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We considered the problem on transversal oscillations of two-layer straight bar, which is
under the action of the lengthwise random forces. It is assumed that the layers of the bar
were made of nonhomogenous continuously creeping material and the corresponding
modulus of elasticity and creeping fractional order derivative of constitutive relation of
each layer are continuous functions of the length coordinate and thickness coordinates.
Partial fractional differential equation and particular solutions for the case of natural vi-
brations of the beam of creeping material of a fractional derivative order constitutive
relation in the case of the influence of rotation inertia are derived. For the case of natural
creeping vibrations, eigenfunction and time function, for different examples of boundary
conditions, are determined. By using the derived partial fractional differential equation of
the beam vibrations, the almost sure stochastic stability of the beam dynamic shapes, cor-
responding to the nth shape of the beam elastic form, forced by a bounded axially noise
excitation, is investigated. By the use of S. T. Ariaratnam’s idea, as well as of the averaging
method, the top Lyapunov exponent is evaluated asymptotically when the intensity of
excitation process is small.

Copyright © 2006 Katica (Stevanovi¢) Hedrih. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, dis-
tribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction

The use of composite beams is now a real trend in many engineering applications. This
trend calls for the development of efficient tools, suitable for the analysis of beams ex-
hibiting three-dimensional effects, for which the classical beam theory assumptions are
no more valid.

Transversal vibration beam problem is classical, but in current university books on
vibrations we can find only Euler-Bernoulli’s classical partial differential equation (see
[24, 31]) for describing transversal beam vibrations. In some monographs [25-27], we
can find a nonlinear partial differential equation for describing transversal vibrations of
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2 Creeping vibrations of a nonhomogeneous beam

the beam with nonlinear constitutive stress-strain relation of the beam ideal elastic ma-
terial. Recently new models of the constitutive stress-strain relations of the rheological
new beam materials [10] were found in books [5] and as applications in journal papers
(2, 4, 19-22]. In the university book by Raskovi¢ [31], extended partial differential equa-
tion of the transversal ideally elastic beam vibration is presented with members by which
influences of the inertia rotation of the beam cross-section and shear of the cross-section
by transversal forces are presented.

In the paper by Tabaddor [36], compare the experimentally and theoretically obtained
single-mode responses of a cantilever beam. The analytical portion involves solving an
integro-differential equation via the method of multiple scales. For the single-mode re-
sponse, a large discrepancy is found between theory and experiment for an assumed ideal
clamp model.

Bypassing the complexity of a full three-dimensional elasticity analysis, Crespo da Silva
derived nonlinear equations governing the dynamics of 3D motions of beams.

The purpose of the paper by Fatmi and Zenzri [6] was to simplify the numerical im-
plementation of the exact elastic beam theory in order to allow an inexpensive and large
use of it. A finite element method is proposed for the computation of the beam operators
involved in this theory. The discretization is reduced since only one element is required in
the longitudinal direction of the beam. The proposed method is applied to homogeneous
and composite beams made of isotropic materials and to symmetric and antisymmet-
ric laminated beams made of transversely isotropic materials. Structural beam rigidities,
elastic couplings, warpings, and three-dimensional stresses are provided and compared
to available results.

The integral theory of analytical dynamics of discrete hereditary systems is presented
in the monograph by Goroshko and Hedrih [10] and their applications are published in
the following papers by Hedrih (Stevanovi¢) [12, 13, 16-20].

In the paper by Machado [37] we learn that the papers by Gemant [8] and Oldham
[28], among other cited papers, contain the basic aspects of the fractional calculus theory
and the study of its properties can be addressed in these references, while research results
can be found in papers by Osler [29], Ross [32], Campos [3], Samko [33], and others. We
must also refer to Gorenflo and Mainardi’s [9].

In [9, 34] fractional calculus is mathematically based on corresponding integral and
fractional order differential equations and in [5] fractional calculus is coupled with con-
stitutive relation of real creeping material. In [2, 4] the authors presented new results of
the stability and creeping and dynamical stability of viscoelastic column with fractional
derivative constitutive relation of rod material. Papers by Hedrih (Stevanovi¢) [19, 20]
are in relation to the transversal vibrations of the beam of the hereditary material and the
stochastic stability of the beam dynamic shapes, corresponding to the nth shape of the beam
elastic form. Also, in [19] the transversal vibrations of the beam of the new models of the
constitutive stress-strain relations material in the form of a fractional derivative order con-
stitutive relation beam are studied, and as well, the stochastic stability of the beam dynamic
shapes, corresponding to the nth shape of the beam elastic form, is examined by using ideas
of S. T. Ariaratnam [1]. By Isayev and Mamedov [23] some results on dynamic stability
of nonhomogenous bars are presented.
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Foster and Berdichevsky [7] apply the quantitative method to estimate the violation of
Saint-Venant’s principle in the problem of flexural vibration of a two-dimensional strip.
A probabilistic approach is used to determine the relative magnitude of the penetrating
stress state and the results of computations are presented as a function of frequency. The
results are not dependent on material properties except for the Poisson ratio. The ma-
jor conclusion of these papers is that over a wide range of frequencies, the maximum
propagating stress is always small compared with the maximum applied stress; hence,
Saint-Venant’s principle may be said to apply to this problem. An interesting outcome
of the study is that the accuracy of engineering theories for flexural vibrations is much
higher than for longitudinal vibrations.

