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1. Introduction

Fractional calculus has played a significant role in engineering, science, economy, and other
fields. Many papers and books on fractional calculus, and fractional differential equations
have appeared recently, (see [1-9]). It should be noted that most of papers and books on
fractional calculus, are devoted to the solvability of initial fractional differential equations
(see [3, 4]). Here, we consider positive solutions of nonlinear fractional differential equation
conjugate boundary value problem involving Riemann-Liouville derivative:

D, u(t) = pa(t) f(t,u(t)), 0<t<l,
1.1
u(0) =u(1) =u'(0) =1'(1) =0, (-0

where p > 0, a, and f are continuous. a € (3,4] is a real number, and Dy, is the Riemann-
Liouville fractional derivative.
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It is well known that in mechanics the boundary value problem (1.1) where a = 4
describes the deflection of an elastic beam rigidly fixed at both ends. The integer order
boundary value problem (1.2) has been studied extensively. For details, see for instance, the
papers [10-13] and the references therein. In [10, 12], Yao considered

u"(t) = Af(tu(t), 0<t<l,
1.2
u(0) =u(1l) =4 (0)=1u'(1) =0, (1.2)

and using a Krasnosel’skii fixed-point theorem, derived a A-interval such that, for any A lying
in this interval, the beam equation has existence and multiplicity on positive solution. In this
paper, we will consider a more general situation, namely, the boundary value problem (1.1).
To the best of our knowledge, there have been few papers which deal with the boundary
value problem (1.1) for nonlinear fractional differential equation.

In this paper, in analogy with boundary value problems for differential equations
of integer order, we firstly derive the corresponding Green’s function named the fractional
Green’ function. Consequently problem (1.1) is reduced to an equivalent Fredholm integral
equation of the second kind. Finally, using Krasnosel’skii’s fixed-point theorems, the
existence of positive solutions are obtained.

2. Preliminaries

For completeness, in this section, we will demonstrate and study the definitions and some
fundamental facts of Riemann-Liouville derivatives of fractional order which can be found
in [5].

Definition 2.1 (see [5, Definition 2.1]). The integral

« _ 1 f®
Io+f(x)_T(a),[o(x_t)l—“dt' x>0, (2.1)

where a > 0, is called the Riemann-Liouville fractional integral of order a.

Definition 2.2 (see [5, page 36-37]). For a function f(x) given in the interval [0, o), the
expression

« 1 aN“ (. f
Dy, f(x) = m(a) f Wﬂlt, (2.2)

0(x—

where n = [a] + 1, [a] denotes the integer part of number a, is called the Riemann-Liouville
fractional derivative of order a.
From the definition of Riemann-Liouville derivative, for 4 > -1, we have

I'(1+
D x = TA+H) e 2.3)
IF(1+pu-a)
giving in particular D, x*™ = 0,m = 1,2,3,..., N, where N is the smallest integer greater
than or equal to a.
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Lemma 2.3. Let a > 0, then the differential equation
D{,u(t) =0 (2.4)

has solutions u(t) = c1t* 1+ cot* 2+ -+ cut*™", c; € R, i =1,,2...,n, as unique solutions, where
n is the smallest integer greater than or equal to a.
As D, I§, u = u, from Lemma 2.3, we deduce the following statement.

Lemma 2.4. Let a > 0, then
I§. Dg,u(t) = u(t) + it N+ ot 2 4,15, (2.5)
forsomec; € R, i=1,2,...,n,nis the smallest integer greater than or equal to a.
The following Krasnosel'skii’s fixed-point theorem will play a major role in our next analysis.

Theorem 2.5 (see [6]). Let X be a Banach space, and let P C X be a cone in X. Assume that Qq,€,
are open subsets of X with 0 € 1 C Q C Qy, andlet S : P — P bea completely continuous operator
such that, either

(1) [[Swl| < [lwll, w € P N0y, [|Sw]| 2 [lwl|, w € PN 0Ly, or
) ISw| > [|wll, w € PN dQy, ||Sw]| < |lw|l,w € PN Q.

