent. This is achieved by using a rule of mixtures for the mechanical pa-
rameters (Eeg, Vefr, p). The volume fraction is a spatial function and the properties of the
constituents are functions of the temperature. The combination of these functions gives
the effective material properties of functionally graded materials and can be expressed
as follows:

Fer(T,2) = F(T)V (2) + Fu(T) (1 = V(2)), (2.8)

where Fegr is the effective material property of the functionally graded material, F, and
F,, are the properties of the ceramic and the metal, respectively, and V is the volume
fraction of the ceramic constituent of the functionally graded material. A simple power
law exponent of the volume fractions is used to describe the amount of ceramic and metal
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in the functionally graded material as follows:

q
z+h/2) , (2.9)

viz) = ( h
where ¢ is the power law exponent (0 < g < o). The plate is assumed to be simply sup-
ported along each edge. The conditions imposed on displacements and internal forces
and moments, called according to Almroth’s [1] classifications S2, can be written down as

, v=0, atx = 0,a,

0
, Ny=0, u=0, aty =0,b. (2.10)

It is assumed that the plate is subjected to the time-varying in-plane axial forces Ny
and N, leading to parametric vibrations. The transverse motion of the plate is described
by the nonlinear uniform equations (2.1), (2.2), and (2.3) with the trivial solution w = 0
corresponding to the plane (undisturbed) state. The trivial solution is called almost sure
asymptotically stable if

P{lim||w(-,t)||:0} =1, (2.11)

f— o0

where |[w(-,1)]l is a measure of disturbed solution w from the equilibrium state, and P
is a probability measure. The crucial point of the method is a construction of a suitable
Liapunov functional, which is positive for any motion of the analyzed system. It follows
that the measure of distance can be chosen as the square root of Liapunov functional
lw(-,t)ll = V2.

3. Stability analysis

The energy-like Liapunov functional has the form of a sum of modified kinetic energy I
and potential energy of the plate, and can be chosen in the form similar to the functional
involved in stability analysis of laminated plates (Tylikowski [6]):

1
V=T + 5 J [ = MW = Myw,yy — 2Myy W) + Ny (u‘x + szx)
Q
1
+N, (v,y+5w,2y) + Ny () + v +wyw,y) (3.1)

T w2 N 2
— NOxW,x — N()yw,y] dQ,
where J expressed by w and the transverse velocity v = w is given by

T = %J (v +2dvw + 2d*w?) dQ. (3.2)
Q
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It may be observed that contrary to the linear or linearized case, V', is the fourth-order
functional. Substituting constitutive equation (2.6), we have

1 1 ,\? 1 1
0‘/‘,1 =T+ E JQ |:A11 (u,x + EW’ZX> +2A1, (u,x + EW,Zx> (V’y + zw,zy)
I, : 2
+Ap|vy+ My + Ao (thy + v +Wiw,y)

1 1
— 2By (u)x + —wi)w,xx — 2B, (u,x + —w,2x> Wyy

2 2 (3.3)

1, L,
—2Bp» (v,y + Ew)y) Wax — 2B <V,y + Ew,y W.yy
—4Be6 (1 + Vx + WaW,y ) Wyy + D1yl

2 2 N 2 N 2
+ 2D12w,xxw,yy +D11W’yy + 4D66W,xy — NOXW,x — N()yW)y:l dQ.

It is assumed that the in-plane forces are periodic or a stochastic nonwhite station-
ary and sufficiently smooth ergodic process. Therefore, it is legitimate to use the classi-
cal differentiation rule. Upon differentiation with respect to time, substituting dynamic
equations (2.1), (2.2), and (2.3) and using the boundary conditions, we obtain the time
derivative of functional in the form

av,
dt

= =2\, + 2, (3.4)

where the auxiliary functional U, is defined as follows:

1 1
U, =U— gjg [Nx (u,x + —wi) +N, (v,}, + —wi) + Ny (1) + v + w,xw,y)]dﬂ,

2 2
(3.5)
1 - -
a = > Lz [2d?ww, +2d°W? + (w, + dw) (Nxw xx + Nyw, ) [ (3.6)
Eliminating in-plane forces by means of (2.7) we have
aw, =2 [a Ay L2 L2
n= —E 0 11 u,x+5w,x + 12 u,x+5w,x ’V)),+EW)),
1 2 2
+ Ay (v,y + Ewﬁ,) +Aes (thy + v +wiw,y)
1 1
— By |u,+ Wi | Woex = By u,+ W )Wy (3.7)

