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A complete first-order analytical solution, which includes the short periodic terms, for the
problem of optimal low-thrust limited-power transfers between arbitrary elliptic coplanar orbits
in a Newtonian central gravity field is obtained through canonical transformation theory. The
optimization problem is formulated as a Mayer problem of optimal control theory with Cartesian
elements—position and velocity vectors—as state variables. After applying the Pontryagin
maximum principle and determining the maximum Hamiltonian, classical orbital elements are
introduced through a Mathieu transformation. The short periodic terms are then eliminated from
the maximum Hamiltonian through an infinitesimal canonical transformation built through Hori
method. Closed-form analytical solutions are obtained for the average canonical system by solving
the Hamilton-Jacobi equation through separation of variables technique. For transfers between
close orbits a simplified solution is straightforwardly derived by linearizing the new Hamiltonian
and the generating function obtained through Hori method.
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1. Introduction

In the general analysis of optimal space trajectories, two idealized propulsion models are of
most frequent use [1]: LP and CEV systems. In the power-limited variable ejection velocity
systems—LP systems—the only constraint concerns the power, that is, there exists an upper
constant limit for the power. In the constant ejection velocity limited thrust systems—CEV
systems—the magnitude of the thrust acceleration is bounded. In both cases, it is usually
assumed that the thrust direction is unconstrained. The utility of these idealized models is
that the results obtained from them provide good insight about more realistic problems.

The purpose of this work is to present a complete first-order analytical solution,
which includes the short periodic terms, for the problem of optimal low-thrust limited-power
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transfers (no rendezvous) between arbitrary elliptic coplanar orbits in a Newtonian central
gravity field. This analysis has been motivated by the renewed interest in the use of low-
thrust propulsion systems in space missions verified in the last two decades.

The optimization problem is formulated as a Mayer problem of optimal control
theory with Cartesian elements—position and velocity vectors—as state variables [1]. After
applying the Pontryagin Maximum Principle and determining the maximum Hamiltonian,
classical orbital elements are introduced through a canonical Mathieu transformation. The
short periodic terms are then eliminated from the maximum Hamiltonian through an
infinitesimal canonical transformation built through Hori method—a perturbation canonical
method based on Lie series [2]. The new maximum Hamiltonian, resulting from the
infinitesimal canonical transformation, describes the extremal trajectories associated with the
long duration maneuvers.

Closed-form analytical solutions are obtained for the average canonical system
governed by this new Hamiltonian. The separation of variables technique is applied to
solve the Hamilton-Jacobi equation associated to the average canonical system [3]. For long
duration maneuvers, the existence of conjugate points is investigated through the Jacobi
condition and the envelope of extremals is obtained considering different configurations of
initial and final orbits. Curves representing maneuvers with same fuel consumption for a
specified duration, called isocost curves, are presented for several configurations of initial and
final orbits. An iterative algorithm based on the first-order analytical solution is described for
solving the two-point boundary value problem of going from an initial orbit to a final orbit.

For transfers between close coplanar elliptic orbits, a simplified solution is straight-
forwardly derived by linearizing the new Hamiltonian and the generating function obtained
through Hori method. Since this solution is given by a linear system of algebraic equations in
the initial value of the adjoint variables, the two-point boundary value problem is solved by
simple techniques.

Some of the results presented in the paper are very similar to the ones obtained by
Edelbaum [4] and Marec and Vinh [5] through different approaches based on the concept
of mean Hamiltonian. We note that the theory described in the paper includes directly the
periodic terms such that it can be applied to any transfer independently of its duration. On
the other hand, since the theory is based on canonical transformations, a first-order solution
for the Cartesian elements can also be easily obtained from Lie theorem [2].

2. Optimal space trajectories

A low-thrust limited-power propulsion system, or LP system, is characterized by low-thrust
acceleration level and high specific impulse [1]. The ratio between the maximum thrust
acceleration and the gravity acceleration on the ground, ymax/go, is between 107* and 1072.
For such system, the fuel consumption is described by the variable J defined as

ty
J= % 2 i, (21)
to

where y is the magnitude of the thrust acceleration vector y, used as control variable. The
consumption variable J is a monotonic decreasing function of the mass m of the space vehicle,

]=Pmax<l—i>, (2.2)

m mg
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where Ppax is the maximum power and my is the initial mass. The minimization of the final
value of the fuel consumption J; is equivalent to the maximization of m.

Let us consider the motion of a space vehicle M, powered by a limited-power engine in
a Newtonian central gravity field. At time ¢, the state of the vehicle is defined by the position
vector r(t), the velocity vector v(t) and the consumption variable J(t). This set of variables
provides a straightforward physical interpretation to the optimal thrust acceleration.

The problem of general optimal low-thrust limited-power transfer can be formulated
as a Mayer problem of optimal control as follows [1]. It is proposed to transfer the space
vehicle M from the initial state (ro, vo, 0) at time #; to the final state (r, v, J5) at time tf, such
that the final consumption variable J; is a minimum (Figure 1).

For coplanar transfer problem, the initial and final conditions are specified in terms of
orbital elements—semimajor axis, eccentricity, and pericenter argument—introduced in the
next section. It is also assumed that t; -ty and the position of the vehicle in the initial orbit
are specified. The state equations are

ar_,
T
av U
b A o 2.3
dt r3r+T/ ( )
41,
e 2'7

where p is the gravitational parameter. It is assumed that the thrust direction and magnitude
are unconstrained [1].

