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1. Introduction

In this paper, we consider the multipoint boundary value problems for the impulsive
functional differential equation:

—u'(t) = f(tu(t),u@()), te]=[01]t#t,
A () = L(u(t)), k=1,...,m, (1.1)
u(0) — au'(0) = cu(n), u(1) +bu' (1) = du(),

where f € C(JxR%R), 0<0(t) <t te ], 0€C(J),a>0,b>0,0<c<1,0<d<1,
0<n,¢é<1.0<t <t <- <ty <1, fis continuous everywhere except at {fx} x R?;
f(t+/'/')/ and f(t_/'/') exist with f(t_/ '/') = f(tk//)r Ik € C(R/ R)/ Au’(tk) = u,(t;) - u,(t;)
Denote J~ = J\{t;, i=1,2,...,m}.Let PC(J,R) = {u: ] — R;u(t)|}- is continuous, u(t;) and
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u(t,) exist with u(t,) = u(ty), k =1,2,...,m}; PCY(J,R) = {u:] — R; u(t)|}- is continuous
differentiable, #/(t;) and u/'(t;) exist with o/ (t;) = u/(tx), k =1,2,...,m}. Let E = PC'(J,R) N
C2(J,R). A function u € E is called a solution of BVP(1.1) if it satisfies (1.1).

The method of upper and lower solutions combining monotone iterative technique
offers an approach for obtaining approximate solutions of nonlinear differential equations
[1-3]. There exist much literature devoted to the applications of this technique to general
boundary value problems and periodic boundary value problems, for example, see [1, 4-6]
for ordinary differential equations, [7-11] for functional differential equations, and [12] for
differential equations with piecewise constant arguments. For the studies about some special
boundary value problems, for example, Lidston boundary value problems and antiperiodic
boundary value problems, one may see [13, 14] and the references cited therein.

Here, we hope to mention some papers where existence results of solutions of certain
boundary value problems of impulsive differential equations were studied [11, 15] and
certain multipoint boundary value problems also were studied [6, 16-21]. These works
motivate that we study the multipoint boundary value problems for the impulsive functional
differential equation (1.1).

We also note that when I = 0 and 6(t) = ¢, the boundary value problem (1.1) reduces
to multi-point boundary value problems for ordinary differential equations which have been
studied in many papers, see, for example, [6, 16-18] and the references cited therein. To our
knowledge, only a few papers paid attention to multi-point boundary value problems for
impulsive functional differential equations.

In this paper, we are concerned with the existence of extreme solutions for the
boundary value problem (1.1). The paper is organized as follows. In Section 2, we establish
two comparison principles. In Section 3, we consider a linear problem associated to (1.1) and
then give a proof for the existence theorem. In Section 4, we first introduce a new concept
of lower and upper solutions. By using the method of upper and lower solutions with a
monotone iterative technique, we obtain the existence of extreme solutions for the boundary
value problem (1.1).

2. Comparison Principles

In the following, we always assume that the following condition (H) is satisfied:
(H) a>0,b>0,0<¢c<1,0<d<1,0<ny,¢<1,a+c>0, b+d>0.

For any given function g € E, we denote

A, = max{ g(0) —ag'(0) —cg(n) g(1)+bg'(1) - dg(§) }
g - 7

ar+csinony ' br+dsinaé 2.1)

By =max{Ag, 0}, cg(t) = Bgsin(xrt), r=ux’.

We now present main results of this section.
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Theorem 2.1. Assume that u € E satisfies
—u"(t) + Mu(t) + Nu(0(t)) <0, te], t#t,

Au'(tk) > Lyu(ty), k=1,...,m, (2.2)
u(0) — au'(0) < cu(n), u(1) + b’ (1) < du(),

wherea>0, b>0,0<c<1,0<d<1, 0<n, ¢{<1, Ly >0and constants M, N satisfy

M>0, N>0, M;N+2Lkgl. (2.3)
k=1

Then u(t) <0 forte J.

