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Taking a partially penetrating vertical well as a uniform line sink in three-dimensional space,
by developing necessary mathematical analysis, this paper presents steady state productivity
formulas for an off-center partially penetrating vertical well in a circular cylinder drainage
volume with constant pressure at outer boundary. This paper also gives formulas for calculating
the pseudo-skin factor due to partial penetration. If top and bottom reservoir boundaries
are impermeable, the radius of the cylindrical system and off-center distance appears in the
productivity formulas. If the reservoir has a gas cap or bottom water, the effects of the radius and
off-center distance on productivity can be ignored. It is concluded that, for a partially penetrating
vertical well, different productivity equations should be used under different reservoir boundary
conditions.
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1. Introduction

Well productivity is one of primary concerns in oil field development and provides the basis
for oil field development strategy. To determine the economical feasibility of drilling a well,
the engineers need reliable methods to estimate its expected productivity. Well productivity
is often evaluated using the productivity index, which is defined as the production rate per
unit pressure drawdown. Petroleum engineers often relate the productivity evaluation to the
long time performance behavior of a well, that is, the behavior during pseudo-steady-state or
steady-state flow.

The productivity index expresses an intuitive feeling, that is, once the well production
is stabilized, the ratio of production rate to some pressure difference between the reservoir
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and the well must depend on the geometry of the reservoir/well system only. Indeed, a long
time ago, petroleum engineers observed that in a bounded reservoir or a reservoir with strong
water drive, the productivity index of a well stabilizes in a long time asymptote.

When an oil reservoir is bounded with a constant pressure boundary (such as a gas
cap or an aquifer), flow reaches the steady-state regime after the pressure transient reaches
the constant pressure boundary. Rate and pressure become constant with time at all points in
the reservoir and wellbore once steady-state flow is established. Therefore, the productivity
index during steady-state flow is a constant.

Strictly speaking, steady-state flow can occur only if the flow across the drainage
boundary is equal to the flow across the wellbore wall at well radius, and the fluid properties
remain constant throughout the oil reservoir. These conditions may never be met in an oil
reservoir; however, in oil reservoirs produced by a strong water drive, whereby the water
influx rate at reservoir outer boundary equals the well producing rate, the pressure change
with time is so slight that it is practically undetectable. In such cases, the assumption of
steady-state is acceptable.

In many oil reservoirs the producing wells are completed as partially penetrating
wells; that is, only a portion of the pay zone is perforated. This may be done for a variety
of reasons, but the most common one is to prevent or delay the unwanted fluids into the
wellbore. If a vertical well partially penetrates the formation, there is an added resistance to
flow in the vicinity of the wellbore. The streamlines converge and the area for flow decreases,
which results in added resistance.

The problem of fluid flow into wells with partial penetration has received much
attention in the past, the exact solution of the partial penetration problem presents great
analytical problems. Brons and Marting [4], Papatzacos [5], Basinev [3] developed solutions
to the two dimensional diffusivity equation, which included flow of fluid in the vertical
direction. They only obtained semianalytical and semiempirical expressions to calculate the
added resistance due to partial penetration.

The primary goal of this study is to present new steady-state productivity formulas
for a partially penetrating vertical well in a circular cylinder drainage reservoir with constant
pressure at outer boundary. Analytical solutions are derived by making the assumption of
uniform fluid withdrawal along the portion of the wellbore open to flow. The producing
portion of a partially penetrating vertical well is modeled as a uniform line sink. This paper
also gives new expressions for calculating the added resistance due to partial penetration, by
solving the three-dimensional Laplace equation.

2. Literature Review

Putting Darcy’s equation into the equation of continuity, the productivity formula of a fully
penetrating vertical well in a homogeneous, isotropic permeability reservoir is obtained [1,
page 52]:

2-7FKH(PE_Pw)/(/’£B)

n(R/Re) @1)

Qw=FD

where P, is outer boundary pressure, P, is flowing wellbore pressure, K is permeability, H
is payzone thickness, y is oil viscosity, B is oil formation volume factor, R, is drainage radius,
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R, is wellbore radius, and Fp is the factor which allows the use of field units, and it can be
found in a Table 1 at page 52 of [1].

Formula (2.1) is applicable for a fully penetrating vertical well in a circular drainage
area with constant pressure outer boundary.

