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1. Introduction

This paper is concerned with the following Cauchy problem for the nonlinear Schréodinger
type equation:

iug + (-A)"u = plu|"u, xeR", teR",
(1.1)
u(x,0) =up(x), x€R",

where p € Ris a constant, m > 1 is an integer, u = u(t, x) is a complex-valued function defined
on R* x R" (R* = [0,+00)), and the initial data uy(x) is a complex-valued function defined in
R". Pecher and Wahl [1] have established the existence of the classical solution to the Cauchy
problem for the higher-order Schrodinger equation (1.1) by making use of LP-estimates of the
associated elliptic equation in conjunction with the compactness method. Recently Sjogren
and Sjolin studied the local smoothing effect of the solutions to the Cauchy problem (1.1)
by means of the Strichartz estimates in nonhomogeneous spaces ([2, 3]). Moreover, there are
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some work ([4-6]) which is devoted to the investigation of the global well-posedness and
the scattering theory of the problem (1.1). However, little attention is paid to the self-similar
solutions of the Cauchy problem (1.1).

Our goal is to prove the existence of the global self-similar solutions to the Cauchy
problem (1.1) for some admissible parameter . From the scaling principle, it is easy to see
that if u(t, x) is a solution of the Cauchy problem (1.1), then u, (t, x) = A>™/*u(A?"t, Ax) with
A > 0s also a solution of equation in (1.1) with the initial value A"/ *1,(Ax). We thus have
the following definition.

Definition 1.1. u(t, x) is said to be a self-similar solution to the higher-order Schrodinger
equation in (1.1) if

u(t, x) = uy(t, x) = AZm/“u@Mt, )Lx>, VA > 0. (1.2)

By Definition 1.1, we know that the self-similar solution to (1.1) is of the form

u(t,x) = t‘(l/“)l,[(%), (1.3)

where U : R" — Cis called profile of the solution, and the initial value u is of the form

up(x) = , (1.4)
pe

where x' = x/|x| and Q is defined on the unit sphere S" of R". Therefore the problem (1.1) can
be studied through a nonlinear higher-order elliptic equation on U. However, this is usually
very complicated. By virtue of this method, Kavian and Weissler [7] have dealt with the
radially symmetric solutions of (1.1) in the case m = 1, ug(x) = |x|_(2/ .

Another important way of looking for self-similar solutions for the nonlinear
Schrodinger equation in (1.1) is to study the small global well-posedness of associated
Cauchy problem (1.1) in some suitable function spaces. These global solutions admit a class
of self-similar solutions. As a consequence, if u(t, x) is the unique solution of the Cauchy
problem (1.1) with the initial data uy given by (1.4), then u(t, x) is a self-similar solution of
the problem.

On the other hand, if u(t,x) is a self-similar solution to the problem (1.1), then
the initial function is ug(x) = A?™/%u4(Ax). So up(x) is homogeneous of degree —(2m/a).
In general, such homogeneous functions do not belong to the usual Lebesgue spaces and
Sobolev spaces.

To do our work, several definitions and notations are required. Denote by S(R") and
S'(R") the Schwartz space and the space of Schwartz distribution functions, respectively.
L"(R") denotes the usual Lebesgue space on R* with the norm |- ||, for 1 < r < oo. For
s€Rand1<r <o, let HI(R") = (1- A)_(S/2>L’(R"), the inhomogeneous Sobolev space in
terms of Bessel potentials; let H:(R") = (—A)_(S/ D[r(R"), the homogeneous Sobolev space in
terms of Riesz potentials, and write H*(R") = H;(R") and H*(R") = H3(R"). We will omit R"
from spaces and norms. For any interval I C R* (or I = R*) and for any Banach space X, we
denote by C(I; X) the space of strongly continuous functions from I to X and by L7(I; X) the
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space of strongly measurable functions from I to X with |[u(-)||x € L9(I). Finally, letg >0, ¢’
stands for the dual to g, thatis, (1/q) + (1/4') = 1; [a] denotes the largest integer less or equal
to a.