Proof. Suppose, to the contrary, that u(t) > 0 for some t € J.
If u(1) = maxgeju(t) >0, then /(1) > 0, u(1) > u(¢), and

du(?) < u(1) <u(l) + b’ (1) < du(?). (2.4)

So d =1 and u(¢) is a maximum value.
If u(0) = maxcju(t) > 0, then v'(0) <0, u(0) > u(n), and

cu(n) <u(0) <u(0) - bu'(0) < cu(n). (2.5)

So ¢ =1 and u(7) is a maximum value.
Therefore, there is a p € (0,1) such that

u(p) = max u(t) >0, u'(p*)<0. (2.6)

Suppose that u(t) > 0 for t € J. From the first inequality of (2.2), we obtain that u" (t) >
0 fort € J. Hence

u(0) = rrtlea}x u(t) or u(l)= n}gjx u(t). (2.7)

If '(0) > 0, then u"(t) > 0, t € (t;,ti11], it is easy to obtain that u(f) is nondecreasing.
Since u(1) < du(¢) < u(1), it follows that u(t) = K (K > 0) for t € [¢,1]. From the first
inequality of (2.2), we have that when t € [¢,1],

0 < MK < Mu(t) + Nu(8(t)) < u'(t) =0, (2.8)

which is a contradiction.
If /(0) <0, then u(0) = maxeju(t) >0, or u(1) = maxweyu(t) > 0. If u(0) = maxueyu(t) >
0, then u(t) = K (K > 0) for t € [0,1]. If u(1) = max;eju(t) >0, then u(t) = K for t € [¢,1].
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From the first inequality of (2.2), we have that when t € [¢,1],

0 < MK < Mu(t) + Nu(0(t)) <u'(t) =0, (2.9)

which is a contradiction.
Suppose that there exist t1, t, € J such that u(t;) > 0 and u(t;) < 0. We consider two
possible cases.

Case 1 (u(0) > 0). Since u(t;) <0, thereis x >0, € > 0 such that u(x) =0, u(t) > 0 for t € [0, k)
and u(t) < 0 for all t € (x,x + €]. It is easy to obtain that u”(t) > 0 for t € [0,«]. If t* < «x,
then 0 < Mu(t*) < u’(t*) < 0, a contradiction. Hence t* > x + ¢. Let t, € [0,t*) such that
u(t,) = mingepo - u(t), then u(t,) < 0. From the first inequality of (2.2), we have

u'(t) > (M +N)u(t,), tel[0,t*), t#t,

(2.10)
Au'(tk) > Liu(ty), k=1,...,m
Integrating the above inequality from s(t. < s < t*) to t*, we obtain
W () —'(s) > (F = s)(M+ N)u(t,) + >, Liu(ty)
s<tp<t*
. (2.11)
> (t* = s)(M + N)u(t,) + > Liu(t,).
k=1
Hence
m
—1'(s) > [ (" = s)(M + N) + > Liu(t,), t <s<t, (2.12)
k=1
and then integrate from ¢, to t* to obtain
—u(ty) <u(t*) —u(t,)
t m
< f (s = £)(M + N)u(t,)ds — > Liu(t,)
b k=1
(2.13)
< <M+N - t,)? +2Lk> u(t,)

< _<M;’N + iLk>u(t*).
k=1

From (2.3), we have that u(t,) > 0. This is a contradiction.
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Case 2 (u(0) <0). Lett, € [0,t*) such that u(t,) = minsc[o+)u(t) < 0. From the first inequality
of (2.2), we have

u'(t) > (M + N)u(ts), te][0,t), t#t,

(2.14)
Au'(t) > Leu(ty), k=1,..., m.
The rest proof is similar to that of Case 1. The proof is complete. O
Theorem 2.2. Assume that (H) holds and u € E satisfies
—u"(t) + Mu(t) + Nu(0(t)) + [(M +r)cu(t) + Ncu,(0(t))] <0, te ] t#t,
(2.15)

Au'(tk) > Lyu(te) + Lecu(t), k=1,...,m,

where constants M, N satisfy (2.3), and Ly >0, then u(t) <0 fort € J.

Proof. Assume that 1(0) —au'(0) < cu(n), u(1)+bu'(1) < du(g), then ¢, (t) = 0. By Theorem 2.1,
u(t) <0.
Assume that u#(0) — au'(0) < cu(n), u(1) + bu'(1) > du(¢), then

sin(art)

cul) = bar + d sin(r¢)

(u(1) + b (1) — du(Z)). (2.16)

Put y(t) = u(t) + cyu(t), t € J, then y(t) > u(t) forallt € J, and

ar cos(art) ,
m(ﬂ(l) +bu (1) - du(g)), te ], (217)

y'(t) =u"(t) —reu(t), te.