If a vertical well partially penetrates the formation, there is an added resistance to
flow which is limited to the region around the wellbore, this added resistance is included by
introducing the pseudo-skin factor, Sps. Thus, Formula (2.1) may be rewritten to include the
pseudo-skin factor due to partial penetration as [2, page 92]

2w KH(P, ~ Py)/ (4B)
ln(Re/Rw) + Sps ’

Quw=Fp (2.2)

Define partial penetration factor #:

(2.3)

-~
I}
5

where L, is the producing well length, that is, perforated interval.

Several authors obtained semianalytical and semiempirical expressions for evaluating
pseudo-skin factor due to partial penetration.

Bervaldier’s pseudo-skin factor formula [3]:

Sps = (% - 1> [M - 1]. (2.4)

(1-Rw/Lp)

Brons and Marting’s pseudo-skin factor formula [4] is as follows:

Spe = (% - 1) [In(hp) - G(1)], (2.5)
where
o = (%) <II§_:>1/2’ (2.6)

G(n) = 2.948 - 7.3631 + 11.451* — 4.6757°.

Papatzacos’s pseudo-skin factor formula [5] is as follows:

v () GelGRIGER) T e
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where

H

L= ———
' i +025L,

(2.8)
,___H
>” i +075L,

and h; is the distance from the top of the reservoir to the top of the open interval.
It must be pointed out that the aforementioned formulas are only applicable to a
reservoir with both impermeable top and bottom boundaries.

3. Partially Penetrating Vertical Well Model

Figure 1l is a schematic of an off-center partially penetrating vertical well. A partially
penetrating well of drilled length L drains a circular cylinder porous volume with height
H and radius R,.

The following assumptions are made.

(1) The reservoir has constant K,, K,, K, permeabilities, thickness H, porosity ¢.
During production, the partially penetrating vertical well has a circular cylinder
drainage volume with height H and radius R.. The well is located at Ry away from
the axis of symmetry of the cylindrical body.

(2) At time t = 0, pressure is uniformly distributed in the reservoir, equal to the initial
pressure P,. If the reservoir has constant pressure boundaries (edge water, gas cap,
bottom water), the pressure is equal to the initial value at such boundaries during
production.

(3) The production occurs through a partially penetrating vertical well of radius Ry,
represented in the model by a uniform line sink, the drilled well length is L, the
producing well length is L,,.

(4) A single phase fluid, of small and constant compressibility Cs, constant viscosity
u, and formation volume factor B, flows from the reservoir to the well. Fluid
properties are independent of pressure. Gravity forces are neglected.

(5) There is no water encroachment and no water/gas coning. Edge water, gas cap, and
bottom water are taken as constant pressure boundaries, multiphase flow effects are
ignored.

(6) Any additional pressure drops caused by formation damage, stimulation, or
perforation are ignored, we only consider pseudo-skin factor due to partial
penetration.

The porous media domain is:
Q:{(x,y,z)|x2+y2<R§,O<z<H}, (3.1)

where R, is cylinder radius, Q is the cylindrical body.
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Figure 1: Partially penetrating vertical well model.

Located at Ry away from the center of the cylindrical body, the coordinates of the
top and bottom points of the well line are (Ry,0,0) and (Ro, 0, L), respectively, while point
(Ro,0, Ly) and point (R, 0, L) are the beginning point and end point of the producing portion
of the well, respectively. The well is a uniform line sink between (Ro, 0, L) and (Ry, 0, L,), and
there hold

L,=L,-L;, L,<L<H. (3.2)
We assume

K, =K, =Ky, K. =Ko, (3.3)
and define average permeability:
K, = (K.K,K,)"? = K2°KL/3. (3.4)
The reservoir initial pressure is a constant:
Pl =P (3.5)

The pressure at constant pressure boundaries (edge water, gas cap, bottom water) is
assumed to be equal to the reservoir initial pressure during production:

P, =P. (3.6)