When m = 1, the equation in (1.1) becomes the classical Schrodinger equation

iy — Au = plulu, x€R", teR,
(1.5)
u(x,0) =up(x), x€R",

which describes many physical phenomena, and the well-posedness as well as the scattering
theory for the Cauchy problem (1.5) has been extensively studied by many authors ([8-
11]). Cazenave and Weissler [12, 13] (also Ribaud and Youssfi [14]) have studied the self-
similar solutions of the equation in (1.5) with initial value uy(x) as (1.4). Their common ideas
are to introduce the new function space Es), = Es,(R* x R") which consists of all Bochner
measurable functions u : (0, 00) — H;(R") such that ||u|| E.p = sup,. ot lu(t, x)|| Hy < %0, where
2<p<o,0<s<n/pando=o0(s,p) =(1/2)((2/a) — (n/p) + s). They then established the
existence of global self-similar solutions in E; , for the problem (1.5) under the condition that
luollg,, <.

This paper is organized as follows. In the next section, we will recall the definition and
basic properties of function spaces that we require. Then in Section 3 we state the main results
and the related propositions. The last section is devoted to the proof of main results.

2. Function Spaces
2.1. Lorentz Spaces L"1(R")

Definition 2.1. Let f*(t), t € (0,), be the nonincreasing rearrangement of a measurable
function f(x), x € R?, then f € S'(R") is said to be in LP7(R") if and only if

= { [ o) %) 2

when 1< p,g < oo, and

£l = supt'’? f*(t) < +oo, (2.2)
! >0

when 1 < p < oo, where ||u||,, 4 is the quasinorm of space LP49(R").

We refer the reader to [15, 16] for the definitions and detailed properties of the
nonincreasing rearrangement functions and Lorentz spaces. In fact, Lorentz space LP4(R")
is a generalization of Lebesgue space LP(R"). We have LP(R") = LP(R") as p = g, and
LP(R™) c LPA(R") C LP*(R") as q > p. Meanwhile, a lot of properties of Lebesgue spaces
are still valid in Lorentz spaces.

We may prove the following results according to Definition 2.1.
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Proposition 2.2. Suppose that 1 <p < oo, 1< g < oo, then

|| gt <clisll,, lisl,. 3
I semas| e[ ireo, 4
|||f|a||p,q = ”f”:;lu,qa' (25)

The inequalities (2.3) and (2.4) are essentially the Holder and Minkowski inequality
in Lorentz spaces, respectively, and they can be proved by using Definition 2.1. Furthermore,
noting that LP7(R") is a real interpolation of Lebesgue space, we immediately obtain the
following proposition.

Proposition 2.3. Let0<a<n, 1<p<r<oo, 1<g<owandl/r = (1/p) - (a/n), then

jm f(y) dy

n-a
x—y|

<Clfl 26)
rq

2.2. Besov Spaces

We first recall briefly the definition of Besov spaces. For detailed properties and embedding
theorems, we are referred to [15, 17].
Let ¢o € S(R") satisfy ¢o(¢) =1 as |¢| <1and ¢p(¢) =0as [¢] > 2,

99 =2(278), §© =@ (278) -p(277), ez, 27)
then we have the Littlewood-Paley decomposition
Po(®) + D () =1, ZER",
j=0
> =1, ¢eR*\{0}, (2.8)

jez

lim ¢;(2) =1, ¢ER"
j—+oo
For convenience, we introduce the following notions:
Aif=F'GFf=gixf, Sif=F'0Ff=9ixf jeZ (2.9)

where F and ¥! stand for Fourier and inverse Fourier transforms, respectively.
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Definition 2.4. Assume that s € R, 1< g < oo, then

1/q
By =3 feSR) || flle = 1Sof, + <Z;2]‘"||Aff ||Z>
£
(2.10)

1/q
= llgo* fII,, + <22fsqll<m *f||Z> <o
j=1

is called Besov space, and

1/q 1/q
By =3 f € SR [Ifllg = <,Z 2"5‘7||A]~f||2> - <22fsqll<lff*f ||Z> <o
j=—

j€z
(2.11)
is homogeneous Besov space.
In particular, we have
b7 < { £ € S0 |l =sup2P g, =sup2ly oSl <o) 2
je j€

Besides the classical Besov spaces, we also need the so-called generalized Besov spaces.