Yyt =u(t)+

Hence

y(0)=u(0),  y()=u),

sin(arg)
bar + d sin(iré)

gy () bl (1) = du),

bar + dsin

y() =u)+ (u(1) + b1 (1) - du(3)),

Y (0) = 1/(0) + i

Yy =u()- (u(1) +bu' (1) - du(g)),

T
bor + d sin(oré)
—y"(t) + My(t) + Ny(0(t)) = =" (t) + Mu(t) + Nu(0(t)) + [(M +r)cu(t) + Nc,(6(1)] <0,

ajir

b + d sin(7r¢) (u(1) +bu' (1) ~ du($)) < cu(n) < cy(n),

y(0) - ay'(0) = u(0) - au'(0) -
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y(1) +by'(1) - dy (@)

=u(l) +bu'(1) — du(é) - b ) (u(1) + bu' (1) — du(§))

bar + d sin(ré
__ dsin(rg)
bar + d sinaré

Ay (t)= Au'(tk) Acy, (tk) > Liu(te) + Licy(tx) = Liy ().

(u(1) +bu' (1) - du(Z)) <0,

(2.18)
By Theorem 2.1, y(t) < 0 for all t € J, which implies that u(t) <0 fort € J.
Assume that u(0) — au'(0) > cu(n), u(1) + bu' (1) < du(¢), then
cu(t) = sin 7t —au'(0) — cu(n)). (2.19)

arr + csin(arn) (u(0)

Put y(t) = u(t) + c,(t), t € J, then y(t) > u(t) forallt € J, and

ar cos(art) ,
m(”(o) —au (0) — Cu(?’l)), te ], (220)

y'(t) =u"(t) —reu(t), te.

Yy =u(t)+

Hence
y(0) =u(0), y(@)=u(),

sin(arn) )
ar + csin(or) (u(0) — au'(0) - cu(n)),

y(n) =u(n) +

y'(0) =u/(0) + —au'(0) — cu(n)),

arr + csin(arn) (u(©)

J

Y1) =u(1) - (u(0) - au'(0) - cu(n)),

arr + csin(arn)

—y"(t) + My(t) + Ny(0(t)) = =" (t) + Mu(t) + Nu(0(t)) + [(M +r)cu(t) + Nc,(0(1))] <0,

y(0) —ay'(0) - cy (1)

=u(0) — au'(0) — cu(n) - ar

m (u(O) — aul(O) — cu(q))
csin(arn) .
m(ﬂ(o) —au (0) — Cu(Tl)) S O,

bar

y(1) +by (1) = u(1) + bu'(1) - (u(0) - au'(0) - cu(n)) < du(§) < dy($),

ar + csin(rn)

Ay'(tx) = A/ () + Ac,,(tk) > Liu(ti) + Licu(tk) = Ly (t).
2.21)
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By Theorem 2.1, y(t) < 0 for all t € J, which implies that u(t) <0 fort € J.

Assume that u#(0) — au'(0) > cu(n), u(1) + bu'(1) > du(¢), then ¢, (t) = A, sin(ort).
Put y(t) = u(t) + cyu(t), t € J, then y(t) > u(t) forallt € J, and

y'(t) =u'(t) + Ayrcos(rt), te],

(2.22)
y'(t)=u"(t) —re,(t), te].
Hence

y(0) = u(0), y(1) =u(l),
y(n) =u(n) + Aysin(arn),  y(&) =u(é) + Ausin(r§),
y'(0)=u'0)+Aur, yA)=u(1)-A,m,
-y M Ny(0

y'(t) + My(t) + Ny(6(1)) 223

= —u"(t) + Mu(t) + Nu(6(t)) + [(M + r)cy(t) + Ney (0()] <0,
y(0) —ay'(0) - cy (1) = u(0) - au'(0) - cu(n) - aAyur - cAysin(arn) <0,
y(1) +by' (1) - dy (&) = u(l) +bu'(1) - du(¢) - bAur — dA, sin(rg) <0,
Ay (te)= At (k) + Ac, () > Liu(te) + Licy (te) = Ly ()-

By Theorem 2.1, y(t) < 0 for all t € J, which implies that u(t) < 0 for t € J. The proof is
complete. m

3. Linear Problem

In this section, we consider the linear boundary value problem
—u"(t) + Mu(t) + Nu(0(t)) = o(t), te ] t#t,
Au'(tk) =Lyu(ty) +ex, k=1,...,m, (3.1)

u(0) — au'(0) = cu(y), u(1) +bu' (1) = du(@).