According to the Pontryagin Maximum Principle [6], the optimal thrust acceleration
r* must be selected from the admissible controls such that the Hamiltonian H reaches its
maximum. The Hamiltonian is formed using (2.3),

U 1
H =p,ev+ pvo< - r—3r + y> + zp]y2, (2.4)

where p,, p», and pj are the adjoint variables and dot denotes the dot product. Since the
optimization problem is unconstrained, it follows that

* p‘l}
__Peo (2.5)
! pj

The optimal thrust acceleration y* is modulated [1]. Then, the optimal trajectories are
governed by the maximum Hamiltonian H*,

2
* ‘u PZJ
H* = p,ov — pvoﬁr— % (2.6)

Since J is an ignorable variable, it is determined by simple integration, and its adjoint p; is a
first integral, whose value is obtained from the transversality conditions: p; = —1. Thus,

2

H* = p,ev - p”'%r + % (2.7)



4 Mathematical Problems in Engineering

Figure 1: Geometry of the transfer problem.

This Hamiltonian can be decomposed into two parts:

Ho = prov - pvor%r,

2
p
Hy =P,

(2.8)

where H) is the undisturbed Hamiltonian and Hj- is the disturbing function concerning the
optimal thrust acceleration. The undisturbed Hamiltonian Hj plays a fundamental role in the
canonical transformation theory described in the next section.

3. Transformation from cartesian elements to orbital elements

In order to obtain a first-order analytical solution for transfers between arbitrary elliptic
coplanar orbits, the set of classical orbital elements is introduced through a canonical
transformation by using the properties of generalized canonical systems [7].

Consider the extended two-body problem defined by the canonical system of
differential equations governed by the undisturbed Hamiltonian Hy, that is, the problem
defined by the differential equations for the state variables r and v, which describe the
classical two-body problem, and the differential equations for the adjoint variables p, and
Po- These equations are given by

dr dp.

=Y I C T—s(pv - 3(poeer)er),
dv._ p dp, _
at At ar P

(3.1)

where e, is the unit vector pointing radially outward of the moving frame of reference.
The general solution of the differential equations for the state variables r and v is well-
known from the classical two-body problem [8]. In the coplanar case, it is given by

_a(l-¢?)
“l+ecosf

v:“ﬁ[esinfer+(1+ecosf)es], (3.3)

(3.2)
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where ey is the unit vector along circumferential direction of the moving frame of reference;
a is the semimajor axis, e is the eccentricity, and f is the true anomaly. The unit vectors e, and
e, are written as function of the orbital elements as follows:

e, = cos(w + f)i+sin(w + f)j,
3.4
es = —sin(w + f)i+cos(w + f)j G4

where i and j are the unit vectors of a fixed frame of reference (Figure 1) and w is the
pericenter argument.

The general solution of the differential equations for the adjoint variables p, and p,
is obtained by computing the inverse of the Jacobian matrix of the point transformation
between the Cartesian elements and the orbital ones, defined by (3.2) and (3.3). This matrix
is obtained through the variations of the orbital elements induced by the variations in the
Cartesian elements, as described in the next paragraphs.

Let us consider the inverse of the point transformation defined by (3.2) and (3.3):

.
N — 35
T2 (o) 5
2
e?=1- h—, (3.6)
ua
cosw = ¢, (37)
e
cosE = 1(1—5) (3.8)
e a

where the eccentricity vector e and the angular momentum vector h, shown in Figure 2, are
given, as function of the Cartesian elements r and v, by the following equations:

(-]

h=rxv.

Here, the symbol x denotes the cross product. The true anomaly f has been replaced by
eccentric anomaly E. These anomalies are related through the equation

f 1+e E
L= —. Nl
tan2 1_etan2 (3.10)

Now, consider the variations in the Cartesian elements, 6r and 6v, given in the moving
frame of reference by

Or=0%¢e, + 016,
(3.11)
ov="06ue,+06ve;.
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Line of apsis

Figure 2: The vectors e and h.

The variations of the orbital elements—a, e, w, and E—induced by the variations in
the Cartesian elements, 6r and 6v, are obtained straightforwardly from (3.5) through (3.8)
and are given by

be = — + ba,
pae  2ua’e
(3.12)
e iebe
6w = — cot w — —
esin w
1
= — [ro6r - L6a+cosE6e],
esin E| ra 2

where the variations of the vectors e and h are written as

pée = (v26¢ — v50,61 + 2rvs6v) e, + < - 050,68 + (v% - g)(iq —rvsbu — rvr60> e, (3.13)

6h = (vs6¢ — v,61 +1r6v) ey, (3.14)

being the unit vector e,, normal to the plane of the orbit. Here, v, and vy denote the radial
and circumferential components of the velocity vector, respectively (see (3.3)).

From (3.2), (3.3), and (3.9) through (3.14), one gets the explicit form of the variations
of the orbital elements—a, e, w, and E—induced by the variations in the Cartesian elements,
or and 6v. At this point, it is useful to replace the variation in the eccentric anomaly E by the
variation in the mean anomaly M, obtained from the well-known Kepler equation

M =E -esin E. (3.15)
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This variation is given by

5M = <£>6E _ sin Eée. (3.16)

Thus,

2 2 3 — 2
6a=2(§> 68+ esin f g, 2Vl <§>5v,

- n
1-¢2 i 1 = 22 1 = e2
Seza(—ze)cosE6§+5mf6q+ 1-e sin f 6u + 1-e (cos E +cos f)6v,
r a na na
i V]_e? N
6w=smf6§— etcosf omn - ! ecosf6u+ 1-e sinf<1+;>60,
er ae(1-e?) 1+ ecos f
1-ée%cosE V1-e?
OM = -————=rsin f 6+ cosf o
erv1-e? fos ae Jon
1-¢2 1-¢€?
+( e><cosf—2—e>6u—( e)sinf<1+;>6v,
nae 1+ ecos f nae 1+ecos f
(3.17)
where n = 1/p/a® is the mean motion.
Equation (3.17) can be put in the form
6a 6¢
6e 6
a0 , (3.18)

ow ou
oM 6v

where the matrix A~! is inverse Jacobian matrix of the point transformation between the
Cartesian elements and the orbital ones, defined by (3.2) and (3.3).