Definition 2.5. Let E be a Banach space, then, for s € R and 1 < g < oo, defines B}’as

1/q
B - feElllfllggq:<ZZfsq||Aff||qE> <ot .13
jez

where A; is the Littlewood-Paley operator on R" defined as above.

Remark 2.6. 1f E is the Lorentz space LP"(R"), then

By, =1 fel!If

1/q
B, = <szsq”A7f ||Zp,r> <o b (2.14)
jez

This space is useful in the study of self-similar solutions.
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Remark 2.7. Let E = L1(I; L") with I = R* or I C R* being an interval, then we have

1/p
<22]Sp”AJf”Lq(IU > <oy

By = fEeLULL

jez
(2.15)

B = {f LG g, =502 181 N < °°} ’
]

where1<g<o0, 1<r<oo, 1<p<co.

Remark 2.8. In addition to the Besov spaces norm in Definition 2.4, we usually use the
following equivalent norms for the Besov spaces B;’q and B;’q:

1/q
o
pt ) (2.16)

where Ai’o =Ty +T_y0 - 20,7y, v(-) =v(- £ y); 0 =98]0y ---0,", 0;=0/0x;, i=1,2,...,n
a=(aj,ay,...,a,),and s = N + o with a nonnegative integer N and 0 < 0 < 2. When s is not
an integer, (2.16) is also equivalent to the following norm:

[oe]
[ollg = Z <I t"”sup”Aia”‘v
R U

la[=N

lollga = llol, + ol

Iollgee = > <I 1 IDsup)| A, 6"‘v||"dt> , (2.17)
0

la)=[s] lyl<t

where A v(-) = 7.,v — v. In the case when q = oo, the above norm should be modified as
follows:

0]l gy = Z supsupt? A2a“ | s €R,
la|=N >0 |y|<t
(2.18)
I s+[s] o
o1l Z supsup t 1| A, 0% s¢Z.

la|=[s] >0 |y|<t

3. Main Results

To solve our problems, we may rewrite (1.1) in the equivalent integral equation of the form
t
u(t) = S(t)up(x) - iyf St —7)(lu(r)|"u(r))dr, (3.1)
0

where S(t) = el8" = F1(lIME.) is the free group generated by the free equation of
Schrodinger type iv; + (—A)mv =0.
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Definition 3.1. One calls (g,7) a classical admissible pair with respect to the 2m-order

Schrodinger operator if
2_om(1y, 52
q m\2 r

where2 <r<ooforn <2m;2<r <2n/(n-2m) forn>2m.

To prove Theorem 3.3 we need the following generalized Strichartz estimates which
follow directly from the stationary phase method, the Strichartz estimates, and interpolation
theorems (see [5, 15, 18] for details).

Proposition 3.2. Let S(t) = 2", 2 < p, 1 < oo and (g, ) satisfy (3.2); then

1S9, < Cle ™™ (@20 o), (3:3)
||S(t)‘P(x)||Lq,2(1,-Ln2) < C||(p(x) 27 (3.4)
t
[ s-msermar < Cl|ll oy (35)
0 L (L,L2)
t
[ st-femar < Cllllrauurs. 36)
0 Lo2(I;Lr2)
Moreover, if a > 4m/n,2/p = (n/m)((1/2) — (sc/n) — (1/(a +2))), then
”5(t)(l’(x)”Lﬂm([;wzm) < C||(p(x)| By (3.7)

where s, = (n/2) — 2m/a).
Our main results state as follows.

Theorem 3.3. (i) Let p = 2ma(a +2)/(4m — (n - 2m)a),4m/n < a < oo for n < 2m; 4m/n <
a < 4m/(n - 2m) for n > 2m. There exists an & > 0 such that if ug € B}** with |juo| e S €, then
the Cauchy problem (1.1) (or (3.1)) has a unique global solution u(t, x) with

u(t,x) € L=(R*; By) n L= (R5L72%), n<2m
(3.8)

u(t,x) € L* (R+; B;Lw) n Bicz/(o?y;LG/(n—Zm),z) nLPe <R+; La+2'w>/ n>2m.