1 1
— By, (v,y + Ew,zy)w,xx - By (v,y + iwzy) W,yy

— 2366 (1/[,}; TVt W,xW,y)ny:| dQ.
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Therefore, the stability analysis of the nonlinear system depends on the construction
of the bound

U, <AV, (3.8)

or we look for a function A defined as a maximum over all admissible functions u, v, w,
w, and satisfying the boundary conditions of the ratio W,,/V",. As a maximum is a par-
ticular case of stationary point, we put to zero a variation of U,/V",. The associate Euler
equations are nonlinear in the case of the fourth-order functionals. It complicates a sta-
bility analysis and in order to obtain the analytical form of function A, we have to modify
the variational problem. Therefore, our object is to find such second-order functionals
V* and U* that the inequality

U* <Av* (3.9)

will make inequality (3.8) be true. In order to do this we express functional (3.1) in the
form

1 Wax ) Wox Woyy Wy \?
0Vn=V-I—VP*EJ’Q|:D11< Z,k) +2D, Z’k 2’7+D22(2’7k)
Wiy \?
+4D66( 2)k > — Bii (UxWax +v,w,5y) (3.10)

—Bia(uxw,yy + v,y Wix) = 2BseWy (14, + v,x)]dQ,
where V is the second-order Liapunov functional for a linearized problem

1
V=9+ E L) [DHW,ZXX + 2D12w,xxw,yy +D22W3,y

+4Dgsw> — By (tsWax + VoW,
xy Wax TV yWyy (3.11)

— Bia(uxw,yy + vy Wix) — 2BesWxy (1) + V1)
— Noxw? — Ny, w? ]dQ
0x X Oy 54 .

V), is a positive definite fourth-order functional

V, = % JQ 2'Cz dQ, (3.12)
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and k is a number greater than 1 chosen so that we will obtain the greatest stability region.
The matrix C is given as follows:

An A 0 2kB11  2kBi; 0
A A 0 2kB1, 2kBi; 0
0 0 A ;AIZ 0 0 2k(an— Bi2)
C(k) = , (3.13)
2kBy;  2kBi; 0 Dy Dy, 0
2kBy, 2kBi; 0 Dy, Dy 0
0 0 Zk(Bllz_ B1) 0 0 Dy, ;Du

where (-)” denotes a transposition of matrix and the z is a modified state of strain defined
by a column matrix

1 2

Vyt EW’},
M,y + Vx + W)xw,y
Woxx (3.14)
2k
Wy

2k

2W oy

2k

The functional V, is positive definite if the Sylvester conditions of positive definiteness
for matrix C are satisfied (see Gantmacher [2]):

An A 0 2kB11 2kB]2 0
AIZ AH 0 2k312 2kB]1 0
Al —A 2k(Bi1 — B
0 0 11 . 12 0 0 ( 112 12)
det >0, (3.15)
ZkBH ZkBlz 0 Dll D12 0
ZkBlz ZkBll 0 D12 Dll 0
0 0 k(an—Blz) 0 0 Dll;Dlz
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A A 0 2kBy;  2kBy,
Ap Ap 0 2kBy, 2kBj;
det| o 0 % 0 0o |>0, (3.16)
2kBi1  2kBi 0 Dn D,
2kBi, 2kBi; 0 Dy, Dy
An Ap 0 2kBn
A An 0 2kBs;
dl o aa |70 (3.17)
2
2kBy1  2kBi, 0 Dy

Solving Sylvester’s inequalities we obtain the number k as a function of exponent q.
Omitting the fourth-order functional V,, we obtain the lower estimation of functional
V', by the second-order functional

1
* _ i
V,>V*=V-— B Vi, (3.18)
where
1
Vi3 L} | Diw2, + 2D 1w w,yy + Dypw?,, +4Dgsw?, | dQ. (3.19)

In the way similar to derivation of estimation (3.18), we can rewrite (3.6) in the form

d 1 ,\° 1 1
OILH:OLL—EJQ [An(u,x+5w)2x) +2A12(U’X+EW’2JC> (V’Y+§W»2J'>

1
+ A (V,y + EW,ZJ’

1 w 1 w

— 4kB ( P 2)( ”"‘)—4k3 ( i 2)<J)
RAGERILES Ay R\ BT oW )\ Tak

15\ (Wi Lo\ (W

~akBa (v, + 33 ) () kB (v 593) (57)

2
ny W oxx
- 8kB66(u,y +Vx +w,xw,y) (_4]( ) +D11 ( 4 )

2
XX W; W)
w20 ) () + 2= ()

2
) +Aes (th,y + v+ w,xw,y)2

2
W,xy)
+4Dgs | —— dQ
66( 4k ]
+LJ [D]]Wz +2D1 oW W +D22W2 +4D6(,W2 ]dQ
32k2 Q XX > VY 554 XY
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Omitting as negative the second integral, we have upper estimation of functional U,