In [1] the stochastic stability of viscoelastic systems under bounded noise excitation
by S. T. Ariaratnam is investigated and some new interesting results for applications
are found. The paper by Parks and Pritchard [30] is a contribution on the construc-
tion and the use of the Lyapunov functionals. The monograph by Stratonovich [35] is
the monograph with topics in the theory of random noise used in [1] and in this paper.
Asymptotic method of averaging applied to the nonstationary nonlinear processes and
to the nonlinear vibrations of deformable bodies is the topic of the three monographs
[25-27]. Krilov-Bogolyubov-Mitropol’skii’s method is presented in the book by Hedrih
(Stevanovic¢) [14, 15]. This paper contains new results on transversal vibrations on non-
homogeneous beams based on the contents of the cited references and books.

2. Model of creeping rheological body

For modeling processes of solidification and relaxation, models of Kelvin’s viscous-elastic
material and Maxwell’s ideal-elastic-viscous fluid are being used. In their paper, Goroshko
and Puchko [11] have used model of standard hereditary body to modeling dynamics of
mechanical systems with rheological links. Studying elements of mechanics of heredi-
tary systems in their monograph, G. N. Savin and Yu. Ya. Ruschisky gave survey of both
structure and analysis of the rheological models of simple and complex laws for linear de-
formable hereditary-elastic media, as well as theory of growing old of hereditary-elastic
systems.

Recently, there is a noticeable interest in using fractional derivatives to describe creep
behavior of material. In solid mechanics particularly for describing problems related to
material creep behavior including viscoelastic and viscoplastic effects, fractional deriva-
tives have a longer history (see [5, 9]). Mathematical basis of the fractional derivative and
short complete of fractional calculus are presented in the monograph paper by Gorenflo
and Mainardi [9].

The paper by Dli et al. [4] contains the consideration of dynamical stability of vis-
coelastic column with fractional derivative constitutive relation. The paper by Ba¢li¢ and
Atanackovi¢ [2] considered stability and creep of a fractional derivative order viscoelastic
rod.

We introduce that material of the one layer beam is a creeping material. Parameters of
the beam creep material are the following: « is proper material constant of the character-
istic creep law of material, Ey and E, are modulus of elasticity and creeping properties of
material.
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By using stress-strain relation from the cited references, a single-axis stress state of the
creep hereditary-type material is described by fractional order time derivative differential
relation in the form of three-parameter model. For line element of beam creep material,
constitutive stress-strain state relation is expressed by fractional derivative constitutive
relation in the following form:

0.z, p,1) =y{E 8¢é g D“[a(”éi’t)”, (A)

where Df[-] is notation of the fractional derivative operator defined by the following
expression:

W 90zt)]  y  d ("[0¢p(z1)/0z] . [0¢(z1)
D’[y oz ]‘m— wdtly (t-1)e dT‘ny[ oz ] ®)

where « is ratio number from interval 0 < « < 1; 0;(z, y,t) is normal stress in the point of
cross-section of the line element, at distance z from the left beam end and at point with
distance y from neutral axis—bending beam axis; ¢(z,) is turn angle of the beam cross-
section for pure bending; and ¢,(z, y,t) = y(9¢(z,t)/0z) is dilatation of the line element.

3. Partial fractional differential equation

The formulation of the problem of stochastic stability of nonhomogenous creeping bars
of a fractional order derivative constitutive relation of material is assumed to be a con-
tinuous function of the length coordinate. Let us consider the problem on transversal
oscillations of two-layer straight bar, which is under the action of the lengthwise random
forces. The excitation process is a bounded noise excitation.

It is assumed that the layers of the bar were made of continuously creeping non-
homogenous material and the corresponding modulus of elasticity and creeping frac-
tional order derivative constitutive relation of each layer are continuous functions of the
length coordinate and thickness coordinates and are changed under the following laws
(see Figure 3.1):

E(l) (z, )/ f(l) f 11)(),),
E?(z,) = B fP(2) £ (y),
EV(z,y) = Eéi)f;“(z)f;“)(y), (3.1)
EQ(2,y) = Eo 27 (2) 122 (9),
0<acx<l, 0<z<¢, —hy <y <h,.