Then S has a fixed-point in P N (Q\ Q).

3. Green’s Function and Its Properties

In this section, we derive the corresponding Green’s function for boundary-value problem
(1.1), and obtain some properties of Green’s function.

Lemma 3.1. Let h(t) € C[0,1] be a given function, then the boundary-value problem,

Dy, u(t) = h(t), 0<t<1,3<ac<4,

(3.1)
u(0) =u(l) =u'(0)=u'(1) =0,
has a unique solution
1
u(t) = f G(t,s)h(s)ds, (3.2)
0
where
1 [t2A=9)"[(s-t)+(@=2)(A-t)s] + (t-5)"", 0<s<t<]1,
G(t,s) = T B (3.3)
@ | #2(1 - 5)*2[(s = ) + (a = 2)(1 - )s], 0<t<s<1

Here G(t, s) is called Green’s function of boundary-value problem (3.1).
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Proof. By means of the Lemma 2.4, we can reduce (3.1) to an equivalent integral equation

a-1
u(t) = " ot P ot S ot 4 It (¢ ;(Scr)) h(s)ds. (3.4)
0
From u(0) = u(1) = «/(0) = /(1) =0, we have ¢3 = ¢4, = 0 and
B 1(1—5)“_2(25—(xs—1)h 4
o[ (S)dts
(3.5)
(Ma-1)(- s)“_zsh p
= . T(a) (s)ds.
Therefore, the unique solution of (3.1) is
(M (1-9)" P (2s-as-1) L2(p—1)(1-5)"2s F(t-s)*!
u(t) = ’[0 T(@) h(s)ds + fo T(a) h(s)ds + J‘Owh(s)ds
t
= ﬁfo [t“-1(1—s)“*2(25—as—1) + 172 (a-1)(1-5)"2s + (t—s)””l]h(s)ds
1
+ f [t“‘l(l—s)“’z(ZS—as—l) + t“‘z(a—l)(l—s)“*zs] h(s)ds
t
1
= f G(t,s)h(s)ds.
’ (3.6)
The proof is finished. O

Lemma 3.2. The function G(t, s) defined by (3.3) has the following properties:

(1) G(t,s) =G(1-s,1-t), for t,se[0,1];

(2) 21 - )°q(s) < G(t, ) < (a—1)q(s) and G(t,s) < ((a = 1)(a = 2)/T(a))t*2(1 - t)°
fort,s € [0,1],

where q(s) = ((a —2)/T(a))s*(1 - s)* 2.

Proof. Observing the expression of G(t, s), it is clear that G(t,s) = G(1-s,1-t) fort,s € [0,1].
In the following, we consider I'(a)G(t, s).
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For0<s<t<1,wehave
T(a)G(t,s) = (t—s)* " = (t—ts)* 2(t—5) + (a—=2)(1 - ) (t — t5)* s

= (t-s) [(t —8) 2 (t- ts)“‘2] +(@=2)(1 - t)(t —ts)*2s

t—ts

=—(t-s)(a— Z)L_ x*Bdx + (a-2)(t—ts)*2(1 - t)s

>—(t—s)(a—2)(t—ts)"2[(t—ts) = (t—5)] + (@ =2)(t—t5)* (1 - t)s

(37)
=—(t-s)(a=2)(t—ts)" (1= t)s+ (a = 2)(t —ts)* 2(1 - t)s
= (a-2)(t—ts)* (1 -t)s[-(t - s) + (t—ts)]
> (a—2)(t—ts)* (1 - t)?s?
= (a -2t 2(1 - 1)?s%(1 - 5)* 2,

and
T(a)G(t,s) = —(t—s)(a - 2)£_:Sx“-3dx +(@=2)(t—ts)2(1-t)s

<—(t-s)(a-2)(t-5)"2[(t—ts) - (t—5)] + (a—2)(t—t5)**(1 - t)s
=—(t-5)(a-2)(t-95) (A -t)s+ (a—2)(t—ts)* (1 - t)s
= (@-2) (1~ B)s[(t ~ 1) % - (t—5) 7] (38)

