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1. Introduction: difference schemes

It is known that (see, e.g., [1-5] and the references given therein) many applied problems
in fluid mechanics and other areas of physics and mathematical biology were formulated
into nonlocal mathematical models. However, such problems were not well investigated
in general.

In [6], the well-posedness in the spaces of smooth functions of the nonlocal boundary
value problem

V() +Av(E) = f(t) (0<t=<1), v(0)=v())+u (0<A=<1) (1.1)

for differential equation in an arbitrary Banach space E with the strongly positive oper-
ator A was established. The importance of coercive (well-posedness) inequalities is well
known (7, 8].
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For the construction of difference schemes, we consider the uniform grid space
[0,1]; = {tx =kr,0<k <N, Nt =1}. (1.2)

Assume that 7 < A. We consider the first order of accuracy implicit Rothe difference
scheme
M+Auk:(pk, (szf(tk)) tk=kr,1<k<N, (13)
Up = Up/r) + W

and the second order of accuracy implicit difference scheme

%jﬂ(ﬁ%)uk = <I+ %)?k, Pk =f(tk—%), tr=kt, 1 <k <N,

o = (1 _ (A _ [%]T)A)M[A/r] fut (A— [%]T)(p[)ur]»

approximately solving the boundary value problem (1.1).
Let F,(E) be the linear space of mesh functions ¢” = {(pk}lfl with values in the Banach

space E. Next on F;(E), we introduce the Banach spaces C;(E) = C([0,1],E), Cf’y(E) =
CP([0,1]+,E) (0 < y < B < 1) with the norms

(1.4)

o™ llc. e = ggllmllp

1.5)
(k+r)7)” (
et sup ok —oxllg rof

1<k<k+r<N

||(PT e T ||§DT

We introduce the fractional space E, = Eq(E,A) (0 < a < 1), consisting of all v € E for
which the following norm is finite:

Ivllg, = supA®||A(L+A) 1y, (1.6)
A>0

The difference scheme (1.3) or (1.4) is said to be coercively stable (well-posed) in F; (E)
if we have the coercive inequality

[ (e =) 1 = MOIAWIE +197Nl )], E'CE, (1.7)

where M is independent not only of ¢, u but also of 7.

In [9, 10], the stability and coercive stability of the difference schemes (1.3) and (1.4)
in C*%(E) and C,(E,) (0 < < 1) spaces and almost coercive stability (with multiplier
min{ln1/7,1+ [In||Allg—gl}) of the difference schemes (1.3) and (1.4) in C;(E) spaces
are established.
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In the present paper, the coercive stability of difference schemes (1.3) and (1.4) in
Cg’y(E) (0=y=<pf<1)and Cf’y(Ea,ﬁ) (0 =y < B <a<1)spaces under the assumption
that the operator —A generates an analytic semigroup exp{—tA} (¢ > 0) with exponen-
tially decreasing norm,when ¢t — +oo,

llexp{—tA}|l,_p < Me™, ||Aexp{—tA}||EaEsA—f, £50,8,M>0, (18

is established. In applications, this abstract result permits us to obtain the almost coerciv-
ity inequality and the coercive stability estimates for the solutions of difference schemes
of the first and second orders of accuracy over time and of an arbitrary order of accuracy
over space variables in the case of the nonlocal boundary value problem for the 2m-order
multidimensional parabolic equation.

Finally, methods for numerical solutions of the evolution differential equations have
been studied extensively by many researchers (see [8, 11-32] and the references therein).

2. Well-posedness of (1.3) and (1.4)

THEOREM 2.1. Let T be a sufficiently small number. Then the solutions of the difference
schemes (1.3) and (1.4) in Cf’y(E) (0 <y < B, 0<B<1)obey the coercivity inequality

[ e — 1) 1|

H{T‘l(uk —uk_1) 11\7

' (E) C(EY)

(2.1)

)1

1

M1 T -1
< /3(1—[3)”(” oo gy + Milp+ A Qv — 1

where M, is independent not only of 97, u, f, y, but also of 7.