Following the properties of generalized canonical systems [7], the general solution of
the differential equations for the adjoint variables p, and py is given by

Pa
[pr] T[], (3.19)
Pv pw

Pm
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with p, and py expressed in the moving frame of reference. Thus, it follows from (3.17)
through (3.19) that

pe = %{Zap[ﬁ ((1-e?)cosE) pe + <£> sinf<Pw_ (1—e3cos15)pM>}er

r e 1-e?

+{sinf _ (e+cosf) +v1—ezcosf

a ae(1-e?) “ ae

pM }esr

1- 2
pv = ;{{hzesin fra+ ((1-€*)sin f)p. - ﬂpw
nav'l - e? e (320)
(1-e2)*? 2e |
" e (Cosf_1+.t2c:osf>pM}er

+ {Za(l - ez)<§>pa +(1-€?)(cos f + cos E)pe

L (1-4) sinf<1+ 1 ><pw_mpM>}es}.

e 1+ecosf

(r/a), (r/a)sin f, and so forth are known functions of the elliptic motion, which can be
written explicitly in terms of eccentricity and mean anomaly through Lagrange series [8].
Equations (3.2), (3.3), and (3.20) define a canonical Mathieu transformation between
the Cartesian elements (r,v,p:, pv) and the orbital ones (a,e,w, M,pa, Pe, P, Pm). The
Hamiltonian H* is invariant with respect to this canonical transformation. Thus,

HO =npm, (321)
B 1
v 2n%a?(1 - e?)

X {%(1 —cos2f)[2aeps + (1 - 62)}7@]2

1- 2
+2(1-¢?) sin Zf[—apupw— ( 2; )Pepw]
2

-2
c 4 cosf) [apapM + ( B )pepM]

1+ecosf

+4(1- 62)3/2 sin f<

/2
(1-e?) ,_21-¢ ~2e
+T(1+c052f)pw— = <1+ecosf+cosf> Cos fpupm
(1_32)3 —2e ? 2 n2fa\’ ,
S <1+ecosf+cosf> py +4a (1—6)(;) pa

+4a(1- ez)2<§>(cosE + cos f)pape + (1 - ez)z(cosE + cos f)*p?
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 da(1-2)” <§> sin f(l " ;> |pap = V1= epapu

e 1+ecosf

+ —2(1 _ 62)2 (cosE + cosf)<1 + ;> sin f[PEPw - MP‘?PM]

1+ecosf

e

+ [(1 —¢) <1 L elcosf> sin f[Pw - MPM]]Z}.
(3.22)

The new Hamiltonian function H*, defined by (3.21) and (3.22), describes the optimal
low-thrust limited-power trajectories in a Newtonian central gravity field for transfers
between arbitrary elliptic coplanar orbits. It should be noted that H* becomes singular for
circular orbits and, thus, the theory developed in the paper cannot be applied to transfers
involving orbits with very small eccentricities.

A first-order analytical solution for the canonical system described by the Hamiltonian
function H* will be derived in the next sections through canonical transformation theory.

4. A first-order analytical solution

In order to get an approximate formal solution to the problem of transfers between arbitrary
elliptic coplanar orbits, a perturbation technique based on Lie series—Hori method—will
be applied. For completeness, a brief description of Hori method [2] is presented in the
appendix.

In this study, for low-thrust propulsion systems, it is assumed that the functions Hy
and H,- have different order of magnitude: Hy has zero order and H,- has first order in a
small parameter associated to the magnitude of the thrust acceleration.

Consider an infinitesimal canonical transformation built through Hori method,

(a/ e/ (A), M/ pu/ pe; Pw/ PM) — (a,/ e’/ w,/ M,/ p:z/ P;/ péu/ P§\4) (41)
Following the algorithm described in the appendix, at order 0 one gets
Fo = n'py. (4.2)
Now;, consider the undisturbed canonical system described by Fj :
da dpl, 3n ,
a =Y @ T 2aPw
de' dp,
ar =Y a Y
(4.3)
do _ 0 AP _ 0
at at 7
amM’ dpy,
ar = a2

general solution of which is given by

a = ay, e=¢,, W=uw,

3n'(t-ty)
P = Pay+ 3 ———Ph

M =M +n'(t-ty),

ro_ ) ro_ ) L
Pe = peo' Pw = pwof pM - PM[)'

The subscript 0 denotes the constants of integration.

(4.4)
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Introducing the general solution defined by (4.4) in the equation of order 1 of the
algorithm (A.6), one gets

051

E = HYX - Fl. (45)

The functions Hy- and F; are written in terms of the constants of integration. According to
(A.11), the mean value of Hy- must be calculated. After lengthy calculations, one gets

2
2 2 2 (5-4€7) ,
Fy = 2”{4611 2,2 (1 I )ple n 26,2 p/w , (46)
1/2
1 /5 1 - 6'2
Sy = 5 ill_S {86' sin E’ 61'2}9'a2 +8(1- 3,2) sin E'a'pp, - % cos E' a'p,p,
2 5 /) i 3 . ! !
+(1-€") - ¢ sin E +ZSIn2E ——e 'sin 3E'|p?
(4.7)
1/2
2(1-¢” 1 1
i % [Ze' cosE' + Z(e'2 —3)cos2E' + Ee' cos 3E'] Pabes

1 1 1
+ o [(Z - e'2>e' sin E' - E(g - e'z) sin 2E' + ﬁe’ sin 3E'] pf,}

Terms factored by p), have been omitted in equations above, since only transfers (no
rendezvous) are considered [4]. But, it should be noted that mixed secular terms can arise in
the new Hamiltonian in the case of rendezvous maneuvers. For a first-order solution, F' = F;
and S = S;.