Theorem 3.1. Assume that (H) holds, o € C(]), ex € R, and constants M, N satisfy (2.3) with

_ [ a(l+2b) 1/ 1+2b \? 1+b)2\ &
”‘<2(a+b+1>+§<a+b+1)>(M+N>+<1+a+b+1>;bc<1- (32)
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Further suppose that there exist a, p € E such that

(m)a<pon],

(h2)
—a"(t) + Ma(t) + Na(O®)) + [(M +71)ca(t) + Nco (0(1))] < o(t), te], t#t, 33
Ad'(ty) > Lra(ty) + Lica (t) +ex, k=1,...,m, (33)

(hs)
—ﬂ”(t) + MPp(t) + NB(O(t)) - [(M +r)c_p(t) + Nc_,;(e(t))] >o(t), te ] t#t, 3.4)

AP (tx) < LpP(ty) — Lic_p(ty) +ex, k=1,...,m.

Then the boundary value problem (3.1) has one unique solution u(t) and a <u < pfort € J.

Proof. We first show that the solution of (3.1) is unique. Let u1, u; be the solution of (3.1) and
set v = u; — up. Thus,

_o"(t) + Mo(t) + No(0(t) =0, te€Jt#k,
AU’(tk) =Lyo(ty), k=1,...,m, (3.5)
v(0) — av'(0) = cv(n), v(1) + bo' (1) = do(¢).

By Theorem 2.1, we have that v < 0 for t € J, that is, #; < uy on J. Similarly, one can obtain
that u, < up on J. Hence uy = us.

Next, we prove that if u is a solution of (3.1), then & < u < . Let p = a — u. From
boundary conditions, we have that c,(t) = ¢,(t) for all t € J. From (h) and (3.1), we have

—p"(t) + Mp(t) + Np(O(t)) + [(M +1)cy(t) + Ny (0(£))] <0, te Jt#t, 56
AP (t) > Lip(te) + Licp(t),  k=1,...,m. '

By Theorem 2.1, we have that p = a —u <0 on J. Analogously, u < fon J.

Finally, we show that the boundary value problem (3.1) has a solution by five steps as
follows.
Step 1. Leta(t) = a(t) + c4(t), B(t) = p(t) — c_p(t). We claim that

M

~a'(t) + Ma(t) + Na(0(t)) + [(M +r)cz(t) + Ncz(0(t))] <o(t) forte J t#ty,
3.7
Aﬁl(tk) > Lia(ty) +ex, k=1,...,m, (57)
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)

B (5) + MB(t) + NBO®) - [(M +r)e (1) + Ne 50(t)] 2 o(t) for t € ]t

AB () < LiP(te) +ex k=1,...,m,
(3.8)
(3) a(t) <a(t) < B(t) < B(t) fort € J.
From (h;) and (h3), we have
-a'(t) + Ma(t) + Na(0(t)) <o(t), te]t#t, -
AT () > Lia(te) +ex, k=1,...,m. (39)
() :Mﬁ(t) + iva(t)) >o(t), te]tsh, 510
Aﬂ (tx) SLkﬂ(tk)"‘ek/ k=1,...,m,
a(0) — aa' (0) - ca(n) = a(0) —aa’(0) - ca(n) - (ax + csin(7n))B. <0, (3.11)
F(1) + b (1) - d&(E) = a(1) +ba'(0) - da(é) — (b + d sin(ré))By < 0, (3.12)

—[B(O) - aﬁl(O) - cﬁ(q)] =—p(0) + ap' (0) + cf(n) — (arx + csin(arn))B_p <0, (3.13)
-[B) + 6B (1)~ dB(@)] =-p(1) ~bp (0) +dpE) - (br +dsin(xE))B 0. (314)