Here, the space of traces Ef "V = EPY(E) which consist of the elements w € E for which the
norm

lwlf? = sup [max||r (I-R)R"'wl|,
O<r<7y L1=i=N

(2.2)
+ sup  (rr)P((i+r)7)"||[rH I - R (R ! — RH)WIIE]

1<i<i+r<N

is finite, where R = (I +TA)~! for (1.3) and R = (I + TA + (tA)?/2)~! for (1.4).
Proof. Let us prove (2.1) for difference scheme (1.3). By [7, formula (0.2) in Chapter 2],

k
we = Rfug+ > RFItlgir, k=1,...,N, (2.3)
j=1
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for the solution of the first order of accuracy implicit difference scheme for the approxi-
mate solutions of Cauchy problem

W () +Au(t)=f(t) (0=<t=<1) u(0)=up. (2.4)
From this formula and the condition uy = u[y/7] + p, it follows that

(Ve
ug = RV + > RWVTI-i*lg .z 4y, (2.5)
j=1

Since the semigroup exp{—tA} obeys the exponential decay estimate (1.8), we have that
[[RM|, p < M(1+87)7 %, ||ktARM||, <M, k=1 (2.6)

From this estimate, it follows that the operator I — RW7) has a bounded inverse T, =
(I - RWtHh-1and

Tl < M(A,0). (2.7)
Actually, we have that

T, — (I— exp{—AA}f1 =T.(I- exp{—AA})fl(RWT] —exp{—1AA}),

1
RWT —exp{-AA} = J (I+STA)‘(W’]”)<<)L - [%]T>A+ST/1A2> exp{—A(1—s)A}ds.
0

(2.8)

Then, using the triangle inequality and the estimates
(I - exp{-AA}) "' |lp_p < M(A,0), (2.9)
||RWT] —exp{—-AA}|[p_p = M(A,0)1, (2.10)

we obtain estimate (2.7). The proof of (2.9) is based on the estimate (1.8) and it was
proved in [33]. The proof of (2.10) is based on the estimates (1.8) and (2.6) and it was
proved in [34].

So, we have the formula

k
we = RFug+ > Rz, k=1,...,N,
izl

[A/7]
Uy = TT{ > R[A/T]‘f“(pj‘r+y}

j=1

(2.11)
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for the solution of problem (1.3). By [7, Theorems 5.1 and 5.2 in Chapter 2],
_ N
H{T N — 1) HcE'V(E)

< M| ma [~ OR (- 4,

+ sup (r)F((i+n)0) |t I =R (R =R (wg— A7 1) ||

1<i<itr<N

+ ol e |
pa—p)¢ Nl o

for the solution of the first order of accuracy implicit difference scheme for the approxi-
mate solutions of Cauchy problem (2.4). The proof of estimate (2.1) for difference scheme
(1.3) is based on the estimate (2.12) and the following estimate:

max ||+~ (- DR (w0471,

+ sup  (r7) P((i+7)7)" [T M I = R)Y(R* =R (ug — A1) ||

1<i<i+r=N

_ : M .
<M [ |+ A (ppe — 1) |17+ m”‘/’ ||c’3*y<E)]
(2.13)

for the solution of problem (1.3). Using formula (2.11) and estimate (2.7), we obtain
max [[771 (I = R)R™ (uo — A" g1) ||
=<i=<

+ sup  (ro) P((i+n)7) ||t M I =R (R =R (ug — A ) ||

1<i<i+r<N
' [A/7] '
< M(/1>8)|:lma§] Tﬁl(I _ R)RFl ( Z RWrl-j+1 ((P] _ §0[/V'r])T
<i< ‘
j=1

+p— (I -=RY A (91 — opm ))
E

+ sup (ro) P((i+r)7)’||r7' (I = R)(R*! = RI7T)

1<i<i+r<N

[AM7]
X ( > RV (i —gpm) T4p— (I-RY ™) A7 (91— ppaseg ))
in1

|

(2.14)
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By [7, Theorem 5.2 in Chapter 2],

max ||t (I = R R (u+A~ (-

1<i<N (P1+(P[/VT]))||E

+ sup  (ro)P((+r)7) ||l T - R)(R*1 = R (u+ A7 (
L<i<itr<N

— 1+ ow)lle
< sup [max||r (I-RR ' (u+A (-

O<r=<1y L1=i=N

o1+ o)) |le

1<i<itr<N

+ sup  (ro) P ((i+n)7) |7 IR (R =R (ur AT (- <P1+<PWT1))||E]
= |+ A7 (= g1+ oum) [},
(2.15)