The new Hamiltonian F’' governs the optimal long duration transfers between
arbitrary elliptic coplanar orbits. The general solution of the canonical system described by
this Hamiltonian will be obtained through two canonical transformations.

First, consider the Mathieu transformation:

(d,e, W, puPepwn) — (@', 4,0, pa Py Pu), (4.8)

defined by the following equations:

a=d,  p,=pu

! : ! p‘i)
e’ =sin ¢, P, = cosg’ (4.9)
W =W Py =P

The Hamiltonian function F’ is invariant with respect to this transformation. Thus,

"no_ a’ 112 112 //2 § 23 "
F' = 2‘u{ Pa + 2p¢ <2csc ¢ 2>pw}. (4.10)
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The canonical system governed by the new Hamiltonian function F” has three first
integrals (t and w are ignorable variables),

P = C1, (4.11)
p¢ +plles?p = C3, (4.12)

a’ 112 1/2 112 5 "2
Z‘u{ pa+ 2;94, ( csc’p - 2) } E. (4.13)

(Constant E should not be confused with the eccentric anomaly E.) These first integrals play
important role in determining the general solution of the canonical system governed by the
new Hamiltonian function F” through Hamilton-Jacobi theory.

Let us consider the problem of determining a canonical transformation defined by a
generating function W such that C;, C;, and E become the new generalized coordinates,

(@', ¢, 0", Py, Pl) ~> (C1,Ca, E, ey, pes, PE)- (4.14)

Since the new Hamiltonian function F” is a quadratic form in the conjugate momenta, the
separation of variables technique will be applied for solving the Hamilton-Jacobi equation
[3]-

Consider the transformation equations

oW v, oW
pa—aa//’ Py = ad)’ pw—awu’
(4.15)
ow ow ow

pc, = ~ac, pc, = TG, PE = T 3E’

where W = W(a", $,w",Cy,Cy, E) is the generating function. The corresponding Hamilton-

Jacobi equation is then given by
5/0W ow
S5 Geern)(G) e

a’ {4 ,,2<6W>
2u oa’
Following the separation of variables technique, it is assumed that the generating function W
is equal to a sum of functions, each of which depends on a single old variable, that is,
W(a”, ¢, w", Cq1,Cy, E) =Ws (a", Cq1,Cy, E) + W, ((i), Cq,Cy, E) + W3 (w", Cq,Cy, E) (417)
Therefore, from (4.11) through (4.17), it follows that

oWs;
awll

WL \>  /OWs\® L.,
<_6¢ ) + <_6w”> csclp = C3, (4.18)

il () 303 < Geor2) (5) )
2#{451 <6a”> "2 0¢ i 2C5C¢ 2 ow"

=Cy,

E.
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A complete solution of these equations is given by

5C2 ([ 4uE 12 L[ 4uE 12
=-\/= -1 -tan -1
Wi 2 { [5C2a” ] tan [5C2a” ] }'

W, = J C3 - Cies2p dg,

(4.19)

!
W3 = Clw P

with 5C; — 4C2 = 5C%. We note that W, is given as indefinite integral, since only its partial
derivatives are needed (4.15), as shown in the next paragraphs.

Now, consider the differential equations for the conjugate momenta of the canonical
system governed by the new Hamiltonian F"” = E, that is,

dpcl

T
dpc
© 4.20
=0 (4.20)
dpe _ _
a
whose solution is very simple:
pc, =a1,  pc, =&y,  pe=az-—t, (4.21)

where a;, i = 1,2, 3, are arbitrary constants of integration.

Introducing the generating function W, defined by (4.17) and (4.19), into the
transformation equation (4.15), and taking into account the general solution defined by (4.21)
for the conjugate momenta, one gets

1 1/2
"= 4uEa - 5C%a* 7,
Pa= 5 5 4 ]
py =1/C3 - Clesc?g,
Pw = C1,

AuE 1/2 2
=022 (HE ) Voo =g am
e C; - Ciesc2gp
e (s 1) ) (g )
cx2:—\/j—tan -1 + sin ———cos¢ ),
2C 5C2
z Ja-a

1
2v2Ea

[4uEa - 5C2a%]'"2.

t—a3=—-
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From equations above, one finds the solution of the canonical system governed by the
Hamiltonian F” for a given set of initial conditions:

a//

"(t) = 0 , 4.23
T = T Ga e (/28R - i “2)
a"sin kg = agsin® (V2 + k), (4.24)

1
¢ = E(T— 70)\/1 + 4 cos?ky, (4.25)
cos ¢ = coskjcosT, (4.26)
w" = ko + tan™! (tantescky) - g‘r sin ky, (4.27)

all 3 a’ 1
"2 2 "2 2 0

P = (a”) Pay + 8p“’° (5cscky —4) <ﬁ - ﬁ)’ (4.28)
qu pix (csc’ky — csc), (4.29)

with the auxiliary constants ko, ki, and ky defined as functions of the initial value of the
adjoint variables (conjugate momenta) by

8(angO) +p)2 (5esc?ky — 4)

csc’k ’
T piz (5csc?ky — 4)
P + p/IZ CSCZ(l)o
csctky = T T u:)z , (4.31)
wo
4 -1
ko = wp + =70 sin kq — tan™! (tan 7y csc ky ).