In this case connection between increments of stresses and deformations in each layer
is represented in view:

AoV = EVAe + EVDE[AeV], —hy <y <o,
(3.2)
Ao? = ED AP + EPDE[AeP], 0<y<hy,
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hy x
h %
——-«y@ 7
Figure 3.1
where
P _ d%e,(t) _ () _ 1 i ! (1)
D¢ e, (t)] = i (t) = T ) df Jo (- T)adT. (3.3)
Here h; and h; are thicknesses of the corresponding layers.
Dilatations are
_09(z,1) _0Ag(z,1)
=y o Ae; =y 5 (3.4)
where ¢(z,t) is angle of pure bending. The normal stress of pure bending is
do" =By () £ (»)dy a"’(z’ DB (@) £ ) D [dyaq)éjt)]’ m=y=0,
6@ = EP £ (2) £0? (3)dy aq)éZ,t) +EY (0)(2) 2V (y)D“[ a(l)éz',t)], 0<y<h.
(3.5)
From the equilibrium conditions we can write
N N
SFE=0, > M=M= MF’ (3.6)
i=1 i=1
HA” oz(l)dxdy+H ocPdxdy =0, H (”xdxdy+ﬂ Pxdxdy =0,
(3.7)

H ydxdy+J] Dydxdy = My

b d9(z,t d9(z,t
J || s @y “’éz B 0 1 0ty 020 Ly

b/2
b2 rh a (Z t)
2) (22)( op(z,T)
I b/ZJ { (2 oz

+EY £O2) £ (y)Dg [ y2ah ] }dx dy =0,

0z
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JM Jh {E(l)f(l) (2) £ ()2 2251 (z,t) +ED £ () £ (y) [ a‘/’(z’t)]}dxdy

b/2 0z
b/2 hy P (Z t)
(22) 2 093,
J b/2J { Wy oz

8 (z,t)
(2) (2) 22) o 99(5,t) ] =M
Eou fa™ (2) ™" () D} [ = }dxdy fxe

(3.8)
If we introduce the following notations:
J 0 (yydy, J £ (y)ydy,
(1) an o _ [ fe
o =Jh K GIydy =j0 1P G)ydy,
, (3.9)
(10 (5) 42 dy, <z><2>:J @ ()2 dy,
J fe o ytdy, , 0y dy
(1) ()2 00 _ [ r210,),2
dy, @ g dy,
J f ' Dyrdy,a , 0y dy
or set the following form:
0 h>
ag)("):Lh £ ()5 dy, ag&)wzjo 2yt dy, n=012  (3.10)
we can write the previous equilibrium conditions in the following relations:
W @ E(l) al (1)
VB [0(2) o VB [2(2) = 0= () = ) Loy
E(“ - (3.11)
VW £V (2) - aPVEG £ (2) = 0 = £2(2) = fV(2) 0
Otx 0‘
and write the following expression for bending moment:
00(z,t
fo(z,t)=b7¢éz ){E(()l)agl) ) £V (z) + EP a®® £ z)}
(3.12)

+bD" [L”;’ ) ] (B aD® £ (2) + EZa®@ £ ()],
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also with respect to the relations (3.10) we can write (3.12) in the following form:

(1)(1)
ny, ¢(z, t) a
fo(z,t)=E<(> —="= f0(z { (4P fm)}

(4

A0
FEVBF0(2) [aq’éz t)]{ Q) 4 g@@ % o }

We take into account the rotatory inertia of cross-section and we can write the following
equations of bar dynamics:

(3.13)

2
a7, ‘g(tf’t) — —dM{(z,1) + Fr(z,Ddz + Fy(E,2,0)dv(z,1),
. (3.14)
v(z,t
dm 3 = dFr(z,t).
If we introduce
dm=piAi+prdy,  d)e = I +pol? | dz, (3.15)
we can write
¢(z,t)
[+ 1) 22
0 [ d¢(z,t)
:Eg“b[( D 4 g0 <1>}a [ (Paz fe(l)(z)]
(1) (2) (2) a(P(Z; )]} aV(Z,t)
+E0ab[ al ]az £ [ 2 B By 2,
*v(z,t)  OFr(z,t)
(prai+pads) =7 7 = = =
(3.16)
After applying derivative with respect to time, we can write
dp(z,t)  *v(z,t) Po(z,t)  d'v(zt) (3.17)
oz 0z2 0zor:  0z2ot?’ '
P o(z,t)
M (21295
D 2 ) R
_ E0p| 2@ 4,00 O | 99zt L
B4 (1)}&2[ 20 i)
(3.18)

( 2
Wl e, @b |9 { a[aq)(z,f)]?g
+E0ab[ +ag a( (1)] f(z)D s

aFT+a£[F av(z,t)].

g 0z
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By introducing derivatives (3.17) into (3.18) we obtain the following partial fractional
differential equation:

*v(z,t)
012022

= EVp| oD@ 4 40 ae " I?v(z,t)
-0 a, azz 922 e (Z)
(1)(1)

2
Wyl 00 4,20 aa { () (, [a v(z,t)]}
+Ey, b +
Oar [aa a, e } 372 fy(2) D P

*v(z,t) 0 ov(z,t
+ (p1A1 +p2A2) V(Z ) + 872 [FNM]a

[P +p1?]

or? 0z
V(at) | EVb[aV? +aP@ (aVW/g@ MY 52 [a &0 )]
ot? (p1A1 + pzAz) aZZ 072 ¢
. 1 E[F av(z,t)] . E(()L)b[a((xl)(Z) +a&2)(2)(at(xl)(l)/a‘(xZ)(l))]
(p1A1 +p2Az) 0z 0z (p1A1 +p2A;)

P [ Pv(z1) 1+ p,1?] 34v(z, 1)
x@{f;“(z)Dt[ ]}+[P1 poli”] — 0.