Suppose point (Ro,0,z') is in the producing portion, and its point convergence
intensity is g, in order to obtain the pressure at point (x, y, z) caused by the point (Ry,0, z'),
according to mass conservation law and Darcy’s law, we have to obtain the basic solution of
the diffusivity equation in Q [6, 7]:

o*P %P 2P o
KhE+Kha—y2+KUE = puqB6(x — Ry)6(y)6(z-2'), inQ, (3.7)
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where C; is total compressibility coefficient of porous media, 6(x — Ry), 6(y), 6(z — ') are
Dirac functions.
In order to simplify the equations, we take the following dimensionless transforms:

o) @) 2-OR) - e
(1) e (D))"
<&>m, (3.10)
Lyp=Lop-Lip = (L”> <£ 1/2, (3.11)

Ro= (B)(E)" Ro= (B)(R2)" 612

The dimensionless wellbore radius is [8]

e[ ()]

Assume g is the point convergence intensity at the point sink (Ro, 0, z), the partially
penetrating well is a uniform line sink, the total productivity of the well is Q, and there holds

g=—>. (3.14)

Define the dimensionless pressures:

KQL(Rf_P) KhL(RE_Fb)
pp=fetlle=7) 0 p o Bablle” Tw) (3.15)
° 4qB ° pqB
Then (3.7) becomes [6, 7]
PP, P 0D, o
b b D= _6(xp - Rop)6(yp)6(zp —zp), in Qp, (3.16)

axD2 ayD2 aZD2
where

Qp = {(xp,yp,20) | ¥} + v < R, 0 < 2p < Hp}. (3.17)
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If point ry and point r are with distances py and p, respectively, from the axis of
symmetry of the cylindrical body, then the dimensionless off-center distances are

_ Po Ka 1/2 _ P Ka 1/2
PoD = (f) <K_h) ’ PD = <z> <K_h> . (3.18)
There holds
s Ko\Y?/ 7L\ /4R. 2p0 2p 2./pop
() o= =po =) = () Ga )T 71~ ~17)
= <&>1/2<”R2><2—&—ﬁ— VPOP) (3.19)
K, H R, R, R,
KZJ 1/2 ﬂ'Re
- K—h> (H )(2—190—0—\/676),
where
_ P _r
S=f  O= (3.20)

Since the reservoir is with constant pressure outer boundary (edge water), in order to
delay water encroachment, a producing well must keep a sufficient distance from the outer
boundary. Thus in this paper, it is reasonable to assume that

8 <06, ©<06 (3.21)
If

Y =38=0.6, — =0.25, Rﬁ =15, (3.22)

then

(R) (5 )e-amo-vis

Ky H
12 (3.23)
=0.25"2 x (or x 15) x (2.0 -0.6-0.6 —0.6 x 0.6> =4.7124,
exp(—4.7124) = 8.983 x 107°.
Moreover if
K R

B =08=05, 2 =05, —2 =10, 3.24
0 5 X, 0.5 77 =10 (3.24)
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then

(k) (5 ) mmo- v

Khn
=052 x (7 x10) x (20-05-05-v05x05) =11.107, (3.25)

exp(-11.107) = 1.501 x 107 .

Recall (3.19), there holds

()" () -0-ve),

H
(3.26)

eXP[( )(ZReD pop = Pp = \/poppD) | =

since there holds (3.21), and according to the aforementioned calculations in (3.22), (3.23),
(3.24), and (3.25), we obtain

xp[-(72) @Ren = o0~ po = Vuopn) | =0 (327)
Because
<<i>(2R — pop - —w/7)<<i>(21e — pop - pp) (3.28)
oy eD — PoD — PD PoDPD e eD — PoD — PD), -
thus
exp[ < >(2ReD pPoD — PD — \/PODPD)] > exp[ ( >(2ReD poo—pp)|.  (329)

Combining (3.27) and (3.29), we have

exp[ < >(2ReD pop — pD)]~0 (3.30)

4. Boundary Conditions

In this paper, we always assume constant pressure lateral boundary:

P(x,y,z)=P. =D, (4.1)
on cylindrical lateral surface:

T={(xyz) | +y*=R,0<z<H} (4.2)
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Recall (3.15), the dimensionless form of constant pressure lateral boundary condition
is

Pp(xp,yp,zp) =0, (4.3)
on
Ip= {(xD/yD/ZD) | x5 +y5 =R, 0< zp <HD}. (4.4)

Also we have the following dimensionless equations for top and bottom boundary
conditions:

(i) If the circular cylinder drainage volume is with top and bottom impermeable
boundaries, that is, the boundaries at z = 0 and z = H are both impermeable (e.g.,
the reservoir does not have gas cap drive or bottom water drive), then