The constants C, C1, C,, and E in (4.22) can also be written as functions of the initial value of
the adjoint variables as follows:

C?= 5p,’j,2() (5csc?ky — 4),
C1 = Pryys

(4.32)
p¢ +pi2esc o,

4uE = af (S(agpgo) +pi2 (5esc’ky — 4)).

The initial conditions for the state variables (generalized coordinates) are given by a"(0) = ay,
e"(0) = sin ¢y, and w"(0) = wy, and 7y is obtained from cos ¢ = cos ki cos ;.

Equation (4.23) through (4.30) represents the solution of the canonical system
concerning the problem of optimal long duration low-thrust limited-power transfers between
arbitrary elliptic coplanar orbits in a Newtonian central field.
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For maneuvers with arbitrary duration, the periodic terms must be included [9].
Following Hori method and applying the initial conditions, one gets a first-order analytical
solution:

a’® 2 2 (1- 3,2)1/2 ’
at) =d'(t) + E [86' sin E'a”p’, +4(1-¢€")sin E'd'p), - 4T cos E'a'p:u] ;
0
15
e(t) = e'(t) + 4 (;—3 [4(1 - e'z) sin E'a'p),
1
+(1- e'z) [— Ze' sin E' + zsin 2E - Ee' sin 3E'] p.
1/2 E
1-¢%)""[5 1 1
+% [Ze' cos E' + A—l(.e'2 -3)cos2E' + ﬁe' cos 3E'] p;,] ,
Ej
/5 1- 8’2 1/2
w(t) = w'(t) + 4 Z—3 [— 4% cos E'd'p,
1/2
1-¢%)""[5 1 1
+ % [Ze' cosE' + A—L(e'2 -3)cos2E' + ﬁe' cos 3E'] p.
+i <§ - e'2>e' sin E' - 1<§ - e'z) sin 2E' + le' sin 3E'] ' ]E,
2 |\4 2\2 12 Pol .’
(4.33)

with @', ¢,...,p,, given by (4.9). As mentioned before, these equations cannot be applied to
transfers involving very small eccentricities.

A complete first-order analytical solution for the consumption variable is obtained
through a different procedure as described in [9]. This procedure is based on the linearized
solution for transfers between close orbits and it involves the generating function S. The
expression of | can be put in a compact form as follows:

J=E(t-to) + AS, (4.34)

with AS = S(E') - S(E}).
Equations (4.33) are in agreement with the ones obtained in [9] through Bogoliubov-
Mitropolsky method, a noncanonical perturbation technique. But it should be noted that in

[9] terms in cos*E’ appear instead of terms in cos2E’; the other terms are equivalent. The
eccentric anomaly E’ is computed from Kepler’s equation with the mean anomaly M’ given

by
\/i—<5+zelz> @’ Vi-e ’]dt (4.35)
a’ 2 woooe? S '

where My = M'(to). The differential equation for the mean anomaly M’ is derived from the
undisturbed Hamiltonian Fy and an additional term AF' factored by p',,,

, , 5+ 2¢' a®>Vi-e? |\ ,
P (- (3 >‘¢ﬁ7pw>p“”" (430

where dots denote the terms defined by (4.6).

M'(t) = M + f

t
to
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Table 1: Set of initial conditions and transfer duration.

Set 1 Set2
ap 1.0 1.0
e 0.20 0.20
wo 0.0 0.0
Pas 2.9326 x 107 1.4663 x 107*
Pes 2.9625 x 107° 1.4812 x 107
P 0.0 0.0
tr -t 500 1000

For transfers between coaxial orbits, with no change in the pericenter argument, the
analytical solution described in the preceding paragraphs simplifies. Since p,,, = 0, some
equations must be rewritten:

a"Sinsz = agsinz <\/§(¢ - ¢0) + ko), (437)

a’ 3 5 a’ 1
2 _ 0 2 2 0
Pa = (;) Pa, + gﬂp(ﬁ - ;) (4.38)

Po = P = C, (4.39)

with csc?ko = (8(appl,)” + 5pé)/5pé and 4uE = al(8(alpl )’ + 5pé).

Figures 3, 4, and 5 show a comparison between the complete first-order analytical
solution, the average solution, and a numerical solution. The numerical solution has been
obtained through integration of the set of canonical equations which describes the optimal
trajectories (system of differential equations governed by new Hamiltonian function H,
defined by (3.21)-(3.22)). Two sets of initial conditions and transfer duration defined in
Table 1 (in canonical units) are used in the comparison. In Table 2, final values of state
variables are shown. A Runge-Kutta-Fehlberg method of orders 4 and 5, with step-size
control, relative error tolerance of 107!, and absolute error tolerance of 10712, as described
in [10, 11], has been used in the numerical integrations. Note that there exists an excellent
agreement between the complete analytical solution and the numerical one. Figures 3 and
4 show that the difference between these solutions is lesser than 107 for semimajor axis
and eccentricity; but the analytical solution for pericenter argument loses accuracy for large
values of time. Figure 5 shows the results for the consumption variable. On the other hand,
by comparing the analytical or numerical solution with the average solution, we see that the
amplitudes of the short periodic terms are small, but they can be significant for transfers with
moderate duration. Note that the difference between the numerical and average solutions
decrease as the transfer duration increases. The good agreement between the numerical and
the complete analytical solution suggest that the latter can be used in the solution of the two-
point boundary value problem of going from an initial orbit to a final orbit, as described in
Section 6.
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Table 2: Final state variables.