(ii) Let @« € 2N, n > 2m, and a > 4m/(n—2m). There exists an € > 0 such that if uy € B;“m
with ||uo||gse= < €, then (1.1) has a unique global solution

u(t/ x) e LOD (R+/ BZC/OO) m Bzcz/(ol.;+;[‘2n/(n72m),2)‘ (39)
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(iii) Let a ¢ 2N, and let the condition (a) 2m < n < 4v/2m for1 <m <8, a > 4m/(n-2m);
or(b)n>2mform>8, a € [4m/(n—-2m),a_) U (a,,o0o) be satisfied, where a_ and a. are two
positive roots of equation 2x* —nx+4m = 0 and a_ < a,. There exists an € > 0 such that if ug € B;*”
with ||uo|| pre <€ then the problem (1.1) has a unique global solution:

u(t, x) € LOO (R+l B;orw) N Bz;’(o;t[‘zyl/(n&m),z) N (310)

Corollary 3.4 (see [19]). Let up(x) = eolx|7@™' D where € is a positive constant, a satisfies the
assumptions in Theorem 3.3; then there exists a unique global self-similar solution for the Cauchy
problem (1.1) with the initial value uy(x).

Theorem 3.5. Let ug(x) € H* satisfy the conditions of Theorem 3.3; then the global solution u(t, x)
obtained in Theorem 3.3 satisfies u(t, x) € C(R*; H®).

4. The Proof of Main Results

To prove the main results, we need the following lemmas.

Lemma 4.1 (see [20]). Let 6, = n- max(0, (1/p) = 1) and m € N with m > 2. Suppose that
=—+Y—, j=12,...,m (4.1)

1
k=12, mi Tk p Pj

If s > 6, then there exists a constant C > 0 such that

m

[1f:

i=1

< (Mg )TTNSellen 42
S "k

o,
By,

fOT all (flle/‘ . '/fM) € H;nzl(B;sjj,q N Lrj)'

Lemma 4.2. Let F = LP® (R*; L**>*®), where p = 2ma(a +2)/(4m — (n - 2m)a), 0 < a < oo for
n<2m;0< a <4m/(n—-2m) for n >2m, then

< CllullE™. (4.3)
F

t
“IOS(t = 7)(Ju(7)|"u(r))dr

Proof. By (2.4) in Proposition 2.2, we have

<C

F

L dt (4.4)

t
IOS(t =) (lu(7)|"u(r))dr

t
‘ f 8= () ue)

LPe
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We get from (3.3) in Proposition 3.2

1St =) (Ju(T)*u(T)) || faszer < CIt = 7] F 2N |0a(7) (T || 02001 (5)
< C|t _ T|—na/(2m(a+2))“u(T)”leZ,w‘
Therefore, we obtain from Proposition 2.3 and (2.5)
t t
HI S(t =) (ju(n)“u(r))dr|| <C|| Clt -7/ u(r)||fih . dT
0 0 L= (4.6)
a+l a+1
S C” ||u||L‘X+2’°° LZma(a+Z)/[4m7(1172m)a](a+1),oo S C”u”F :
O
Lemma 4.3 (see [21]). Suppose that E = Bzim(a+2 Vo (ReLe+22)7 - F = LB (R*; L¥2%), then one has
sc,00 < z .
”|u| u BL4m(a+2)/ Sm—(n-4m)a),2 R+ (a+2)/ (a+1),2) C”u”F”u”E (4 7)
forn <2m.
Lemma 4.4 (see [22]). Let f(u) = |u|"u,s. = (n/2) — (2m/a) and 1 < s. < a, then
a
”f u)l Bsczo; 120/ (n+2m) 2 s C”u”Bsczg; 120/ (nv2m)2) e ”L°°(R+;B;C/°°)’ (4.8)
!
”f (u) Bi?:%;u,z) < C”””Bscf;ﬂn/ (n2m)2, ” ||Loo(R+ *cw)/ (49)
where | =2na/((n +2m)a — 4m).
4.1. The Proof of Theorem 3.3
We first prove (i). Defining the following map by (3.1),
t
D(u)(t) = S(H)up(x) — i‘uf S(t = 1) (Ju(r)|"u(r))dr. (4.10)
0
For n < 2m, we have from Lemma 4.2 and (3.7) in Proposition 3.2,
10 I < C(lluollgge + IullF™), (411)

D) - D(@)|lp < C(Iull + lolIF) lu = vll¢- (4.12)
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Let F. = {u | u € F,||ul|p £2Ce} C F and choose

1\ /@)
<( — 4.1
e_<2C) , (4.13)

then we get by (4.11) and (4.12)

[@@)l[f, <2Ce

. (4.14)
10@) = @)y, < 5llu-wol,

forall u,v € F,.