From (3.9)—(3.14), we obtain that cz(t) = c_ﬁ(t) = 0, t € J. Combining (3.9) and (3.10), we
obtain that (1) and (2) hold. B B B
It is easy to see that « < &, p < pon J. We show thata < fon J. Let p = a — f§, then
p(t) = a(t) — p(t) + ca(t) + c_p(t). From (3.9)-(3.14), we have
-p"(t)+ Mp(t) + Np(6(t)) <0, t€ ], t#k,
Ap'(tk) > Lip(te), k=1,..., m,
p(0) — ap'(0) — cp(n7) = a(0) — aa’(0) — ca(n) — (ax + csinI(arn))B,
- B(0) + ap'(0) + cp(n) — (ax + csin(arn))B_p <0,
p(1) +bp'(1) —dp(¢) = a(1) + ba'(1) - da(§) - (brr + d'sin(7r§)) By
- p1) —-bp' (1) +dp(n) — (brr + dsin(xr))B_s <0,
Ap'(te)= Ad'(tk) — AP (ti) + Acg(te) + Acl4(tk) > Li(a(t) - B(tk))

(3.15)

+ L (Ca(tk) + C_ﬁ(tk)) = Lip(tk).

By Theorem 2.1, we have that p < 0 on J, thatis, @ < f on J. So (3) holds.
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Step 2. Consider the boundary value problem

—u"(t) + Mu(t) + Nu(0(t)) =c(t), te], t#t,
Au'(tk) =Liu(ty) +ex, k=1,...,m, (3.16)
u(0) — au'(0) = A, u(l) +bu'(1) =

where A € R, 6 € R. We show that the boundary value problem (3.16) has one unique
solution u(t, A, 6).

It is easy to check that the boundary value problem (3.16) is equivalent to the integral
equation:

1

u(t) = 24* “;’;‘:f)‘ +ad IOG(t,s)[o(s) — Mu(s) - Nu(6(s))]ds

. (3.17)
+ 0<tZk<t(t = ti) [Liu(te) +ex] - #M(t + b)é[(l —t) + b][Lru(ty) + ex],
where

1 (a+t)(1+b-5), 0<t<s<],
G(t,s) = — (3.18)

a+b+1 | (g18)1+b-t), 0<s<t<l.

It is easy to see that PC(J, R) with norm ||u|| = max,ej|u(t)| is a Banach space. Define a
mapping @ : PC(J,R) — PC(J,R) by

Ot+ (1 -tH)L+bL+ad
a+b+1

1
(Du)(t) = + foG(t' s)[o(s) — Mu(s) — Nu(6(s))]ds

+ D) (t—to)[Leu(ti) +ex] - ﬁ(t + b)i[(l = tk) + b][Lu(te) + ex].
k=1

O<tr<t

(3.19)
For any x, y € PC(J, R), we have
(@) () — (Dy) (1)]

1
< foca,s)[M(y(s)—x(s))+N(y(9(s>>—x(9(s>))]ds+<1 “*bb)l>sz||x vl

' (1+b)
< f Gt s)dsllx ~yll(M+N) + <1 T 1>§]Lk||x vl
(3.20)
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Since

1 2
_a(l+2b) 1/ 1+2b
rrtleajx,[OG(t's)ds_Z(a+b+l)+§<a+b+1)’ (3:21)

the inequality (3.2) implies that @ : PC(J) — PC(J) is a contraction mapping. Thus there
exists a unique u € PC(J) such that ®u = u. The boundary value problem (3.16) has a unique
solution.

Step 3. We show that for any t € ], the unique solution u(t,\,6) of the boundary value
problem (3.16) is continuous in A and 6. Let u(t, A;, 6;), i = 1,2, be the solution of

-u"(t) + Mu(t) + Nu(0(t)) =o(t), te], t#t,
Au'(tk) =Liu(ty) +ex, k=1,...,m, (3.22)
u(0) —au'(0) =\;, u()+bd'(1)=6;, i=1,2.