Final state variables

Analytical theory Numerical solution
Secular solution Complete solution
tr—to 500 1000 500 1000 500 1000
as 2.0000 2.0000 1.9967 1.9973 1.9968 1.9973
ey 0.2500 0.2500 0.2475 0.2480 0.2476 0.2480
wy 0.0000 0.0000 -0.0094 -0.0010 -0.0237 -0.0081
T 85417 x 107> 42913 x107°  8.6327x10°  4.3182x107°  8.6332x107°  4.3182x107°

5. Analysis of long duration transfers

In this section, a complete analysis of long duration transfers described by the Hamiltonian
F' is presented. The investigation of conjugate points and the solution of the two-point
boundary value problem are considered.

To perform this analysis, a new consumption variable is introduced [4], u = v/2E t, and
(4.23) and (4.24) can be put in the form

" 241
a" [1 —2<1>cosko + <1> ] , (5.1)
a, (2] (4]

<1> _ sin(v2g) -
o sin (ﬁqx+k0) ’ 62

where vy = 4/p/ a;. By eliminating ko from these equations, one finds

<§0> \Jl 2\/a7cos(\fq;)+< ">. (5.3)

On the other hand, | = Et, thus

,02 all
J= o [1 2\/7cos(\fqr) ( )] (5.4)

Note that ¢y = 0 in equations above.

Now, consider (4.24)—(4.27) which define a two-parameter family of extremals in the
phase space (a”, ¢, w") for a given initial phase point (aO, ¢o, wO) correspondmg to an initial
orbit. By eliminating the auxiliary variables 7 and ¢, a = a"/a; and w" can be written as
explicit functions of ¢, that is, a = a(¢, ¢o, ko, k1) and w" = w”((i), ¢o, wo, k1). The conjugate
points to the phase point (a;, ¢o, wy) are determined through the roots of the equation [12]

Oa 0w Oa Ow'
Oko 0ki  Oki Oky

Since w” does not depend on ky, dw" /dky = 0. On the other hand, from (4.24) and (5.2), one

finds
o 2a u
ok sin k0<U_0>7£0 56)

(5.5)
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Thus, the problem of determining the conjugate points reduces to the analysis of the roots of
the following equation:

awll
3k =0 (5.7)

From (4.26) and (4.27), one finds the explicit form of w" = w" (¢, Py, wo, k1), that is,

4 . 1/ cos¢ _1/ €os ¢ _,/ cote _, [/ coty
n_ ., n_ = k 1 _ 1( )} 1< )_ 1< >
w" = wy G sin kq {cos ( o K ) cos cosky + cos cotks cos otk
(5.8)

The partial derivative 0"/ 0k, is given by
ow" 4
i coski (T —1) — gtan ki [
1 i 1 ] (5.9)
\/ tan?¢ — tan?ky \/ tan?¢ — tan’k;

The auxiliary variable 7 is reintroduced to simplify the expression.
Therefore, from (5.7) and (5.9), after some simplifications, it follows that the conjugate
points are given by the roots of following equation [4]:

cos ¢y . &sd)]

sinTy sSinT

+ sec’ky [

4 4
<1 - gsin2k1> sin (7 - 1) — s cos’k; (T - 7p) sin T sin 7p = 0. (5.10)

As discussed in [13, 14], the conjugate points determined through (5.10) occur for transfers
during which the direction of motion in the orbit reverses; that is, for transfers between direct
orbits (no direction reversals) the extremals computed for the canonical system governed by
the Hamiltonian F’ are globally minimizing.

Some numerical results are presented through Figures 6-9. Figures 6 and 7 show
the field of extremals and isocost curves for long duration transfers between coaxial orbits,
considering two cases: in the first one, the space vehicle departs from a circular orbit and, in
the second one, it departs from an elliptic orbit with eccentricity ey = 0.4. In both cases, the
semimajor axis is ap = 1, such that the results are presented in canonical units. The extremals
are plotted for different values of the constant kg and the isocost curves for different values
of the new consumption variable u/vy. Only transfers between direct orbits are considered.

Figures 8 and 9 show the field of extremals and isocost curves for long duration
transfers between noncoaxial orbits. Note that in the general case the family of extremals
is described by two constants ko and k. In the plots of Figure 8, ko = 18° has been chosen in
order to illustrate the general aspect of the field of extremals and compare the results with the
ones obtained in [4, 5, 13, 14]. The projection of extremals on the (e, w) -plane shows clearly
the nonexistence of conjugate points for the extremals computed from (4.6)—(4.11) in the case
of transfers between direct orbits (no direction reversals).

Figure 9 shows a sample of isocost curves for different values of the new consumption
variable u/vy and a fixed value of k; = 18°. Note that these curves lie on an isocost
surface with complex geometry. For simplicity, the symmetric interval [-180°,180°] for w
is considered in this representation.

To complete the analysis, a brief description of an iterative algorithm for solving the
two-point boundary value problem of going from an initial orbit Oy : (ag, e, wy) to a final

orbit Oy : (a}, e}, w}) is presented. The steps of this algorithm can be described as follows.
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Figure 7: Field of extremals and isocost curves for transfers between coaxial orbits for ey = 0.4.

(1) Guess a starting value of ki,

(2) Determine ¢o, ¢y, 70, and 77 through (4.9) and (4.26).

(3) Compute w” through (4.27).