0z2 (p1A1+p2A2) 012022
(3.19)
By introducing the following notations:
v _ ﬂlz _ E(()l)b[a‘(zl)(Z)+agZ)(Z)(agl)(l)/ag)(l))]
p e (pr1A1 +p2A,) ’
v _ E(l)i2 _ E(()L)b[agtl)(Z)_f_a&Z)(Z)(a& )/ (2)( )]
Coxa xo (PlAl +P2A2) >
2 _ [T+ poli] 2 [oi1 + pol]
(AL +pAr) * Ap ’
v b[a"® +aPP (aPD/aPM)] ~  blad? +aP@ (g W /gy
er = > IX(X = >
A A
(3.20)

we obtain the following partial fractional differential equation of transversal vibrations

of creeping of two-layer straight bar, which is under the action of the lengthwise random
forces:

*v(z,t) Nza_z[azv(z,t) ) ] 1 2[ Bv(z,t)]
o Tooa| oz o Ot LA may) a2l oz

~, 02 <[ *v(z,1) ~, 0*v(z,t)
”(’i“ﬁ{f“m(zwf[ 32 ]}_”3 ooz

(3.21)
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We study the following special case: from (3.21), we exclude members which contain
axial forces, or we suppose that axial forces are equal to zero, and we solve the following
equation:

0%v(z,t) 0’ [8 v(z,t) ] { [azv(z,t)]} ~0tv(zt)
ar Toga| e @ Flags (@D 5, “H 502 0
(3.22)

when

@) = @) = fl2) (3.23)

and we can write

Pv(zt) Nzgg[mVQJ) ] NZjK{ a[yv@Jq} Pl
o tnga| T on f(2) |+ ¢ 37 f(2)Dj 322 i oaaa =0
(3.24)

4. Solution of the partial fractional differential equation of the beam transversal
vibrations with creep material properties

By using Bernoulli’s method for obtaining solution and for solution of the partial frac-
tional differential equation (3.24), we can write a product of the two functions depending
on separate coordinate z and time ¢ in the following form:

v(z,t) = Z(2)T(1). (4.1)

By introducing this solution into (3.24) we obtain

2 ~ ..
Z(z)T(t)+50§T(t)%[2”(z)f(z ]+c0md AZ" @) f(IDEHTW)] - i22" ()T (1) =

(4.2)
or
d? 7 T(t) | . Y2 N
Z(z )+d_252[ )f ]{ Oxm'l_ OxamD [ (t)]}_lxzz (z) =0 (4.3)
or we obtain two equations
o T(t) wy 1, _ 1
CO%C T(t) +¢ OiamD [T( )] - k4)
P (4.4)
Z(z) - —[Z”( 2)f(2) ]— ~122"(2) =0
or
T(t) + @3 DF[(H)] + @3 T(8) = 0, (4.5)
@ [Z2"(2) f(2)] +i2k*Z" (z) - k*Z(2) = 0, (4.6)

dz?
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where
Eo b[ )(2) (2)(2)(a§1)(1)/a£2)(1))]
(P1A1+P2A2)

EDp[al"® 4 q@D (400 /500091
(p1A1 +p24s)

>

B = KL, = , (4.7)

¥ _ [Pl +pa1]

T (pAL+pAr)

We can obtain the solution of the fractional differential equation of system (4.5) by
using the Laplace transform, and by having in mind that, in initial moment, d*~!T(t)/
dt*='|,—o = 0. Solutions for special cases when & = 0 and « = 1, and for beam kinetic
parameters: wy > (1/2)w} for soft creep and wy < (1/2)w? for strong creep, are solutions
of classical ordinary differential equation. It is the same for & = 1 and wp, = (1/2)w?,.

For the general case when w{, # 0, the Laplace transform of the solution L{T(¢)} of
the fractional differential equation of system (4.5) can be developed, in two steps, into
series with respect to binoms (p® + w§,/w2,), and with respect to p*. Then we obtain the
following expression:

k2k k aj, 20—k
L{T(1)} = (TO p) Z( D@ Z(".)PJT. (4.8)

2k
pkO p ]0] Wox

By using inverse of the Laplace transform of the solution L{T(t)}, for general case,
when beam material parameter is from interval 0 < «a < 1, for solution of the fractional-
differential equation of system (4.5), we obtain the following expression in the form of
potential series of the time #:

T(t) = L7 {T(t)}

o kN w2 i T, Tot (4.9)
N1k 2k 2k ox g :
=> (-1 wixtzj%() ol [r(zk+1_aj)+r(zk+2—aj)]'

And in that case there are special cases when w?, = 0 for & = 0 and for & = 1.

In Figure 4.1 numerical simulations and graphical presentation of the solution of the
fractional differential equation of system (4.5) are presented. Time functions T(t,«) sur-
faces for the different beam transversal vibrations kinetic and creep material parameters
in the space (T(t,a),t,) for interval 0 < a < 1 are visible in (a) for (wu/wox) = 1, (b) for
(Wax/woyx) = 1/4, (¢) for (wex/wox) = 1/3, and (d) for (wax/wox) = 3.