Similar to estimate (2.12) and using estimates (2.6), we can show that

[AM7]
' (I-R)R™! ( > RV (o — o)) T+ RVIA () — (PWT]))
j=1

+ sup (ro)P((i+n)1)”

1<i<i+r<N

max
1<i<N

E

[A/T]
Tﬁl(I _R)(Rﬁ-r—l _Rl—l) ( z R[A/r]—]+1(¢j _ gDWT])T_1_R[A/T]A—1(go1 _ (PWT]))
j=1

E

< Mot
B(1—p) G (E) 016

From this estimate and (2.15), estimate (2.13) follows. Now let us consider the differ-

ence scheme (1.4). In a similar manner with the difference scheme (1.3), we can obtain
the formula

=

we = DFug+ > (I+ %A)Dk_j“q)j‘r, k=1,...,N,

ot (o) S (g @
j=1

A TA T
+/4+D<<1+; - I:;:l)I‘f' EA)T(P[)VT]}

for the solution of problem (1.4). Here

T, = (1— (1— <A— [%]T)A)D["/T])_l, D= <1+ TA+ (T‘;) ) . (2.18)
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By [7, Theorem 5.1 in Chapter 3],

— N
||{T 1(uk_uk71)}1||cf’3’5
(E)

T i a1
sM[lrgii)ﬁj A<I+2A>D(u0 A lg) ‘E
+ sup (ro)P((i+ r)T)yHA (I+ IA) (D*" = D) (ug — A ¢y)
I<i<i+r<N 2 E
+ a9t |
B —p? llcm
(2.19)

for the solution of the second order of accuracy implicit difference scheme for the ap-
proximate solutions of Cauchy problem (2.4). The proof of estimate (2.1) for difference
scheme (1.4) is based on the estimate (2.19) and the following estimate:

1m'a)1§f||771(1 —D)D'" (ug— A7 1) ||

+ sup (r0) P ((i+1)7) |77 (T = D)(D* = D7) (o — A1)

1<i<i+r<N

<M [|y+A’1 (prve) — 1) |fy + [g(lj\f B) |I¢T||C5"'(E)]

(2.20)
for the solution of problem (1.4). We have that
|| Te||pp < M(A,0). (2.21)
Actually, we can write
T: - (I-exp{-1A}) " = To(I - exp{-AA}) '

X ((I— (}L_ [%]T>A>DWT] —eXp{—/lA}>_ (2.22)

Then, using the triangle inequality and estimates (2.9),

o Lo

|[DV7) — exp{—-AA}| |, < M(A,8)T, (2.24)

<M, 67, (2.23)

E—E

we obtain estimate (2.7). Estimate (2.23) follows from
IIDH||;.p <M, |ktAD¥||, p <M, k=1 (2.25)

The proof of (2.24) is based on estimates (1.8) and (2.25) and it was proved in [34].
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Using formula (2.17) and estimate (2.21), we obtain

max |77 (I = D)D" ' (o — A 1) |

1<i<N
+ sup  (ro) F((i+7)7)’[[e (T = D)D" = D) (ug — A7 )|
1<i<i+r<N
' [AM/7] '
< M(A)[lrgeg] (1 —D)D'-l( >, DV (g — gy T
<i< st

i (1= D) A (g = q)w)
E

+ sup (ro)B((i+r)7)"||r"'I - D)(D""' = D'7Y)

1<i<i+r<N

[A/7]
X( > DV (9= ) T+p— (I-DV ) A7 (91— ppasey ))
i1

By [7, Theorem 5.2 in Chapter 3],
max ||t (I = D)d"™ ! (u+ A~ (= g1+ ppm)) |l

+ sup (r0) F((i+n)7) |7 I=D)(D™ = D7) (u+ A7 (= o1+ puve))