4) If " ;éw}, adjust the value of k; and repeat steps (2) and (3) until |w" - w}| <6,
where 6 is a prescribed small quantity.

(5) Compute ¢ and (us/vg) through (4.25) and (5.3).

(6) Compute ko using equation tanky = sin(\quff)/(\/W — Cos (\quff)), where ay =

a;i / ag.
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Figure 8: Field of extremals for transfers between noncoaxial orbits for ) = V/3/2 with ko = 18°.

(7) Compute successively p, , p.,,,, and pgo through the following equations:

2
Yo [ Uf
PZO = 2Tt <U_o> cos ky,
o= 2v2aip;, (5.11)
0 cotko\/5escZky — 4

péo = p)2 (csc®ky — s’ o).
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The adjust of the value of k; can be obtained through the well-known Newton-Raphson
method, that is,

w" (kin) - w}

— (5.12)
(0w /0k1), .

kins1 = kin —

with the partial derivative (0w"/0k1)y, -, computed from (5.9).

In the case of coaxial orbits, k; = 0 and the solution of the two-point boundary value
problem involves only the solution of (4.37), which is given through step (6) with ¢ replaced
by (1/+/5)(¢-¢o). The initial value of the adjoint variables is given as follows: p/, , is computed
through step (7) and py, is given by

8 tanko (alpl. )
Pp=—¢ (5.13)

With the solution of the two-point boundary value problem, the optimal thrust
acceleration required to perform the maneuver can be determined through (2.5) and (3.22),
that is,

1- 2
= W%{{Zaesin frat((1-€*)sin f) pe—(e#pw}er
1-e?)sin
+ {Za(l—ez)(§>pa+(1—62)(cosf+cosE)pe+( ee)s f<1+1+elosf>Pw}es}'

(5.14)

The state and adjoint variables are computed from (4.23) through (4.30). For simplicity, prime
denoting the average variables is omitted.
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tr —to = 1000.

6. Solution of the two-point boundary value problem

In this section, an iterative algorithm based on the approximate analytical solution defined by

(4.33) is briefly described for solving the two-point boundary value problem of going from

an initial orbit Oy : (ao, eo, wo) to a final orbit Oy : (as, e, wy) at the prescribed final time ;.
For a given time, (4.33) can be represented as follows:

yl(t) = gi(t/P;l P;/P:U); i= 1/ 2/ 3/ (61)

where y1(t) = a(t), y2(t) = e(t), and y53(t) = w(t). Note that p/,, p., and p,, appear explicitly
in the short periodic terms, but they also appear implicitly through a’, €', ', and E'. Thus,
functions g;, i = 1,2, 3, are nonlinear in these variables.

So, the two-point boundary value problem can be stated as follows: find p,, p., and
P, such that y1(tf) = ayr, y2(tf) = er, and y3(ts) = wy. This problem can be solved through a
Newton-Raphson algorithm [10, 11] which uses the algorithm described in the preceding
section (for long duration transfers) to generate a starting approximation of the adjoint
variables.

Figure 10 shows a comparison between the solution of the two-point boundary value
problem based on the average and complete solutions for a transfer between coaxial orbits
with the departure orbit Oy defined by the set of initial conditions ag = 1.0, ey = 0.20, wy = 0°
and the arrival orbit defined by the set of terminal conditions a r=20,er =025 wr =0°
and two transfer durations t; — ty = 500 and t; — to = 1000. All variables are represented in
canonical units.

From results above, we note that average solution of the TPBVP does not represents
a mean solution of the complete solution of the same TPBVP; that is, these solutions have
different values for the initial adjoint variables, and, the solution of the TPBVP based on the



S. da Silva Fernandes and F. das Chagas Carvalho 25

average solution becomes closer to the solution based on the complete analytical one, as the
transfer duration increases.

7. Transfers between close elliptical coplanar orbits

For transfers between close elliptical coplanar orbits, an approximate solution of the system
of differential equations governed by the Hamiltonian H*, defined through (3.21) and (3.22),
can be straightforwardly obtained by linearizing the functions F; and S; about a reference
elliptic orbit O defined by a nominal set of orbital elements a, e, and w. This solution is very
similar to the complete solution given by (4.33), with @, e, and w replacing a', ¢/, w', and can
be put in a suitable matrix form

Ax = Apy, (7.1)

where Ax = [Aa Ae Aw]T denotes the imposed changes on orbital elements (state variable),
a=a/a, p. = apa, po is the 3 x 1 matrix of initial values of the adjoint variable and A is 3 x 3
symmetric matrix. The adjoint variables are constant, and the matrix A is given by

Aaa Age Aaw
A= Aeqw Aee Aew | + (72)

awa awe aww

where
E
2° — -
oo =4 —3(E+EsinE) ,
— Ey
a N
Aue = Qo = 4 —3(1—e)smE ,
E
— o\1/2 §
a’(1-2) =
Aaw = Aa = ~44| — ~——="——cosE| ,

Ey
5

_ a 2 5 5. = 3. = 1_ . =
Aee = ‘u3(1 e)[zM 4esml:"+451r1215 12esm3E ,

E(]

2 1-2)"1s 1 1 Y
Ao = Qe = Ef [ZECOSE + Z(Ez —3) cos2E + EECOS?)E] ,

€ E{)
a’1[/5 5 1/3 1 "
a 2\ = 2\ .= 2\ . AT — AT
Apow = E? <§ -2e >M+e<4—l —-e )smE— §<§—e >s1n 2E + Eesm 3E] E(,’
(7.3)
where E is calculated by solving Kepler’s equation for M = 71(t — 7), with 7 = \/u/@’. Here,

T is the time of pericenter passage. The overbar denotes the reference orbit.
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Table 3: Set of terminal orbits.