This implies that @ is a contraction map from F, into F,. Thus, there exists a unique
solution u € F of (1.1) with |Ju||p < 2C¢.

Let E = B, where IT = L4m(@t2)/na2(R+; [ #+22) Then we derive from (3.4) and (3.6)

t
il < IS®uolz + |1] josa 1) (ufu)dr

E

< C<sup2f5“ |A;S(t)uol|  + sup2/*
j j

B;;,m>

for u € F., where [T = [4m(@+2)/Bm-(n-dma)2(R+, [ (a+2)/(a+1).2) ' A5 a consequence, we get by
Lemma 4.3 that

t
j S(t—71)Aj(Jul"u)dr
0

> (4.15)
I

< C(luollggom + ]

luale < C (Il + el glhal)- (4.16)

It follows that from (4.13), C||u||z < 1/2.So, (4.16) implies that

llullg < 2C|Juo||gge= < 0. (4.17)

Taking the L*(R*; B;***) norm in both sides of (3.1), we obtain from the definition of
generalized Besov spaces, Lemma 4.3 and (3.4) and (3.5)

t
ol ey < 1S @l (o) + |u|Hf S(t - 1) (ul*u)(r)dr
0 Lo (R*;B;C’m)

4.18
< C(IIuollsgcm + [Tl | B;‘;;°°> Y

< C (ol g + Nl el ) < oo,
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which implies u € L®(R*; B;**). Therefore, in the case of n < 2m, we have

u(t, x) € L*(R*; B3™) n L= <R+; L“+2'°°>. (4.19)
For n > 2m, let G = L*(R*; B;**), H = BzZ'$+~L2n/<n—2m>,2) and X = FNGN H, then we

obtain from the assumption in (i) 0 < s, < m. In the case of 0 < s, < 1, according to the
equivalent norm of Besov spaces and Holder inequality it follows that

@ 55¢,00
A,
= SupTisC Ay(l”dau) ||L2(R+;L(2n/(n—2m)),2)
lyl<T
B . (4.20)
< C|5u<p7' Ayu||L2(R+;L(2n/(n—2m)),2) ” |Tyu| + |u| ||Lm(R+;Ln/2m,:x:)
yI<T
< CsupTisC Ayu ” LZ(R*;LZ“/("’Z"‘)’Z) ||u||zoo (R+;Lﬂa/2m,oo) .
lyl<T
Using the Sobolev embedding theorem By < L"®/2m> we get that
“u| goes < Nulle. .
[| 24| B s, = Cllullg - lullg (4.21)
Consequently, from Remark 2.7, (3.4), (3.5), and (4.21), it follows that
t
190 < 1Sl + [ [ St =) Quraor
0 H
< 55,00 Tull
< C(Mmollgee + Illlul .. w2
< C(Iluoll e + Nl - 14l
< C(luollgzom + lull™)-
Similarly
t
[@(u) -~ @)l < |p] HJ St -7)(Jul*u - [v|*v)dr
0 H
(4.23)

< C(llullg + o) llu = vl

< C(llullx + I2l15%) Il = vl
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By using (3.4), (3.5), and (4.21), and arguing similarly as in deriving (4.18) one obtain
that

t
D@l < ISEuoll + |4 fos(t = 7)(jul*w)dr

G
S C<||u0||B;coo + " |u|au||L2(R+;L2n/(n+2m))> (424)
< C(llmollgeo + Nl - 1)
< C(lluollgee + ™),
(1) = D)l < C(llully + Il I - ollx. (4.25)
From (4.11) and (4.12), it follows that
1D < C(lluollgse + Nl (4.26)
I0(1) = D)l < C(Iull + Iol5) 1 = 0l (4.27)
Thus, by (4.22)—-(4.27) we have
I0()lx < C(lluollgem + %), (4.28)
(1) - D()llx < C(luly + Il - ollx. (429)

Letting X, = {u | u € X, ||u||x < 2Ce}, and choosing ¢ < (1/(2C)“+1)1/a, then (4.28) and
(4.29) imply that @ is a contraction map from X, into X,. By the Banach contraction mapping
principle we conclude that there is a unique solution u(t, x) € X, C X such that

u(t, x) € L®(R*; B&™) N L= (R+ ; L"‘+2'°°> N B Rz (4.30)

In the case of 1 < s. < m, the proof above can see that of (iii) below.