1<i<i+r<N

< sup [maXIIT (I=D)D"™! (u+A™ (= @1+ puasm)) I

O<r<t1 | 1=i=N

+ sup  (ro) P((i+r)7)’||r ' -D)(D* =D ) (u+ A7 (- (/)1+(P[/\/T]))||E:|

1<i<i+r<N

= [p+A (= o1 + o) |l1;y

(2.27)
Similar to estimate (2.19) and using estimates (2.25), we can show that
/1]
max |7~ (1 - D)D"! ( > DW=t (g, — o) T+ DVTIAT (9 — ¢[A/T]))
<i=N j=1 E

+ sup (ro)P((i+r)1)”

1<i<i+r<N
T—I(I_D)(Dlw—l _Dz—l) ( Z D[)L/r]—]+1((Pj _ (P[)L/T])T
j=1

M
V1] 4 -1 _ —||o"
+DWTAT (¢ ngr])) . = ﬁ(l—ﬁ)W ||C’E’V(E)

(2.28)

From these estimates, estimate (2.20) follows. O
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Remark 2.2. The parameter y can be chosen freely in [0, 8), which increases the number
of spaces CY(E) (0 < y <f, 0<B<1) of grid functions in which difference schemes
(1.3) and (1.4) are well-posed.

THEOREM 2.3. Let T be a sufficiently small number. Then the solutions of the difference

schemes (1.3) and (1.4) in CE’Y(E(X,[;) (0 <y < B <a< 1) satisfy the following coercivity
inequalities:

H{Tfl(uk - uk—l)}?[Hng(Eaiﬂ)

M, -1 By By _ B,
= (X(l — “) ||(PTHCE’Y(Ea7ﬁ) +M1 |‘u +A (go[/v‘[] - (Pl) | 1+0t—ﬂ’ E(xfﬁ - Eﬁ y(EOC*ﬁ))

(2.29)

where M, is independent not only of ¢, ¢, a, B, y, but also of T.
Proof. Let us prove (2.29) for difference scheme (1.3). By [7, Theorem 5.3 in Chapter 2],

H{Tfl (g — uk—1) }Il\]HcE*Y(Ea,ﬁ)

< M[ max ||z (I = R) R (up — A gy)

1<i<N Eqp

+ sup (ro)P(Gi+r)7)!||r71d = R) (R = R™1Y) (g _A71¢1)||Ea,ﬂ

1<i<i+r<N

LM
a(l —a)

llp? c’E'V(Eu,/;)]

(2.30)

for the solution of the first order of accuracy implicit difference scheme for the approx-
imate solutions of Cauchy problem (2.4). The proof of estimate (2.29) for difference
scheme (1.3) is based on estimate (2.30) and the following estimate:

max || (I —= R R (ugp — A ¢1)

1<i<N

Eup

+ sup (rD)F((+1)7) |77 - RYRYT =R (g~ A7 ) [,

1<i<itr<N

_ : M T
< M| [+ A (g = 00) g oo 197 et |
(2.31)
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for the solution of problem (1.3). Using formula (2.11) and estimate (2.7), we obtain

max |77 (I = R)R™ (ug — A7 1) ||, 4

1<i<N
+ sup (r0) P ((i+n)7) |7 T = R(RY =R (uo — A" 91|,
1<i<i+r<N
A7) ‘
< M(/\)[]ma)ﬁ] I —R)Ri_1< Z R[A/T]_”l((pj - Q)T
<i< .
j=1
+pu— (I-RYV A () - ¢Wr1)>
Eu g
+ sup (ro)B(Gi+r)7)"||r71(T - R)(R*~! —R™Y)
1<i<i+r<N
/7] ‘
X( > RV (95— ) THu— (T-RYT) A7 (91 = ey )> }
j=1 Eoap
(2.32)
By [7, Theorem 5.2 in Chapter 2],
max [z (T = R (u+ A" (= g1+ ouve),
+ sup (ro)P((+0)7) [T IR (R =R (AT (= gt ouva)) g, ,
1<i<i+r<N