In Figure 4.2 the time functions T(t,«) surfaces and curves families for the different
beam transversal vibrations kinetic and discrete values of the creeping material parame-
ters 0 < a < 1 are presented in (a) and (c) for (wa/wox) = 1, (b) and (d) for (wex/wox) =
1/4, (e) for (wax/wox) = 1/3, and (f) for (wax/wox) = 3.
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Figure 4.1. Numerical simulations and graphical presentation of the results. Time functions T'(t,«)
surfaces for the different beam transversal vibrations kinetic and creep material parameters: (a)
(woax/w()x) =1, (b) (wtxx/wa) =1/4, (C) (wtxx/wa) =1/3, and (d) (wax/wa) =3.

5. The S. T. Ariaratnam idea applied to the stochastic stability of the creep beam

transversal vibrations dynamic shapes under axial bounded noise excitation
In the case

flz) = 1+m§ (5.1)

equation (3.21) transforms to the form

0*v(z,t) Nziz[azv(z,t) " ] 1 i[ av(z,t)]
o Tga| T om Jo Ot A Ay ozl 6z o)
., P azv(z,t)]} ~, 0*0(z,t) '
2 Y (1) o _ 2 _
Ty {f“ (2)D f[ 022 o0 =
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> \\\\
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\k.. . i
\\\\\‘w’:"\u

— flx == f6(x)
— fllx) - f7(x)
— f2(x) - f8(x)
— f3(x) — f9(x)
; . ; ; ; f4x) == f10(x)
0 10 20 30 40 f5(x)
(o) (d)

— f) e fe fe) - f6(x)
— f1(») 4G flx) - f7(x)
f2(x) — f8(x) f2(0)  — f8(»)
— f3(x) £9(x) — f3(x) £9(x)
fa(x) - = f10(x) fax)  — f10(x)
‘‘‘‘‘‘ £5(x) o f5(x)
(e) ()

Figure 4.2. Numerical simulations and graphical presentation of the results. Time functions T'(t,«)
surfaces and curves families for the different beam transversal vibrations kinetic and discrete values
of the creeping material parameters 0 < « < 1: (a) and (¢) (Wa/wox) = 1, (b) and (d) (wax/wox) = 1/4,
(e) (wax/wox) = 1/3, and (f) (War/wox) = 3.
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and (4.6) transforms to the form

dZ

Llzr@(1emd) |+ ez @0 - 22 =0 (53)

In the case of hinge fixing of the ends of the bar, solution of (5.1) into first unperturbed
form is found in a view

v(z,t) = T(f)sin % (5.4)

By introducing (5.4) into (5.2) and applying the Bubnov-Galerkin method, we obtain
the following equations:

() sin " 4 22 dzi_(m)z( Y sin "7
T(t)sin ; +c0xT(t)dZ2 ? 1+m€ sin ;

g () O (F) (1o on " o
(A1 -+pas) \ € T(t)sin 7 Tl g 7 1+m€ sin ; DY T(¢)]
nnz

2
+Z§(%) P(1)sin 7% =,

T@) +

Caln/ ) [1+m/2] { L Bmome );T(t)
[1+52(nn/e)?] 2 (/) [1 + m/2]

el (nm/e)* [1+m/2]
[1+72(nm/e)?]

Df[T(t)] =

(5.5)
We pointed out the following notations:
N Cl(nm/e)*[1+m/2]
O [1+72(nm/e)2]
Fy(t)
Xn = 5.6
Pan (8) C(nm/e)?[1+m/2] (56)

2o Ciu (/041 +m/2]
Oxan [1+12(nm/€)?]

and we obtain the following fractional differential equation with respect to the time func-
tion:

(£) + @ {1 = hen€ (D} T (1) + @50, DE[T(1)] = 0. (5.7)

To solve the previous equation we can apply Ariaratnam’s idea [1]. The random
bounded noise axial excitation &(¢) is taken in the following form:

= Fo&(t) = Fysin[Qt +0B(t) +y], (5.8)
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where B(t) is the standard Wiener process, and y is a random uniformly distributed vari-
able in interval [0,27], then &(t) is a stationary process having autocorrelation function
and spectral density function:

1 2
R(1,Q) = Ehtzme*” 72 cos O,

wr+ Q2 +0%/4 (5.9)

[(w2— Q2 —02/4)° +02w?]

+00 . 1
S, Q) = J R(r,0)64"dr = 2 oo

Stochastic process |&(¢)| < 1 is bounded for all values of time ¢.