WU, < U+ (3.21)

d
Tok2

Now we see that if a function A satisfies the following condition for the second-order
functionals:

d 1
U+@V5_A(V—@Vb), (322)

then the same function A will satisfy inequality (3.8).
Solving the associated Euler problem, we find the function A as follows:

_ d 2
A= z;rillag( {{4]{2 £
. 2 . 242
Jlgmm cafaae s (-1 )0 vy e (2) o, (2] }
-1
><<2[4d2 (4—ﬁ>92+4x,]]> }

where Q;; denotes the eigen frequency of the plate without couplings between in-plane
and bending effects:

ngj =D11(%T)4+2(D12+2D66)( a) (%) D22<J;T) . (3.24)

(3.23)

The bending-extension coupling and the influence of constant forces Ny, and Noy are
represented by ;;:

[(2) () ] [an() 2005w ()]

kij = —Bn 2

o = on (3.25)

i S

~N(g) ()

where
Ag—A j A +A
N R PR e

) (3.26)
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Table 4.1. Mechanical properties of constituents of the FGM.

Material Steel-zirconia Nickel-SiN Aluminum-TiC

P> kg/m3 8166 5700 8900 2370 2700 4920
E, N/m? 2.01 x 10" 2.44 x 10" 2.24 x 10" 3.48 x 10" 0.69 x 10! 4.80 x 10"
v 0.33 0.288 0.31 0.24 0.33 0.2

Table 4.2. Numbers ko for crucial stability condition (3.22).

q 0.5 1 5 10 100
Steel-zirconia 9.85 7.69 10.23 15.79 119.75
Nickel-SiN 4.70 3.56 4.40 6.63 48.22
Aluminum-TiC 1.65 1.10 0.912 1.123 5.23

Using the property of function A in equality (3.2) leads to the first-order differential
inequality, the solution of which has the form

Vo (t) <V (0) exp [ - (d - % J;A(T)dr) t]. (3.27)

Therefore, the sufficient criterion of the asymptotic stability has the form

t—o0

t
d> lim% A(r)dr. (3.28)
0

If the processes N, and N, satisfy an ergodic property, the sufficient condition of the
almost sure asymptotic stability can be written as follows:

d=E), (3.29)
where E denotes the mathematical expectation.

4. Numerical results

The functionally graded materials used in this study are steel-zirconia, nickel-silicon ni-
tride, and aluminum-titanium carbide. Mechanical properties are given in Table 4.1.

The plate dimensions are as follows: & = 0.005m, a = b = 0.5m. The number k max-
imizing stability region calculated from the Sylvester inequalities is given in Table 4.2 for
q =0.5,1,5,10,100. Formulae (3.23) and (3.29) give us the possibility to calculate a maxi-
mal excitation intensity (e.g., square root of variance) of modified in-plane forces (N,/ph
[m?/s*], N,/ph [m?*/s*]) guaranteeing the almost sure asymptotic stability for given values
of power law exponent q. The stability regions are calculated for Gaussian and harmonic
forces with variance s? [m*/s*] and d[1/s]. Stability domain boundaries of FGM plate, are
shown in Figures 4.1, 4.2, 4.3, and 4.5 for the following exponents: ¢ = 0.5, g =1, 9 =5,
q = 10, and g = 100. Stability domain boundaries of FGM plate for the different values of
in-plane force are shown in Figure 4.4.
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Figure 4.1. Influence of the power law exponent on stability domains for the steel-zirconia FGM.
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Figure 4.2. Influence of the power law exponent on stability domains for the nickel-SiN FGM.
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Figure 4.3. Influence of the power law exponent on stability domains for the aluminum-TiC FGM.
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Figure 4.4. Influence of the constant component of in-plane force on stability domains for the steel-
zirconia FGM (g = 0.5): (1) Ny, = 0, (2) Np, = 10000, (3) No, = 12000, and (4) Np, = 12600.
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Figure 4.5. Influence of the power law exponent on stability domains for the steel-zirconia FGM.

5. Conclusions

The applicability of the direct Liapunov method has been extended to geometrically non-
linear functionally graded plates subjected to time-dependent, in-plane forces. The major
conclusion is that the linearized problem should be modified to ensure the stability of
nonlinear problem. The influence of the power law exponent and the constant compo-
nent of in-plane force on the critical value of stability domains (expressed by the variance
of time-dependent force component) is shown. Stability domains depend essentially on
the constant compressive force. The influence of probability distribution on stability do-
mains is merely noticeable.
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