< sup [max”r (I =RR " (p+ A (= o1+ o)), ,

O<r<ty | 1=i=

+ sup  (ro)P(G+r)7) |[r M I —R) (R =R (u+ A~ (— 1 + ¢[/\/r]))||Ea5:|

1<i<i+r<N

= lu+ A (=gt o) 10, 4.
(2.33)

Similar to estimate (2.30) and using estimates (2.6), we can show that

max

1<i<N

[A/7]
T I(I R)Rl 1( Z RM/T]_JH((P]' _ gD[)L/T])T'FRM/T]A_l(ng _ (P[)I/T])>
j=1

Eop

+ sup (rr)P((i+r)7)’||z7'(I — R)(R™"! —RI71)

1<i<i+r<N
Wl
X( D> RV (g —02)) THRVTIAT (91 — ppuey ))
=1 Eu g
M

“att-a ¥l
(2.34)
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From this estimate and (2.33), estimate (2.31) follows. Now let us consider the differ-
ence scheme (1.4). By [7, Theorem 5.3 in Chapter 3],

[ = e DO v,
' (Ea )

r i -1
< M[glzg] ‘A<I+ EA)D (o — A1) Fay
+ sup (rr)P((i+ r)T)yHA (I+ IA) (D" = D) (ug — A1)
L<i<itrN 2 Eap
M T
+ (X(l —(X) ||§D Hcf’V(EWM
(2.35)

for the solution of the second order of accuracy implicit difference scheme for the ap-
proximate solutions of Cauchy problem (2.4). The proof of estimate (2.29) for difference
scheme (1.4) is based on estimate (2.35) and the following estimate:

max ||z (I —= D)D" (uyg — A gy)

1<i<N

Eyp

+ sup  (rr)P((i+7r)7)’||r71T - D) (D"~ — DY) (ug A o)), ,

1<i<i+r<N

— > M T
§M1[|,M+A Hom — 1) |f+ya-/3+m||¢ cfvy(Ea,ﬁ)]

(2.36)
for the solution of problem (1.4). Using formula (2.17) and estimate (2.21), we obtain

1m-a)1$;||T_I(I — D)D" (ug— A gy)
<1<

Eap

+ sup  (r0) F((i+0)7)" || I = D)(D* = D) (ug — A1) ||,

l<i<itrsN
' [M/7] '
< M) |: lma%] T—I(I _ D)Dz—l ( Z pWrl=j+1 ((PJ _ (P[/VT])T
<i< :
< st

= (I =DV A7 gy — W]))
Eup

+ sup (rv)P((i+r)1)’||r7'(I - D)(D"*"~! = DY)

1<i<i+r<N

A7)
X( > DW= (@i o)) T+u— (I-DVT) A~ (@1 — ppim ))
i1

EM]

(2.37)
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By [7, Theorem 5.3 in Chapter 3],

max ||t (I - D)d™ " (u+ A7 (= o1+ opm)) I

1<i<N
+ sup N(r‘r)‘ﬁ((i+r)‘r)y||T‘1(I—D)(Di+"1—Di‘l)(y+A‘1(—¢1+<pWT])) Fuy
1<i<itr<
< sup [max [t = D)D" (p+ A7 (= o1+ o)), ,
0<T<7) 1<i<N
+ sup N(rr)‘ﬁ((i+r)f)yllf‘1(I—D)(D"“‘l—DH)(#+A‘1(—<m+<pwf])) EM]
1<i<itr<

= lu+ A7 (= o1+ o) |/13’+ya—ﬁ-

(2.38)
Similar to estimate (2.35) and using estimates (2.25), we can show that
vl ‘
max ||r~/(I - D)D" ( > DV (g = gpaym) T+ DVIAT (91 = gpum ))
o j=1 Ea—ﬂ

+ sup (r1)P((i+r)7)’||r" I -D)(D* ' - D)

1<i<i+r=N

[M7] 4

X ( >, DY (g — opye)) T+ DV AT (91 = gpng ))
j=1 Eoﬁ/f
M T
= a(l - a) ||§0 ||C§’y(E,x7/3)’
(2.39)

From these estimates, estimate (2.36) follows. O

Remark 2.4. The spaces Cg’y(Ea_ﬁ) of grid functions, in which coercive solvability has
been established, depend on the parameters «, 8, and y. However, the constants in the
coercive inequalities depend only on «. Hence, we can be choose the parameters 3 and y
freely, which increases the number of spaces of grid functions in which difference schemes
(1.3) and (1.4) are well-posed.