The next idea of Ariaratnam is to apply the averaging method, and for that reason
we must introduce the amplitude a,(¢) and the phase ®,(t), which are time unknown
functions, by means of the transformation relation of T, (¢):

T, (t) = a,(t)cos D, (1), Ty (t) = —a,(H) wo, sin @y, (1). (5.10)

Substituting these relations in (5.7) and using (5.8) as well as ©,(t) = (Q/2)t + $n(t) and
Ay = woxn — /2, we can write the following system fractional differential equation with
respect to the amplitude a,(¢) and the phase @,(t), exactly equivalent to (5.7):

N 2
an(t) = —%w()xnan(t)ho,, sin(Qt + ) sin (Qt +2¢,) + Dacn sin®, (1) D[ a,(£) cos D, (1)],

Oxn

(5.11)
6. (1) = An(t) — %wo,mhgn sin(Qf +y)[1+ cos (Qf +26,)]
2 (5.12)
+ %cosCD,,(t)D;"[an(t)cos@n(t)], W(t) = oB(1),
where
Df[a,(1)cos®,(1)] = I d (fax(m)cos®u(r) (5.13)

-a)dt)y (t-1)°

By applying the averaging method, we assume that excitation and beam kinetic pa-
rameters values ho,, w2,,, A,(t) are small depending on small parameter ¢ (see [12, 16])
as B, = O(¢), A, = O(¢) and p = O(¢), where 0 < ¢ < 1. The assumption or the condition
A, = O(¢) shows that frequencies of external random bounded excitation Q are in the
vicinity of the frequency 2wy, of fundamental parametric resonance in the nth form of
perturbed parametric resonance state.

We introduce the following notations:

+o00
J R(1)e""dr = H.(w) + iHy(w), where the kernel is in the form R(7) = 7%
0
(5.14)
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Having in consideration that (see [5])

e LA f@ 1 f H_t°
DS O = =g i, (e m—mJ SARALR i

0 (t ) “)’
D% a,(t)cos®, ()] = mia)J —a,(t ((:)Ojnfs)i;lQH(T)dT+an(O+)COSCDn(OJr)I‘(f:aa)
(5.15)

and after averaging the right-hand side of (5.12) with respect to total phase ®,, and taking
that Ot = 2@, — 2¢),,, we obtain the averaged equations:

1 N 2 Q
an(t) = _ZWOxnan(t)hOnCOS(W - 2¢n) - %an(”Hen(E»
A ) 2 Q
$,(8) = A1) — wo,mhonsm( ~26,) + “’7_00 Hen(z), (5.16)
y(t) = oB(t),

where limy_ . (1/T) fOT e dr =0,

By introducing the change of the variables by the relations p,(t) = Ina,(t) and 6, =
$n — y/2 into the previous pair of the stochastic differential equations, we obtain the
system

1 w2, Q
dpn(t) = [_ Z(‘)OxnhOn 0820, — 20(1 - a) (t)Hen<E)j|
(5.17)
d6,(1) = [A (£) + L wounhon sin 20 +M (9)] dt— Loan
n = n 4 0xnltOn n 2F(1— 2 2 .

6. The Lyapunov exponent and stochastic stability

The Lyapunov exponent (see [1]) of the creeping beam stochastic transversal vibrations
in the nth form of perturbed parametric resonance state given by the averaged stochastic
equations system (5.17) may be defined by the following expression:

%[T,,(t)]z} ), = }gg%m [a,(1)] = lim %pn(t). 6.1)

. }grg%ln {[Tn(t)]z tor

Now, the Lyapunov exponent is a measure of the average exponential growth of the
amplitude process a,(t) of the creep beam transversal vibrations in the nth form of per-
turbed parametric resonance process. A, is a deterministic number with probability one
(w.p.1) for the system given by (5.17). Solutions of the averaged differential equations
depending on initial values T,(ty) and T,(t,), in general, are two values of the Lyapunov
exponent A, in the corresponding nth form of perturbed parametric resonance process.
If both Lyapunov exponents are negative, the trivial solution in the corresponding nth
form of perturbed parametric resonance process are stable processes.
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In order to calculate A,, we must integrate both sides of (5.17) and we obtain the
following expression:

! 1 1 Wi, Q
Ap = }Lrg ;P(t) = _Zw()xnhOnE[Coszen] - 51"(1 — (x)Hen( B ) (6.2)

By using corresponding results obtained by Stratonovich [35] and Ariaratnam [1] for
the Lyapunov exponent we obtain the following asymptotic result:

1 HonWoxn 4A, 1 Wi, Q
An = —wamhoy,F< o2 o2 ) 211 —(x)He"(E)' (63)

In the previous expressions and calculations we used invariant (stationary) probability
density function satisfying the periodicity condition when

Q 1 Wi, Q
Aon(?) —w(m—3+zr(l_a)Hm(2> —o. (6.4)

For the Lyapunov exponent we obtain

2 2
Il(hOnwoM/a) WDyxnn H (Q)’ (65)

Ao = — o - o
m O L howwoxn/0?)  2T(1—a) "\ 2

where Iy, I, are Bessel functions of real argument, and F(v - q) is a function of Bessel
functions of imaginary argument.

7. Concluding remarks

From the obtained analytical and numerical results for natural transversal creeping vi-
brations of a fractional order derivative hereditary rod with two layers, it can be seen
that fractional order derivative hereditary properties are convenient for changing time
function depending on material creep parameters, and that fundamental eigenfunction
depending on space coordinate is dependent only on boundary conditions and geomet-
rical properties of layers.