For a proof of (ii) see [18].

We now prove (iii). Note that s, = (n/2)-(2m/a) >m>1land s, = (n/2)-(2m/a) < a
under the assumption in (iii).

LetY = L®(R*; B5*) N BZCZ,(OI;;LZ"/("*M%Z) = GN H, then by using (4.8) in Lemma 4.4 and
arguing similarly as in deriving (4.24) we have

1@ 1 < C(lluolgzen + aal§). (431)
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On the other hand, since f(u) - f(v) = fo(u v) - f'(u+0(v —u))dd, where f(u) = |ul"u, it
follows from Proposition 3.2, Lemma 4.1, and (4.9) in Lemma 4.4 that

t
D) - D)y = |u] ”jos(t -7)(f(w) - f(v))dr

H
<Clf@ = fOlpee s
1
~c|w-o] furer-upae
. o (432)

L2(R¥; . (2n/(n+2m)), 2)

1
< Cllo - ul|gsee "(u+6(v-u))do

L2(R+;L2n/ (n=2m),2)

L (R+;Ln/2m)

+ =l e

7

Sc,00
BLz RH,L12)

where [ = 2na/((n +2m)a — 4m).
Because f'(u + 0(u — v)) = (a + 1)|(1+0)u - 0v|", So we derive from (4.9) and the
Sobolev embedding theorem L*(R*; B;**) — L*(R*; Lma/2my that

D) - D@y < llu=vllg - [l + [0 o g sov2m) + Clle = ol - = 2lIE

(4.33)
< Cllu =l ([l + 121&) < Cllu = olly (llully + 01y
By arguing similarly as in deriving (4.24) and (4.25) we get

[0w) g < C(lluollgg=+ lls™), (4.34)

D) - @(@)llc < C(luly + [213) -l (4.35)

it follows from (4.31)—(4.35) that

D)y < C(lluol gz + uls™) (4.36)

[D(w) - D@)lly < C(llully +llvlly)llu -2l (4.37)

Let Ya = {u|u €Y, |lully < M} with M = 2C]Ju||gz= and choose & < (1/2C)@+D/a
then (4.36) and (4.37) imply that @ is a contraction map from Yjs into Y. By the Banach
contraction mapping principle we obtain that there is a unique solution u(t,x) € Y; C Y
such that

ult,x) € L% (R B) N B oy, (4.38)

This complete the proof of Theorem 3.3.



14 Mathematical Problems in Engineering

4.2, The Proof of Theorem 3.5

Without loss of generality we only consider the case n > 2m. From Theorem 3.3 it follows
that the Cauchy problem (1.1) has a unique solution u(t, x) € L*(R*; B;>*) N Bz§’§+;L2n o2m 2y
provided that [[u||gse~ is suitably small. If, in addition, uy € H* = BS*?, then we have by

letting I = L*(R*; B;C'z) N Bi;’(ZR+,L2n - that
1)

ftS(t— ) (|u|"u)dr
0

lJully < C<||”0||H5c +

<C gse + |||l ul| e
< (ol + Matall g )

(4.39)

IN

C(Htol e + N 1205, i)

< C(Huoll e + 118l om0 )

From Theorem 3.3 it follows that the problem (1.1)—(1.4) has a unique solution u(t, x)
such that ||u||fw(R+,BsC,w) <1/2 provided that ||u| B < 6 with enough small 6. Then we have

that from (4.39)

llull; < 2C|Juol| e < oo (4.40)

The continuity with respect to t of u(t, x) is obvious; so u(t, x) € C(R*; H*).
The proof of Theorem 3.5 is thus completed.
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