Then
. _ . ) . 1
u(t, 1y, 67y = S A= ONA DA a0 (G 1 (s) - Mu(s, A, 6:) - Nu(@(s), A, 69]ds
a+b+1 0
1
+ O;kd(t = ti) [Liu(te) +ex] - m(t +b)
x 3 [(1—t) +b] [Leu(ty) +ex], i=1,2.
k=1
(3.23)
From (3.23), we have that
lu(t, A1,61) = u(t, Lo, 62) | < [A1 = Aa| + 61 = 62
1
+ (M + N)||lu(t, A1, 61) — u(t, Ay, 62)||rrtla}xf G(t,s)ds
€l Jo
(1+b)?* \ &
+lt, M1, 61) - ult, A2, 6| <1 g DU
< A = Ag| + {61 = Go| + plluct, A1, 61) — u(t, A2, 62) |-
(3.24)

Hence

1
lue(t, A1, 61) —u(t, A2, 62) || £ E(Ml —Ap| + |61 — 62]). (3.25)
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Step 4. We show that

a(t) <u(t\,6) <p(t) (3.26)

forany t € J, A € [ca(n), cﬁ(q)], and 6 € [da(¢), dﬁ(g)], where u(t, A, 6) is unique solution
of the boundary value problem (3.16).
Let m(t) = a(t) — u(t, A, 6). From (3.9), (3.11), (3.12), and (3.16), we have that m(0) —
am'(0) < em(n), m(1) + bm'(1) < dm(¢), and
-m"(t) + Mm(t) + Nm(6(t))
=-a'(t) + Ma(t) + Na(0(t)) + u"(t,\) — Mu(t,\,6) - Nu(0(t),\,6) <o(t)—o(t) <0,
Am'(t) > Liu(ty).
(3.27)

By Theorem 2.1, we obtain that m < 0 on ], that is, a(t) < u(t, A, 6) on J. Similarly, u(t, A, 6) <

ﬁ(t) on J. B 3
Step 5. Let D = [ca(n), cp(n)] x [da(&), dP(&)]. Define a mapping F : D — R? by

F(A,8) = (u(n,1,6),u(¢,\,6)), (3.28)

where u(t, A, 6) is unique solution of the boundary value problem (3.16). From Step 4, we
have

F(D)cD. (3.29)

Since D is a compact convex set and F is continuous, it follows by Schauder’s fixed point
theorem that F has a fixed point (g, 69) € D such that

u(Tl/ -)‘0/ 60) = )‘01 u(g/ -)‘0/ 60) = 60‘ (330)

Obviously, u(t, Ao, 69) is unique solution of the boundary value problem (3.1). This completes
the proof. O

4. Main Results

Let M € R, N € R. We first give the following definition.

Definition 4.1. A function a € E is called a lower solution of the boundary value problem (1.2)
if
—a"(t) + (M +7)ca(t) + Nea(0(1)) < f(t, a(t),a(6(1))), te], t#k,

(4.1)
Azx’(tk) > I (a(ty)) + Lrea(te), k=1,...,m.
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Definition 4.2. A function p € E is called an upper solution of the boundary value problem
(1.2) if

—B'(t) = (M +r)cp(t) = Ne_p(0(t)) > f(t, p(1), pO(t)) te ] te ] t#t,
Aﬂ’(tk) < IkP(te) — ch_ﬁ(tk), k=1,...,m.

(4.2)

Our main result is the following theorem.
Theorem 4.3. Assume that (H) holds. If the following conditions are satisfied:

(Hy) a, p are lower and upper solutions for boundary value problem (1.2) respectively, and
a(t)y <pt)on],
(Hy) the constants M, N in definition of upper and lower solutions satisfy (2.3), (3.2), and

fltx,y) - f(tXY) > -M(x-%) -N(y-9),

(4.3)

Le(x) - Ik(y) > Le(x-y), x<y,

fora(t) <x<x <P(t), a(0(t)) <y <y <pOH), te].
Then, there exist monotone sequences {a,}, {fn} with ay = a, po = p such that

limy, _, o, () = p(t), limy, — oo B (t) = o(t) uniformly on J, and p, @ are the minimal and the maximal
solutions of (1.2), respectively, such that

< << ay <pL<xLQSPu<-<h<h <P (4.4)

on J, where x is any solution of (1.1) such that a(t) < x(t) < p(t) on J.
Proof. Let [a,f] = {u € E : a(t) < u(t) < p(t), t € J}. For any y € [a, B], we consider the
boundary value problem
—u"(t) + Mu(t) + Nu(0(t)) = f(t,y(£), y(0(t))) + My(t) + Ny(6(t)), te€],
Au'(tr) = L (y(t)) = L (u(te) = y(t)), k=1,...,m. (4.5)
1(0) — ax'(0) = cu(n), u(1) + b/’ (1) = du(g).