0Py
8zD

opy
6zD

= 0. (4.5)

ZD:ffD

ZD:O

(ii) If the circular cylinder drainage volume is with impermeable boundary at z = H,
constant pressure boundary at z = 0, (e.g., the reservoir has gas cap drive), then

0Pp

Pp| FE

0; =0. (4.6)

ZDZO =

ZD=f1D

(iii) If the circular cylinder drainage volume is with impermeable boundary at z = 0,
constant pressure boundary at z = H (e.g., the reservoir has bottom water drive),
then

oPp

PD|ZD=HD =0; E =0. (4.7)

ZD=0

(iv) If the circular cylinder drainage volume is with top and bottom constant pressure
boundaries, that is, the boundaries at z = 0 and z = H are both constant pressure
boundaries (e.g., the reservoir has both gas cap drive and bottom water drive), then

Pp|

0;  Pp 0. (4.8)

zp=0 — zp=Hp =

5. Point Sink Solutions

For convenience, we use dimensionless variables given by (3.8) through (3.13), but we drop
the subscript D. In order to obtain the dimensionless pressure of a point sink in a circular
cylinder reservoir, we need to solve a dimensionless Laplace equation in dimensionless space:

op 2P PP

P o7 taE -6(x-x")6(y)6(z-2"), inQ, (5.1)
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Figure 2: Geometric representation of a circular system.

where

Q:{(x,y,z)|x2+y2<R§,0<z<H}. (5.2)

The following initial reservoir condition and lateral reservoir boundary condition will
be used to obtain point sink pressure in a circular cylinder reservoir with constant pressure
outer boundary:

P(t,x,y,2)|,.,=0, inQ,
|0 53)
P(t,x,y,z) =0, onT,

where ' = {(x,y,2z) | x> +y*=R%, 0<z< H}.

The problem under consideration is that of fluid flow toward a point sink from an off-
center position within a circular of radius R.. We want to determine the pressure change at
an observation point with a distance p from the center of circle.

Figure 2 is a geometric representation of the system. In Figure 2, the point sink ry and
the observation point r are with distances py and p, respectively, from the circular center; and
the two points are separated at the center by an angle 6. The inverse point of the point sink 1,
with respect to the circle is point r,. Point r, is with a distance p, from the center, and p; from
the observation point. The inverse point is the point outside the circle, on the extension of the
line connecting the center and the point sink, and such that

R
. = —. 5.4
= (54)
Assume R’ is the distance between point r and point ry, then
R = \/p2 + p2 —2ppo cos B. (5.5)

If the observation point r is on the drainage circle, p = R,, then

R = \/Rg + pg —2R.pocosB, R.>py>0. (5.6)
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If the observation point r is on the wellbore, then

R =R,.

Define
nir
)Ln = E

5.1. Impermeable Upper and Lower Boundaries

If upper and lower boundaries are impermeable,

P _, Pl o
0z z=0 0z z=H

obviously for such impermeable boundary conditions, we have

>ire cos(A,2') cos(A,2)

6(z-2) =

(Hdy) ’
where
1, ifn=0,
= %, ifn>0
Let

P(x,y,z) = Z ¢n(x,y) cos(1,2),

n=0

and substituting (5.12) into (5.1) and compare the coefficients of cos(1,z), we obtain

cos(4,2")6(x - x')6(y
Ay = Xpn = = )

(Hd,)
in circular area Q; = {(x,y) | x> + y* < R2}, and

(Pn :0/

11

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

on circumference I'1 = {(x,y) | x* + y* = R2}, and A is two-dimensional Laplace operator,

O pn
Ao, = .
Pn=5x * oy?

(5.15)
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Case 1. If n =0, then

o(x-x')6
——( ) <y) ; in Ql ;

H (5.16)
po=0, onTj.