< (=221 -1)%*(t-ts)*3
<(a-1)(a-2)t"3(1-1)*s%(1 - 5)*°
<(a-1)(a-2)s*(1-s)"2
For 0 <t<s<1,since a >3, we have
T(@)G(t,s) = (t=ts)*[(s =) + (@ =2)(1 - 1)s]
> (a-2)(t~ts)" (1= b)s
= (a-2)t"2(1-5)"2(1-b)s

> (a = 2)12(1 - 1)%s%(1 - 5)* 2,
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T(a)G(t,s) = t*2(1 - )" 2[(s = £) + (@ - 2) (1 - 1)s]
<1721 - 9)?[s + (a - 2)s]
< (a-1t(1-5)"2s
<(a-1)s*(1-5)""
<(a-2)(a—-1)s*(1-s)" 2

(3.9)

Thus t*2(1 - t)zq(s) < G(t,s) < (@-1)q(s), fort, s € [0,1]. Combining G(t,s) = G(1-5s,1-1),
we have

G(t,s) < (a-1)g(1-t) = %t“‘z(l — )%, for t,s € [0,1]. (3.10)

This completes the proof. O

We note that u(t) is a solution of (1.1) if and only if
1
u(t) = yf G(t,s)a(s)f(u(s))ds, 0<t<1. (3.11)
0

For our constructions, we will consider the Banach space E = C[0, 1] equipped with
standard norm ||u|| = maxo<<i ||u(t)||, u € X. We define a cone K by

121 - 1)?
a [—

K:{uEX|u(t)2 1

lu]l, t€[0,1], a € (3,4]}. (3.12)
Define an integral operator A : K — X by
1
Au(t) = /4J‘ G(t,s)a(s)f(u(s))ds, 0<t<1, uek. (3.13)
0
Notice from (3.13) and Lemma 3.2 that, for u € K, Au(t) >0on [0,1] and
1 1
Aut) = yf G(t, s)a(s) (s, u(s))ds < ﬂf (a-Dq(s)a(s)f(s,u(s)ds,  (3.14)
0 0

then || Aul| < f(l)(vc -1)g(s)a(s)f(s,u(s))ds .
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On the other hand, we have

1
Au(t) = y’[OG(t, s)a(s)f(s,u(s))ds

1
> yfot“_z(l ~1)*q(s)a(s) f(s,u(s))ds
(3.15)

a-2 Y 1
PR (avgterate) s s

F2(1-t)?
> —— " ||Aull.
> Au|
Thus, A(K) C K. In addition, standard arguments show that A is completely continuous.

4. Singular Positone Problems

In this section we present some new result for the singular problem

Dy, u(t) = pa(t)f(t,u(t)), 0<t<1, 3<a<4,

(4.1)
u(0) =u(1) =u'(0) =4/'(1) =0,
where p > 0 and nonlinearity f may be singular at u = 0.
Using Theorem 2.5 we establish the following main result.
Theorem 4.1. Suppose that the following conditions are satisfied.
aeC(0,1)NLY0,1] with a >0 on (0,1) (4.2)
f:10,1] x (0, 00) — (0, 0) is continuous, (4.3)
f(t,u) < g(u) +h(u) on [0,1] x (0, 00) with g >0
continuous and nonincreasing on (0,0), h >0 (4.4)
h
continuous on [0, ) and § non decreasing on (0, ),
3Ky with g(xy) < Kog(x)g(y) VYx>0,y>0, (4.5)
1
ap = p(a— 1)f q(s)a(s)g(s”“z(l - s)2>ds < oo, (4.6)
0

ith "~ g2 1
Ir > 0 with 20 + (D) > K0a0g<a_ 1>, (4.7)
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1
There exists 0 <0 < 5 (choose and fix it) and a continuous,

nonincreasing function g : (0,00) — (0,00), and a continuous 48)
4 4.8

function hy : [0,00) — (0, 00) with ? nondecreasing on (0, 0)
1

| and with f(t,u) > g1(u) + hi(u) for (t,u) € [6,1-06] x (0, 0),

J0< Ry <r<R, with (i=1,2),

Rig1(0*/a-1)R; fl—e (4.9)
d
@ (R)gi(©07/a— DR) + g1 (R (@/a-DR) ~ 1), G792
here G(t, s) is Green’s function and
1-0 1-6
J. G(o,s)a(s)ds = sup G(t,s)a(s)ds. (4.10)
0 te[01]/ 6