Since « is a lower solution of (1.2), from (H>), we have that
—a'(t) + Ma(t) + Na(0(t))
< f(ta(t),a(0(t)) + Ma(t) + Na(8(t)) — (M +r)ca(t) - Nca(0(1))

< f(y(1),y(0(1)) + My(t) + Ny(0(t)) — (M +r)ca(t) = Nea(0(1)),
Aa'(tk) > Ik(tX(i‘k)) + LkCu(tk) > Ik (}’(tk)) + thx(i’k) - Lk}’(i‘k) + cha(tk)o

(4.6)
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Similarly, we have that

- " (t) + MB(t) + NB(O(t))
> f(ty (D), y(O(t)) + My(t) + Ny(0(t)) + (M +r)c_p(t) + Nc_p(0(t),  (47)
AP (tr) < T (B(tk)) — Lic—p(te) < I (y (k) + Lif(tx) — Licy (tx) — Lic—p(ty).
By Theorem 3.1, the boundary value problem (4.5) has a unique solution u € [a, f].

We define an operator ¥ by u = ¥y, then ¥ is an operator from [a, f] to [a, f].
We will show that

(@) a<Wa, Wp<LP,
(b) ¥ is nondecreasing in [a, f].

From ¥a € [a, ] and ¥p € [a, f], we have that (a) holds. To prove (b), we show that
Yy <¥ryifa<v <vy < B

Let v} = ¥y, v] = ¥, ,and p = v} - v}, then by (H>) and boundary conditions, we
have that

—p"(t) + Mp(t) + Np(6(t))
= £(t,vi(t), v1(O())) + My (t) + Nv (0(1))
= f(t,va(t), »(0(1)) = Mvo(t) - N»(8()) <0, (4.8)
Ap'(tk) > Lip(tr),
p(0)—ap'(0) =cp(n),  p(1)+pu'(1) =dp().
By Theorem 2.1, p(t) < 0 on J, which implies that ¥y, < Wr,.

Define the sequences {a,}, {f,} with ag = a, Py = p such that a,.1 = Ya,, P = ¥Pa
forn=0,1,2,... From (a) and (b), we have

< << Lap<Pu<---<h<P <P (4.9)

ont € J,and each a,, p, € E satisfies

—a, (t) + May(t) + N, (0(t)) = f(t, an-1(t), an-1(0(£))) + May1(t) + Nay1(0(1)), t € J t#tx,
Ad,(ti) = I(an-1(te)) + L (an(te) — an-1(te)), k=1,2,...,m,
an(0) = am,(0) = can(n),  an(1) +bay(1) = dan(§),
=B (t) + MBu(t) + NBu(8()) = f(t, Pu-1(t), fu-1(0(1))) + MPBr1(t) + NP1(8(1)), t € ] t#tx,
APn(te) = I (Bu-a (tk)) + L (Bu(tc) = Pu-1 (), k=1,2,...,m,

Pn(0) = ap,(0) = cPu(n),  Pn(1) +bp,(1) = dPu(?).
(4.10)
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Therefore, there exist p, ¢ such that such that lim,_a,(t) = p(t), lim,_ p.(t) = o(t)
uniformly on J. Clearly, p, ¢ are solutions of (1.1).

Finally, we prove that if x € [ap, fy] is any solution of (1.1), then p(t) < x(t) < o(t)
on J. To this end, we assume, without loss of generality, that a,,(t) < x(t) < p,(t) for some n.
Since ag(t) < x(t) < Po(t), from property (b), we can obtain

a1 () S x(8) < Puni(t), te]. (4.11)
Hence, we can conclude that
an(t) < x(t) < pu(t), Vn. (4.12)
Passing to the limit as n — oo, we obtain
ph) <x(t) <o), teJ. (4.13)

This completes the proof. O

Acknowledgments

This work is supported by the NNSF of China (10571050;10871062) and Hunan Provincial
Natural Science Foundation of China (NO:09]J3010), and Science Research Fund of Hunan
provincial Education Department (No: 06C052 ).

References

[1] G. S. Ladde, V. Lakshmikantham, and A. S. Vatsala, Monotone Iterative Techniques for Nonlinear
Differential Equations, vol. 27 of Monographs, Advanced Texts and Surveys in Pure and Applied Mathematics,
Pitman Advanced Publishing Program, London, UK, 1985.