Acknowledgments

Parts of this research were supported by the Ministry of Sciences, Technologies and De-
velopment of Republic Serbia through Mathematical Institute SANU Belgrade Grants
no. 1616 Real Problems in Mechanics and no. ON144002 Theoretical and Applied Me-
chanics of Rigid and Solid Body, Mechanics of Materials, and the Faculty of Mechanical
Engineering University of Nis Grant no. 1828 Dynamics and Control of Active Structure.
This support is greatly acknowledged. The author wishes to express her gratitude to the
reviewers for the useful suggestions which have contributed to the improvement of the

paper.



Katica (Stevanovi¢) Hedrih 17

References

(1]

S. T. Ariaratnam, Stochastic stability of viscoelastic systems under bounded noise excitation, Ad-
vances in Nonlinear Stochastic Mechanics (Trondheim, 1995), Solid Mech. Appl., vol. 47,
Kluwer Academic, Dordrecht, 1996, pp. 11-18.

B. S. Badli¢ and T. M. Atanackovi¢, Stability and creep of a fractional derivative order viscoelastic
rod, Bulletin. Classe des Sciences Mathématiques et Naturelles. Sciences Mathématiques (2000),
no. 25, 115-131.

L. M. B. C. Campos, Application of fractional calculus to the generation of special functions with
complex parameters, Journal of Fractional Calculus 4 (1993), 61-76.

G.-G. DI, Z.-Y. Zhu, and C.-]. Cheng, Dynamical stability of viscoelastic column with fractional
derivative constitutive relation, Journal of Applied Mathematics and Mechanics 22 (2001), no. 3,
294-303.

M. Enelund, Fractional Calculus and Linear Viscoelasticity in Structural Dynamics, Division
of Solid Mechanics, Chalmers tekniska Hogskola, Goteborg, Sweden, 1996, A1-33+B1-20+Cl1-
19+D1-28+E1-26.

R. E. Fatmi and H. Zenzri, A numerical method for the exact elastic beam theory. Applications
to homogeneous and composite beams, International Journal of Solids and Structures 41 (2004),
2521-2537.

D. J. Foster and V. Berdichevsky, On Saint-Venant’s principle in the two-dimensional flexural vi-
brations of elastic beams, International Journal of Solids and Structures 41 (2004), 2551-2562.
A. Gemant, On fractional differentials, Philosophical Magazine 25 (1938), 540-549.

R. Gorenflo and F. Mainardi, Fractional calculus: integral and differential equations of fractional
order, Fractals and Fractional Calculus in Continuum Mechanics (Udine, 1996), CISM Courses
and Lectures, vol. 378, Springer, Vienna, 1997, pp. 223-276.

O. A. Goroshko and K. Hedrih (Stevanovi¢), Analiticka dinamika (mehanika) diskretnih nasled-
nih sistema, [Analytical Dynamics (Mechanics) of Discrete Hereditary Systems], University of Nis,
YU, 2001, Monograph.

O. A. Goroshko and N. P. Puchko, Lagrangian equations for the multibodies hereditary systems,
University of Nis. Facta Universitatis. Series: Mechanics, Automatic Control and Robotics 2
(1997), no. 7, 209-222.

K. Hedrih (Stevanovi¢), Dynamics of discrete hereditary chain systems, 7th Symposium on The-
oretical and Applied Mechanics, Struga, Macedonia, 2000, pp. 245-254 (Macedonian).

, Discrete continuum method, symposium, recent advances in analytical dynamics con-
trol, stability and differential geometry, Proceedings Mathematical institute SANU (V. Djordjevi,
ed.), 2002, pp. 30-57.

, Izabrana poglavlja Teorije elasti¢nosti, Masinski fakultet u Nisu, [Same Chapters in The-
ory of Elasticity], prvo izdanje 1976, drugo izdanje 1988, str. 424. (Serbian).

, Izabrana poglavlja teorije nelinearnih oscilacija [Same Chapters on Nonlinear Oscilla-
tions], Izdanje Univerziteta u Nisu, (1975) (1977), str. 180, lat. (Serbian).

, Rheonomic Coordinate Method Applied to Nonlinear Vibration Systems with Hereditary
Elements, www-EUROMECH, Copenhagen 1999, http://www.imm.dtu.dk/documents/user/
mps/ENOC/Proceedings/ Technical University of Denmark, Denmark, 4A, pp.1-24.

, Thermorheological Hereditary Pendulum, (Ref. No. TVP-11) Thermal Stresses 99 (J. J.
Skrzypek and R. B. Hetnarski, eds.), Cracow 1999, pp.199-202.