Then (4.1) has two nonnegative solutions u; with Ry < |lu1]| < r < ||uz|| < Ry and u;(t) > 0 for
te(0,1),i=1,2.

Proof. First we will show that there exists a solution u; to (4.1) with uy(t) > 0 for t € (0,1) and

r < ||luz]| < Rp. Let

Q={uekE:|u||<r}, Q ={u€ekE:|ul| <R} (4.11)

We now show

I Aul| < |lu] for K Noy. (4.12)

To see this, let u € K N 0Q;. Then ||ul| = |jullp1; = r and u(t) > 21 - )2/ (a - 1))r for
t €[0,1]. So for t € [0,1], we have

1
(Au)(t) = yJOG(t, s)a(s)f(s,u(s))ds
1
< ufoox ~1)q(s)a(s) [g(u(s)) + h(u(s))]ds

1
= #J (a - 1)4(S)a(s)g(u(s)){1 + M}ds
0

g(u(s))
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<ﬂf (a- 1)q(s)a(S)g<(—_15) >{1+%}ds

§K0g<ﬁ>{1 h(r },uj (a - 1)q(s)a(s)g< o 2(1 s) )

- aokg( 7 ) ls(r) + ).

(4.13)
This together with (4.7) yields
[ Aull = |Aullj1y <7 = |lull, (4.14)
so (4.12) is satisfied.
Next we show
|[Au|| > |lu|| for K noQy. (4.15)

To see this, let u € K N 0Q so [|ull = |[ull1; = Re, and let u(t) > (#°2(1 - +)*/(a - 1))R, for
te[0,1].
We have

1
(Au)(o) = ufOG(o, s)a(s)f(s,u(s))ds

1-0
> p , G(o,s)a(s)[g1(u(s)) + hi(u(s))]ds

- ha(u(s))

_ #J'e G(o,s)a(s)gl(u(s)){l + gi(u(s)) }ds @16
-0 hi((s*2(1-s)*/(a—1))R

> gl(RZ)/"J‘l G(o, S)a(S){l + 1<<S 0o )> 2> }ds
6 gi((s°2-9%/(a-1)R,)
0 h ((07/(a -1))Ry)

> g1(Rz)ﬂf9 G(o, s)u(s){l + (@ /(@a—1)Rs) }ds.

This together with (4.9) yields
(Au)(o) > Rp = [|u]|. (4.17)

Thus ||Aul| > ||u||, so (4.15) is held.

Now Theorem 2.5 implies that A has a fixed-point u, € K n (ﬁz \ ©Q), that is, r <
luall = lluzlljo1; < Rand us(t) > q(t)r for t € [0,1]. It follows from (4.12) and (4.15) that
luzl| #7, [[u2]| # Ro, so we have r < |[us]| < Ro.



10 Mathematical Problems in Engineering

Similarly, if we put

Qi ={ucE:|ul<Ri), Qo={uckE:|ul<r), (4.18)

we can show that there exists a solution u; to (4.1) with uy () > 0 fort € (0,1) and Ry < ||us]|
<7
This completes the proof of Theorem 4.1. O

Similar to the proof of Theorem 4.1, we have the following result.

Theorem 4.2. Suppose that (4.2)—(4.8) hold. In addition suppose

30 < Ry < r with

Rig1(0%/(a-1))Ry
g1 (R1)g1(6%/(a—1))Ry + g1(R1)h1 (6%/ (a = 1)

(4.19)

1-0
R <yf9 G(o,5)q(s)ds.