[2] V. Lakshmikantham, S. Leela, and F. A. McRae, “Improved generalized quasilinearization (GQL)
method,” Nonlinear Analysis: Theory, Methods & Applications, vol. 24, no. 11, pp. 1627-1637, 1995.

[3] J. Henderson, Boundary Value Problems for Functional-Differential Equations, World Scientific, River
Edge, NJ, USA, 1995.

[4] D. Jiang, M. Fan, and A. Wan, “A monotone method for constructing extremal solutions to second-
order periodic boundary value problems,” Journal of Computational and Applied Mathematics, vol. 136,
no. 1-2, pp. 189197, 2001.

[5] M. Sockol and A. S. Vatsala, “A unified exhaustive study of monotone iterative method for initial
value problems,” Nonlinear Studies, vol. 8, pp. 429-438, 2004.

[6] C. P. Gupta, “A Dirichlet type multi-point boundary value problem for second order ordinary
differential equations,” Nonlinear Analysis: Theory, Methods & Applications, vol. 26, no. 5, pp. 925-931,
1996.

[7] D.Jiang and ]. Wei, “Monotone method for first- and second-order periodic boundary value problems
and periodic solutions of functional differential equations,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 50, no. 7, pp. 885-898, 2002.

[8] T. Jankowski, “Advanced differential equations with nonlinear boundary conditions,” Journal of
Mathematical Analysis and Applications, vol. 304, no. 2, pp. 490-503, 2005.

[9] J. J. Nieto and R. Rodriguez-L6pez, “Existence and approximation of solutions for nonlinear
functional differential equations with periodic boundary value conditions,” Computers & Mathematics
with Applications, vol. 40, no. 4-5, pp. 433-442, 2000.



16 Mathematical Problems in Engineering

[10] J.J. Nieto and R. Rodriguez-Lépez, “Remarks on periodic boundary value problems for functional
differential equations,” Journal of Computational and Applied Mathematics, vol. 158, no. 2, pp. 339-353,
2003.

[11] Z. He and X. He, “Periodic boundary value problems for first order impulsive integro-differential
equations of mixed type,” Journal of Mathematical Analysis and Applications, vol. 296, no. 1, pp. 8-20,
2004.

[12] E Zhang, A. Zhao, and ]. Yan, “Monotone iterative method for differential equations with piecewise
constant arguments,” Indian Journal of Pure and Applied Mathematics, vol. 31, no. 1, pp. 69-75, 2000.

[13] Q. Yao, “Monotone iterative technique and positive solutions of Lidstone boundary value problems,”
Applied Mathematics and Computation, vol. 138, no. 1, pp. 1-9, 2003.

[14] T. Jankowski, “Ordinary differential equations with nonlinear boundary conditions of anti-periodic
type,” Computers & Mathematics with Applications, vol. 47, no. 8-9, pp. 1429-1436, 2004.

[15] W. Ding, J. Mi, and M. Han, “Periodic boundary value problems for the first order impulsive
functional differential equations,” Applied Mathematics and Computation, vol. 165, no. 2, pp. 433446,
2005.

[16] G.Infante and]. R. L. Webb, “Three-point boundary value problems with solutions that change sign,”
Journal of Integral Equations and Applications, vol. 15, no. 1, pp. 37-57, 2003.

[17] P. W. Eloe and L. Zhang, “Comparison of Green'’s functions for a family of multipoint boundary value
problems,” Journal of Mathematical Analysis and Applications, vol. 246, no. 1, pp. 296-307, 2000.

[18] S. A. Marano, “A remark on a second-order three-point boundary value problem,” Journal of
Mathematical Analysis and Applications, vol. 183, no. 3, pp. 518-522, 1994.

[19] T. Jankowski, “Solvability of three point boundary value problems for second order differential
equations with deviating arguments,” Journal of Mathematical Analysis and Applications, vol. 312, no. 2,
pp. 620-636, 2005.

[20] Y. Liu, “Non-homogeneous boundary-value problems of higher order differential equations with p-
Laplacian,” Electronic Journal of Differential Equations, vol. 2008, no. 20, pp. 1-43, 2008.

[21] Y. Liu, “Positive solutions of mixed type multi-point non-homogeneous BVPs for p-Laplacian
equations,” Applied Mathematics and Computation, vol. 206, no. 2, pp. 796-805, 2008.