Initial orbit 1 Final orbit 1 Initial orbit 2 Final orbit 2 Initial orbit 3 Final orbit 3

a 1.000 1.050 1.000 1.050 1.000 1.050
e 0.100 0.105 0.200 0.210 0.500 0.525
w 0.0 0.0 0.0 0.0 0.0 0.0

Equations (7.1)—(7.3) represent an approximate first-order solution for optimal low-
thrust limited-power transfers between close elliptic coplanar orbits. The initial value of the
adjoint variables must be determined to satisfy the two-point boundary value problem of
going from an initial orbit Op : (ao, eo, wo) to a final orbit O : (ay, ey, wy) at the prescribed
final time t. In this case, the vector py can be determined by simple techniques since (7.1)
defines a linear system of algebraic equations [15-17]; no iterative method such as Newton-
Raphson is needed.

Figure 11 shows a comparison between the complete (nonlinear) first-order solution
defined by (4.33) and the approximate (linearized) first-order solution defined by (7.1)-(7.3)
for three set of terminal orbits described in Table 3, with t; — tp = 5 and 100 canonical
units. Note that linearized solution provides a good approximation for the nonlinear first-
order solution. This approximation is better for transfers with larger duration. For transfers
with moderate duration corresponding to some revolutions, the amplitude of periodic terms
decreases as the eccentricities of terminal orbits increase.

8. Conclusion

A first-order analytical solution for the problem of optimal low-thrust limited-power
transfers between arbitrary elliptic coplanar orbits in a Newtonian central gravity field has
been obtained through Hamilton-Jacobi theory and a perturbation method based on Lie
series. A complete analysis of long duration transfers, which includes the investigation of
conjugate points and the solution of the two-point boundary value problem, is presented.
Results show the good agreement between the complete analytical solution and the one
obtained through numerical integration of the set of canonical equations which describes
the optimal trajectories for a transfer between coaxial orbits. On the other hand, the average
solution provides a good approximation for large values of the time when compared to the
complete analytical solution. For transfers between close coplanar elliptic orbits, a linearized
solution is straightforwardly obtained by linearizing the new Hamiltonian function F; and
the generating function S; about a reference elliptic orbit O. Numerical results show the good
agreement between the linearized solution and the complete (nonlinear) analytical solution
for such transfers. Finally, we note that a first-order solution for the Cartesian elements can
also be easily obtained from Lie theorem [2], since the theory presented in the paper is based
on canonical transformations.

Appendix

Hori method is based on Lie theorem [2].
Let H(x,y, €) be a Hamiltonian written as a power series of a small parameter &:

H(x,y,€) = Ho(x,y) + > " Hi(x,y), (A1)
k=1
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where the undisturbed Hamiltonian Hy(x, y) describes an integrable system. Here, x and y
are n-vectors of generalized coordinates and conjugate momenta, respectively.

Consider an infinitesimal canonical transformation (x,y)—(x’,y’) defined by a
generating function S(x',y', €), also developed as a power series of the small parameter ¢,

eS(x',y' e) = Zsksk (x',y"). (A2)
k=1

This transformation is such that the new dynamical system has some advantages for the
solution. Here, prime denotes the new variables, and x’' and y' are also n-vectors. The new
Hamiltonian F(x', ', €), resulting from this canonical transformation, is also developed as a
power series of the small parameter ¢,

F(x,y') =Fy(x,y) + Zeka (', y"). (A.3)
k=1
The transformation equations are given explicitly by

— £" 0S
X =x;+z:‘€ Dt

“inl”S oyl
s (A4)
) € -1 :
yl—yi+nzlng axil 1_1/'--1nr

where DY f = f,Dif = {f, S}, Dif = D' (Dsf),n > 2, f(x',y') denotes an arbitrary function
and braces stand for Poisson brackets.

According to the algorithm of Hori method, the new Hamiltonian F(x’,y/, €) and the
generating function S(x’, i, €) are obtained, at each order of the small parameter ¢, from the
equations:

(i) order 0:
Ho(x',y') = Fo(x, ), (A5)

(ii) order 1:
{Ho,S1} + Hy = Fy, (A.6)

(iii) order 2:
(o, 2} + 5 (Hi+ Fu, S} + Ho = Fa, ... (A7)

All functions in above equations are written in terms of the new set of canonical variables
(¥

The mth order equation of the algorithm can be put in the form

{Ho,Sm} +©Om = Fn, (A.8)
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where O,, is a function obtained from the preceding orders, involving Hy, H;,, Sk, Fx, and
Hi, k=1,..., m-1.

The determination of the functions F,, and S,, is based on the general solution of the
undisturbed system

dx; 9F, dy; 0F,
—i- 20 o0 =1, A.
at “ oy At ox T (A9)
and it is performed through an averaging principle. Following the integration theory
proposed in [18], (A.8) can be put in the form

9Sm
= Ou~Fn, (A.10)

with ©,, written in terms of the arbitrary constants of integration, cy,..., c2,, of the general
solution of the canonical system (A.9). S,, and F,, are unknown functions.

Following Hori [2], suppose that the canonical transformation generated by the
function S is such that the time t is eliminated from the new Hamiltonian F. This is
accomplished taking F,, as the mean value of the function ©,,. Therefore, functions S,, and
F,, are given through the equations

Fpu={(On),

(A1)
S = f O - (O.)]dt,

where (-) stands for the mean value of the function. It should be noted that the averaging
process and the integration in (A.11) are performed considering the explicit dependence on
time of the functions.
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