Then (4.1) has a nonnegative solution uy with Ry < |luq|| < r and uy(t) > 0 for t € (0,1).

Remark 4.3. Ifin (4.19) we have R; > r, then (4.1) a nonnegative solution u, with r < ||u,|| < R,
and uy(t) >0 fort € (0,1).

It is easy to use Theorem 4.2 and Remark 4.3 to write theorems which guarantee the
existence of more than two solutions to (4.1). We state one such result.

Theorem 4.4. Suppose that (4.2)—(4.6) and (4.8) hold. Assume that 3m € {1,2,...} and constants
R;,ri(i=1,...,m), withr, > by, and

O<Ri<n<R<mrn<--+<R, <tm (4.20)

In addition suppose for eachi=1,...,m that

Ti

1

and

Rig1(0%/(a—-1))R; - -6
$1(R)g1(0%/(a— 1)R; + g1(R)m 07/ (a - ))R; "),

G(o,s)a(s)ds (4.22)

hold. Then (4.1) has nonnegative solutions y1, ..., Y, with y;(t) > 0 for t € (0,1).

Example 4.5. Consider the boundary value problem

DE, u(t) = O'<u‘“(t) + ub(t)>, te(0,1), 3<a<4,
(4.23)
u(0)=u(1)=4'(0)=u/(1)=0, 0<a<l<b,
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where ¢ € (0, 09) is such that
(o)) < -, (424)

here

ay = (a-Di@=-2) s (1 - s)2<5a72(1 - s)2> ds = J‘ s 200 (1 - 5> ds < oo,

[(a) 0 0 ( )
4.25

Then (4.23) has two solutions uy, u; with uq(t) > 0,u,(t) >0fort € (0,1),i =1,2.
To see this we will apply Theorem 4.1 with (here 0 < R; < 1 < R, will be chosen below)

s =g =u’,  hw=m@=u, al)=o, Ko=10=7 (426

Clearly (4.2)—(4.6) and (4.8) hold, and ag = (ca;/(a —1)"). Now (4.7) holds with r = 1 since

r 1 a 1
W =5 > ajop > Kéao(lx -1 = K(z)aog(m). (4.27)

Finally notice (4.9) is satisfied for R; small and R, large since

Ri R1+a
= L — 0,
IR {1+ (h)((0%/a=1)R)/(g,)((6*/a=1)R)} 1+ (a—-1) @) gatarb) ga+b
(4.28)

as Ry — 0,R, — oo, since b > 1. Thus all the conditions of Theorem 4.1 are satisfied so
existence is guaranteed.

5. Singular Semipositone Problems

In this section we present a new result for the singular semipositone problem:

Dy, u(t) = pa(t)f(t,u(t)), 0<t<1l, 3<ac<4,

(5.1)
u(0) =u(l) =u'(0) =u'(1) =0,
where p > 0 and nonlinearity f may be singular at u = 0.
Before we prove our main result, we first state a result.
Lemma 5.1. Suppose a € L'[0,1] with a > 0 on (0,1). Then the boundary value problem,
Dy, u(t) = a(t)e(t), 0<t<1, 3<ac<i,
(5.2)

u(0) =u(l) =u'(0) =4'(1) =0,



12

Mathematical Problems in Engineering

has a solution w with

here

w(t) <

a=2(1 _ \2
15a(+t)co fort e [0,1],

1

(@-1)*@-2) (!

©="Tw ),

a(s)e(s)ds.

In fact, from Lemma 3.1, (5.2) has solution

1
w(t) = IOG(t, s)a(s)e(s)ds.

According to Lemma 3.2, we have

Ya-1)(a-2)t2(1 - 1)?
0 [(a)

a-2(1 _ $\2
¢ (1_ .

w(t) < -

a(s)e(s)ds =

The above Lemma together with Theorem 2.5 establish our main result.

Theorem 5.2. Suppose that the following conditions are satisfied.