A(po =

Using Green'’s function of Laplace problem in a circular domain, we obtain [9-11]

(] lp = p:| |pol
(P0<x'y'x'0)_<27rH>{1n[|p—p0|R_e . (5.17)

Case 2. If n > 0, then ¢, satisfies (5.13). Since [-1/(21r)]Ko(1,R') satisfies the equations:

Au—V2u=6(x-x)6(y),

5.18
u=0, onlj. ( )

So [-a,/(27)]Ko(A,R') is a basic solution of (5.13), where

a, = <_H1dn> cos(ng2,> = (—%) cos(Anz'), (5.19)

e = () () ()t
Define
¥n = pn + PuKo(AuR'), (5.21)
thus
¥n = ¢n = PuKo(MuR'), (5.22)

then ¢, satisties homogeneous equation

A, — )Lflqrn =0, in Q,
(5.23)
Un = ﬁnKO(-)LnRI)/ on rl/

and R’ has the same meaning as in (5.6).
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Under polar coordinates representation of Laplace operator and by using methods of
separation of variables, we obtain a general solution [9-11]:

Un = [AOnIO ()an) + BOnKO ()an)] [aOne + bOn] + Z [AmnIm ()‘nP) + anKm (/\np)]
s (5.24)

X [amn COS(me) + bmn sin(m@)],

where A;,, Bin, ain, bin, i=0,1,... are undetermined coefficients.
Because ¢, is continuously bounded within €, but K;(0) = oo, so there holds

Bi,=0, i=0,1,.... (5.25)
There hold [7, 12]

Ko = (3 e o e, 526)

Lo(2) = e "2 ]y (zi),

where K, (z) is modified Bessel function of second kind and order v, I,,(z) is modified Bessel
function of first kind and order v, J,(z) is Bessel function of first kind and order v, Hl(,l) (z) is
Hankel function of first kind and order v, and i = v/-1.

Also there hold [13, page 979]

HY" (oR) = Jo(opo) H" (0R.) + 2i T (0p0) HYY (0R,) cos(m6), (5.27)
m=1
Ko(A,R) = <]§>Hél) (i\,R). (5.28)

Let o = i, (note that i = —1) putting (5.26) into (5.27), and using (5.28), we have the
following Cosine Fourier expansions of Ky(A,R') [13, page 952]:

Ko(AR) = (%) [ Jo(idupo) HY (iAaRe) + 2 T (idnpo) Hiy (iAnRe) cos(m@)]
m=1

— Jo(iAupo) KoCuRe) 2.3 /2, (idpo) Kon (L R.) cos(me) (529)

m=1

= To(Lapo) KoOuRe) +2.3" T (Ao) Kon (AnRe) cos(m6).

m=1
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Note that ¢, = $,Ko(1,R’) on I';, comparing coefficients of Cosine Fourier expansions
of Ko(A,R) in (5.29) and (5.24), we obtain

aon =O, bon =1, b,’-,l =0, i=1,2,.... (530)

Define

Youn = QpnAmn, 1=0,1,2,..., (5.31)

and recall (5.24), then we have

@n = Z YunIm(Anp) cos(mb), n=0,1,2,..., (5.32)
m=0
where
Y, = ﬁnKO()lnRe)IO (-)LHPO)
o L(ARe)
(5.33)
Y, _ ZﬁnKm(-’\nRe)Im (-)LnPO)
e (A Re) '

There hold [13, page 919]

_ Lr/2x0)]'

, x>1,Ym>0. (5.34)
exp(x)

exp (x)
Im = —,
(x) (2.7rx)1/2

K (x)

Note that H in Formula (5.8) is in dimensionless form, recall Formulas (3.9), (3.12)
and (3.18), for dimensionless H, R., po, p, there hold

MR, > 1, Anpo > 1, Anp > 1, (5.35)
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thus

Kn(WaRe) B
TRy = T OPCE2Re),

exp(lupo)  exp(Aup) ]
(2.71')an0)1/2 (2.71')an)1/2
_op[la(p+po)]

(7 An) (ppo)?

2ﬁ111<m ()‘nRe)Im (-)‘nPO)Im ()‘np)
In(AnRe)

L (M) I (Aup) = [

Yorindm ()‘np) =

exp [An (p + po)] }

= (26, (-2A4R,) {
(2n) [ exp ] (ZJT/\n)(PPO)l/Z

e >[ m] exp [ (2. - po - )]

(27 A (Ppo)

Bn ]
- [ | exp 2R = po - p)].
[)tn(PPO)U2
There holds

I(Pnl = Z |YmnIm ()an> COS(m9)|

m=0

< 2 Yo I (Anp) |
m=0

0

-5

m=0

ZﬁnK (AaRe) I ()‘nPO)I ()‘np)
In(AnRe)