, Transversal creep vibrations of a beam with fractional derivative constitutive relation or-
der, first part: partial fractional-differential equation. Part second: the S.T. Ariaratnam idea applied
to the stochastic stability of the beam dynamic shape, under axial bounded noise excitation, Pro-
ceedings of Forth International Conference on Nonlinear Mechanics (ICNM-IV) (W. Z. Chien,
etal., eds.), August 2002, Shanghai, P.R. China, pp. 584-595.



http://www.imm.dtu.dk/documents/user/mps/ENOC/Proceedings/
http://www.imm.dtu.dk/documents/user/mps/ENOC/Proceedings/

18

[19]

(21]

[22]

(29]

(33]
(34]
(35]
[36]

(37]

Creeping vibrations of a nonhomogeneous beam

, Transverzalne oscilacije grede od naslednog materijala - drugi deo. Primena ideje S.T. Ari-
aratnama za ispitivanje stabilnosti formi grede pod dejstvom slucajnih sila [ Transversal vibrations of
hereditary beams - II. Part - S.T. Ariaratnam idea for examination of the stability of the deformable
beam forms under the action of random forces], Originalni nau¢ni rad, Tehnika, Masinstvo 49
(2000), 2, str. M1-6M (Serbian).

, Transverzalne oscilacije grede od naslednog materijala - Prvi deo. Parcijalna integro-
diferencijalna jednalina [ Transversal vibrations of hereditary beams - I. Part - Partial integrodiffer-
ential equation], Originalni nau¢ni rad, Tehnika, Masinstvo 49 (2000), 1, str. M1-8M (Serbian).
K. Hedrih (Stevanovi¢) and A. Filipovski, Longitudinal vibration of rheological rod with variable
cross section, Communications in Nonlinear Science & Numerical Simulation 4 (1999), no. 3,
193-199.

, Longitudinal creep vibrations of a fractional derivative order rheological rod with variable
cross section, University of Ni§. Facta Universitatis. Series: Mechanics, Automatic Control and
Robotics 3 (2002), no. 12, 327-350.

E K. Isayev and R. C. Mamedov, On dynamic stability of nonhomogenous Bars, Transactions of
AS Azerbaijan 669 (1998), no. 3-4, 174-177.

V. S. Jankovi¢, V. P. Poti¢, and K. Hedrih (Stevanovi¢), Parcijalne diferencijalne jednacine i
integralne jednacine sa primenama u inZenjerstvu [Partial differential equations and integro-
differential equations with examples in engineering], Univerzitet u NiSu, 1999, str. 347 (Serbian).
Yu. A. Mitropol’skii, Nelinyeynaya mehanika-Asimptoticcheskie metodi, Institut matematiki NAN
Ukraini, Kiev, 1995.

Yu. A. Mitropol’skii and Ju. A. Mitropol’skii, Metod usredneniya v nelineinoi mekhanike, Naukova
Dumka, Kiev, 1971.

Yu. A. Mitropol’skii and B. I. Moseenkov, Asimptoticeskie resenia uravneniy v éasnih proizvodnih,
Kiev, 1976.

K. B. Oldham and J. Spanier, The Fractional Calculus. Theory and Applications of Differentiation
and Integration to Arbitrary Order, Academic Press, New York, 1974.

T. J. Osler, Leibniz rule for fractional derivatives generalized and an application to infinite series,
SIAM Journal on Applied Mathematics 18 (1970), 658—674.

P. C. Parks and A. J. Pritchard, On the Construction and Use of Liapunov Functionals, IFAC, Techn.
session, 20, Stability, NOT, Warszawa, 1969, str. 59-73.

D. Raskovi¢, Teorija oscilacija [ Theory of Oscillations], Nau¢na knjiga, Belgrade, 1965 (Serbian).
B. Ross, Fractional Calculus and Its Applications, Lecture Notes in Mathematics, vol. 457,
Springer, Berlin, 1975.

S. G. Samko and B. Ross, Integration and differentiation to a variable fractional order, Integral
Transforms and Special Functions 1 (1993), no. 4, 277-300.

B. Stankovi¢, Differential equation with fractional derivative and nonconstant coefficients, Integral
Transforms and Special Functions 13 (2002), no. 6, 489-496.

R. I. Stratonovich, Topics in the Theory of Random Noise, Volume II, Gordon and Breach, New
York, 1967.

M. Tabaddor, Influence of nonlinear boundary conditions on the single-mode response of a can-
tilever beam, International Journal of Solids and Structures 37 (2000), no. 36, 4915-4931.

J. A. Tenreiro Machado, Discrete-time fractional-order controllers, Fractional Calculus & Applied
Analysis 4 (2001), no. 1, 47-66.

Katica (Stevanovi¢) Hedrih: Faculty of Mechanical Engineering, University of Nis, 18000 Ni3, Serbia
and Montenegro; Mathematical Institute SANU, 11001 Belgrade, Serbia and Montenegro
E-mail addresses: katica@masfak.ni.ac.yu; khedrih@eunet.yu


mailto:katica@masfak.ni.ac.yu
mailto:khedrih@eunet.yu

	1. Introduction
	2. Model of creeping rheological body
	3. Partial fractional differential equation
	4. Solution of the partial fractional differential equation of the beam transversal vibrations with creep material properties
	5. The S. T. Ariaratnam idea applied to the stochastic stability of the creep beam transversal vibrations dynamic shapes under axial bounded noise excitation
	6. The Lyapunov exponent and stochastic stability
	7. Concluding remarks
	Acknowledgments
	References