{

geC(0,1)NL'0,1] with qg> on (0,1).

f:10,1] x (0, 0) — R is continuous and there exists

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

a function e € C((0,1),(0,+o0)) with f(t,u)+e(t)> for (t,u) € (0,1) x (0,0),

fr(tu)=f(t,u)+e(t) < g(u)+h(u) on [0,1] x (0, 0) with g >0

continuous and nonincreasing on (0,00), h >0

continuous on [0,00) and g nondecreasing on (0, ),
3Ky with g(xy) < Kog(x)g(y) Vx>0, >0,

ap = I:G(o, s)q(s)g(s“‘z(l - s)2>ds < oo,

r

g((r—puCo)/(a-1)){1+ (h(r)/g(r))}

Ir > uCo with > uKoay,

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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( 1
There exists 0 < 0 < 5 (choose and fix it) and a continuous,

nonincreasing function g : (0,00) — (0,0), and a continuous
4 (5.13)

function hy : [0,00) — (0, 00) with % nondecreasing on (0,c0)
1

| and with f(t,u) +e(t) > g1(u) + hi(u) for (t,u) € [6,1-0] x (0,0),

and 3R > r with

Rg1((€0"/(a —1))R)
81(R)g1((€0%/ (a = 1))R) + g1(R)h1((€6*/ (a = 1)) R)

1-0
< #IQ G(o,s)q(s)ds, (5.14)

here € > 0 is any constant (choose and fix it) so that 1 - (uCo/R) > € (note € exists since R > r > uCy
in fact we can have € =1 — (uCo/r) ) and G(t, s) is Green’s function and

1-6 1-0
J‘ G(o,s)a(s)ds = sup G(t,s)a(s)ds. (5.15)
0 te[0,1]) 6

Then (5.1) has a solution y € C[0,1] N C(0,1) with y(t) > 0 for t € (0, 1).

Proof. To show that (5.1) has a nonnegative solution we will look at the boundary value
problem

D, y(t) = ug(t) f*(t,y(t) = (1)), 0<t<1,3<a<4,
y(0)=y(1) =y'(0) =y'(1) =0,

(5.16)

where

$(t) = uMw(t), 0<t<1, (5.17)

(w is as in Lemma 5.1).

We will show, using Theorem 2.5, that there exists a solution y; to (5.16) with v, (t) >
¢(t) for t € (0,1). If this is true then u(t) = y1(t) — ¢(t),0 < t < 1 is a nonnegative solution
(positive on (0,1)) of (5.1), since

D, u(t) = Dg,y1(t) - D, () = —puq(t) f* (£, y1 () — §(t)) + pq(t)e(t)

=-pa(®) [f(t,y1(5) = (1) +e(B)] + pq(t)e(t)
=—uq() f (£ y1(t) - $ (1))
=-puq(t) f(tut)), 0<t<l

(5.18)

As a result, we will concentrate our study on (5.16). Let E, K as in Section 2, and let

Qi ={ucE:|lu|<r}, Q={ueckE:|ul<R). (5.19)
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Nextlet A: KN (Q;\ Q) — E be defined by
1
(Ay)(t) = yJOG(t,s)q(s)f*(s,y(s) —-¢(s))ds, 0<t<1l. (5.20)

In addition, standard argument shows that A(P) C P and A is completely continuous.
We now show

lAy|| < |ly|]| for K noQ. (5.21)

To see this, let y € K N 0Qy. Then |ly| = ||y||[0,1] =rand y(t) > (**2(1- £2/(a = 1))r for
t € [0,1]. Now for t € (0,1), the Lemma 5.1 implies

£ 2(1-t)?
a(— 1 ) (r—uCo) >0, (5.22)

a-2(1 _ $\2 a-2/1 _ \2
(1 t) T—//lt (1 t)

y(t) - () > —— Co>

a-1

so for t € [0,1] we have

1
(Ay)(®) = #JOG(f/ S)a(s) f* (s, y(s) - d(s))ds

1
< ufoons)a(s) [8(5(5) - () + h(y(s) - d(s))] ds

h(y(s) - 9()) } i

1
=ﬂfoq(8)a(s)g(y(s) —¢(s)){1+ 275 —9)