Remark 2.5. Using the coercive stability estimates of Theorems 2.1-2.3 and by passing
to the limit for 7 — 0, one can recover theorems on coercive solvability of the nonlocal-
boundary value problem (1.1) [6].
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3. Applications

We consider the boundary value problem on the range {0 <t < 1, x € R"} for 2m-order
multidimensional parabolic equation

ov(t,x) 0I7lv(t,x) 3
ST + Z a.( )783({‘ T oxh +0v(t,x) = f(t,x), 0=<t<l,

(3.1)

|7|=2m

v(0,x) =v(L,x)+u(x), 0<A=<1l,x€R", |tl=11+ - +1p

where a,(x), f(t,x) and p(x) are given sufficiently smooth functions and § > 0 is a suffi-
ciently large positive constant.

Now, the abstract theorems given above are applied in the investigation of difference
schemes for approximate solution of (3.1). The discretization of problem (3.1) is carried
out in two steps. Let us define the grid space R}, (0 < h < hy) as the set of all points of the
Euclidean space R" whose coordinates are given by

xXp =skh, si=0,x1,%2,..., k=1,...,n (3.2)
In the first step, let us give the difference operator Aj by the formula

Al = > b*Diut+6ul. (3.3)

2m<|r|<S

The coefficients are chosen in such a way that the operator Aj, approximates in a specified
way the operator

ol
z ar(X)m +94. (3.4)

|r|=2m

We will assume that for |£ch| < 7 and fixed x, the symbol A*(£h, h) of the operator A} — 6
satisfies the inequalities

(—1)"A*(ERh) = My E1P", | argA*(Ebh)| < ¢ < go < g (3.5)

With the help of Ay, we arrive at the nonlocal boundary value problem

h
D () = o), 0=t=1,
o (3.6)

v10,x) = v"(A,x) +yh(x), x € Ry,

for an infinite system of ordinary differential equations.
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In the second step, we replace problem (3.6) by the difference schemes

ul(x) —ul_ (x)

. +ATU(x) = @f(x),  @L(x) = fM(tx), t=kT,

1<k=<N, u}(x)=upx)+u"x), xeR},

ull(x) —ul_ | (x)
T

FAT <1+ D;Z)uﬁ(x) - (1+ ’;x)qﬂ,:(x), (3.7)

<,0Z(x)=fh(fk—%,x), t=kt, 1 <k <N,

i (x) = (1 -(2- [%]T)AZ)M?]VT] () +4 )+ (A |:/—l:|‘[) Pl (X), xERL

Let us give a number of corollaries of the abstract theorems given above. To formulate

our result, we need to introduce the spaces C, = C(R}}) and Cﬁ = Cﬁ(RZ) of all bounded
grid functions u"(x) defined on R}, equipped with the norms

[l = sup [u(x) ],
xeRj

| (x) — ' (x+ y)| (3:8)

1| = sup [u"(x)| + sup
G xeRj x,yeR} |y|/3

TaEOREM 3.1. The solutions of the difference schemes (3.7) satisfy the coercivity estimates:

“1(,h _ .k N IH
H{T (uk uk—l) C/_gv)’(cz)

<Mom/)[ > D"

|r|=2m

(3.9)

cpama + ||p™" b (CZ)]’ 0<2ma+v<1,v>0,
where M(a,v) does not depend on ¢™", y", h, and 7.

The proof of this theorem is based on the abstract theorems (Theorems 2.1 and 2.3)
and the positivity of the operator Aj, in C, [35] and on the coercivity inequality for an

elliptic operator Aj, in Cf [7] and on the following theorem.

TueoreM 3.2 (see [7]). Forany 0 < 8 < 1/2m, the norms in the spaces Eg(Cy, Ay,) and szﬁ
are equivalent uniformly in h.
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