(5.23)
1 72 h
<uf aaoe( L - uc ) {1+ 0 as
- uC
<ukag () {1420 f a(9)a()g(s"2(1-5?)ds
B r—uCo h{r}
(7224
This together with (5.12) yields
Ayl = 1Ay, <7 =1yl (5.24)

so (5.21) is satisfied.
Next we show

lAy|l > |ly]| for K noQs,. (5.25)
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To see thislet y € KNoQ, so ||yl = ||y||[0,1] = Rand y(t) > (t*2(1 - £)?/(a=1))Rfort € [0,1].
Also for t € [0,1] we have

172 (1—t)> te2(1-1)2
a-1 -1

t2(1-1)2 uCo\ _ et®2(1-t)
> - )>_— > 7 R.
a-1 R<1 R > - a-1 R

y(B)—9(t) = y(t)—pw(t) = R-uCo

(5.26)

As a result

O R forte[6,1-0]. (5.27)
a-1

y(&) —¢(t) 2
We have

1
(Ay)(0) = ufocw, $)a(s)f* (5, 9(5) - p(s)) s

1-6
zyfo G(0,9)4(5) [31(¥(5) — $(5)) + 1 (y(s) - p(s))]ds

(5.28)
I (y(s) - $(5)) } ds

g1 (y(s) — ¢(s))

I ((6%/ (a ~ 1)R)
1((e6%/(a —1))R) } ds.

1-06
= #L G(0,5)q(s)g1(y(s) = P(s)) {1 +

1-6
> gy <R>j0 G 9)q{1+

This together with (5.14) yields
(Ay)(0) 2R =||y]|- (5.29)
Thus ||Ay|| > |lyl|, so (5.25) is held.
Now Theorem 2.5 implies that A has a fixed-point y € K N (€, \ 1), that is, r <
lyll = ||y||[0‘1] < Rand y(t) > t*2(1 - £)2r for t € [0,1]. Thus y(t) is a solution of (5.16) with
y(t) > ¢(t) for t € (0,1). Thus (5.1) has a positive solution u(t) = y(t) -¢(t) >fort € (0,1). O

Example 5.3. Consider the boundary value problem

D y(t) = y(y‘“(t) +yP () - 1), O<t<1, 3<a<4,

(5.30)
y(0)=y(1)=y'(0)=y'(1)=0, 0<a<l<b,
where p € (0, j1o) is such that
-1)*(a-2 .
(a-Dla -2, (a—1)(2poa0) " <1, (5.31)

2T ()
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here

1
ao = f:q(s)a(s) g(5"2(1-5)")ds = f e (1 — 5)@ Vs < oo, (5.32)

0

Then (5.30) has a solution y with y(t) > 0 for t € (0,1).
To see this we will apply Theorem 5.2 with (here R > 1 will be chosen later, in fact here
we choose R > 1 so that e = 1/2 works, i.e., we choose R so that 1 — (u/(2I'(a)R)) > 1/2)),

sW)=a(y) =y hy)=m(y)=y" al)=Tlet)=t""?

5.33)
el gl _@-12@-2) (L, @-2%-2)
aKyp=1,e= 5 9—4, Co= T@) 0s ds = (@)
Clearly (5.7)-(5.11) and (5.13) hold. Now (5.12) holds with r = 1 since
1/1-poCo\* 1 /1-pco\*
pKoag = pag < poap < E( ﬁ)l 0> < §< afl())
(5.34)
r
- {1+ (h()/8(1)))8((r-pMCo) / (@-1))
from (5.31). Finally notice (5.14) is satisfied for R large since
Rgi1(e0*/(a—1))R R 0
= — U,
g1 (R)g1((€0*/(a = 1))R) + g1(R)h1 ((€0*/(a = 1))R) 1+ (a — 1)@ [epx]o*b Ra+b
(5.35)

as R — oo, since b > 1. Thus all the conditions of Theorem 5.2 are satisfied so existence is
guaranteed.
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