Combining Formulas (3.18), (5.38), and (5.39), we obtain

[*e]

nirz
S lracos(222)
< 2 lonl
S & 2ﬂnK7n(/{nR6)Im()‘nPO)Im()‘nP)
PPy (LR

15

(5.36)

(5.37)

(5.38)

(5.39)
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= ZﬂnKO()‘nRe)IO()‘nPO)IO ()‘np) = zﬂnKm()tnRe)Im()LnPO)Im()‘np)
= ,,Zzl[ To(AuRe) ’ mz::l Ln(AuR.) H
_ = ZﬁnKO()tnRe)IO (-)LnPO>IO(/\nP) S & ZﬁnKm(/\nRe)Im ()LnPO)Im ()‘np)
- nzzl To(AxR.) ’ nzzl ,;1 T (iR, ‘
= 51 + Ez,
(5.40)
where
- - ZﬂnKO()‘nRE)IO ()‘nPO)I()()LnP)
=2 To(LiRe) ' 64D
,.___., _ e ZﬂnKm()LnRe)Im ()LnPO)Im ()an)
= = nZ .2 T OLR) ' (5.42)
There holds
- _ = 2ﬁnK0()‘nRe)IO ()‘nPO>IO(/\nP)
- Zl Io(AuR)
=3 Lm] exp[-An (2R, ~ po - p)]
n=1 LAx (ppo)
= [ 1 nir
= _ —(—=—) (2R, - pg -
; _nJrZ(PPO)l/Z] exp[ < H >( P p)] (5.43)
< S _ 2R, -
;_aﬁ(f’p )”2] opl-(5r) @R~ =)
_ [ 1 ]{ exp[~(/H)(2Re = po = p)] }
x2(ppo)* ] | 1~ exp[~(x/H)(2Re - po = p)]
=0,
where we use Formula (3.26),
exp[ < )(ZR - po— p)] 0, (5.44)
xR et = 0<x<l (5.45)

1-x
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If m > —1/2, there holds [13, page 916]

In(3) = |7 ﬁﬁ;’; 5 ] J‘:(l — )"V cosh(zt)dt, (5.46)
thus for m > 1,
In(up) < :r(m(+A 1%3;:1 el : cosh(dnpt)t
B :()an)l“z((rinf i?z?m /2)] sinh(np)
(5.47)

[ pr2)™! .
" [T+ 17210 /2)] sinh(np)

(Anp/2)"™"!
S| 2Tm+ 12T /2)] exp(Anp),

where we use

1 2sinh(\
J cosh(A,pt)dt = M,
- " (5.48)
Au
sinh(A,p) < M,
andif -1 <t<1, m>1,then
a-&y" <1 (5.49)

Putting Formula (5.47) into Formula (5.42), we obtain

2ﬁnI<m ()‘nRE)Im (-)LnPO)Im (-)an)
In(AnRe)

< 25 2, (2 |u]) exp A (2Re ~ po = p)] 2M(m+1/2)T(1/2) || 20(m + 1/2)T(1/2)

[ (Aup/2)"™" ][ (Lpo/2)"" ]

v v (2 (M2ppo/4)™" ) o
_ZZ<H> 2r0m + 121 ) P @Re=po=p)l

exp[~1a(2Re = po — p)] 3

) & (ppo/H™!
2T (m +1/2)T(1/2)]*

(5.50)
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Note that

1x3x5x---x(2m—1)\/or

Tm+1/2) = -
1x2x6x%x---x (2m—2)\/7
’ 2" (5.51)
2 Y- 1)l '
N
_(m-1)Wa
=
then we obtain
=52 e (Zppo/™!
= nz_1<H> XP[-1u(2Re = po = p)] Z 2r(m +1/2)(1/2)]
& 2 ()anp()/4)
<§<ﬁ> exp[-An(2R. — po — )]Z o D)ir]
(5.52)
2 /2 (Any/pP0/2)*
= il A _
S () el haR: - po ) 3 R
& 2
= <ﬂ2 ) exp[-Au(2Re = po = p) 1o (Anr/Ppo),
n=1
where we use [13, page 919]
(z/2* 1
Io(z) = kz(]) @ F<§> = /7. (5.53)
Note that A,,/ppo > 1, and we have
exp (b P70)
In(Ay R, .
o(Anr/Ppo) PRI (5.54)
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thus Formula (5.52) can be simplified as follows:

< Z( >e><p ~4u(2Re = po = p)] o (Anr/Ppo0)
%/ 2 exp(d/7P0)
= -1 (2R, — po — VT
§<I2H> eXP[ ( Po P)] [(Zﬂ'/\n\/f%)ln]
<i' 2 ]exp[—ln(ZRe—po—p—m)]
i L2 H@r) 2 (ppo) A2
e[ 2 nor (5.55)
= ; _yr3(2nH)1/2 (PP0)1/4] exp [‘(ﬁ) (ZRE —pPo—p- \/PPO)]
e[ 2
2R,
< }; L”3(2H)1/2(Pp0)1/4] [ ( )( ~Po—p—/Ppo )]
[ ]{ exp[~(/H)(2Re ~ po ~ p ~ /PPv)] }
ar3<2H>”2<pp )4 1-exp[~(/H)(2R: = po— p = \/pp0)]
=0,
where we use Formulas (5.45) and (3.26)
exp|- ( )R = po—p—/pp0)| = 0. (5.56)
Combining Formulas (5.40), (5.43), and (5.55), we prove
< nrz
;qfn COS<F> = 0. (5.57)

Combining Formulas (5.4), (5.12), (5.17), (5.20), (5.22), (5.29), and (5.57), the point
convergence pressure of point (x,0, z') is

R% -
AR )

& [ﬂnKO (-/\nRe)IO(-)LnR,)
Io(AnRe)

- BnKo ()LnR,)] cos(A,z)
(5.58)

-1 & [Ko(AR)Io( L, R ) )
%E)E[ O(Io(/\,)qlge() )‘KO()‘"R)] c0s(Anz) cos(4n)

Gl )
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5.2, Constant Pressure Upper or Lower Boundaries

If the reservoir is with gas cap and impermeable bottom boundary, then

or
P = — = .
l.0 =0, 37 s 0, (5.59)

and assume the outer boundary is at constant pressure

P =0, (5.60)

on cylindrical surface I' = {(x,y) | x> +y> =R, 0 < z < H}.

Define
_[@n-1)x]
“n=TT2H)
(5.61)
gn(z) = \/ % sin(w,z), (n=1,2,3,...),
then under the boundary condition of (5.59), we have
6(z-2) =D gu(2)gn(2). (5.62)
n=1
Let
P(x,y,z) = > ¢n(x, ) sin(wyz), (5.63)
n=1
where ¢, satisfies
2 2 ! : !
A, — Wi, = i 6(x —x")6(y) sin(w,z"), (5.64)
in Qq, and
0, =0, (5.65)
on Fl.
Let

¥n = ¢n + (Ko (waR'), (5.66)
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where

Cn = (%) sin(wy,z'),

and R’ has the same meaning as in Formula (5.6).
Thus ¢, satisfies homogeneous equation:

Ay, — wfltpn =0,
in Q, and
Un = ¢nKo (wnR’)/

on Fl.
Using polar coordinates, we have

_ gnKo(@nRe)Ip(wnR)

" IO(wnRe)
then
Pn = @n — gnKO(wnR,)/

and point convergence pressure of point (x',0,z’) is:

P(x,y,zx,0,2") = Z [
n=1

GnKo(wnRe)Io(w,R')
IO(wnRe)
1

_ <7;_H> i [Ko(wnRe)Io(wnR') ~ Ko(wn R,)] sin(wnz) sin(wnz).

Ip(wnR,)

n=1

If the reservoir is with bottom water and impermeable top boundary, then

orP

Pl._; =0, —
|z—H 0 oz

z=0

and recall Formula (5.60), the outer boundary is at constant pressure.

h,(z) = \/gcos(wnz), (n=1,2,3,...),

Define

- ¢. Ko (wnR’)] sin(w;z)

:0,

21

(5.67)

(5.68)

(5.69)

(5.70)

(5.71)

(5.72)

(5.73)

(5.74)
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then under the boundary condition of (5.73), we have
6(z-2) = D hu(2)ha(2).
n=1
Let

P(x,y,z) = Z ¢n(x,y) cos(wyz),

n=1

where ¢, satisfies

Ay — Wi, = <—%>6(x -x")6(y) cos(wyz'),

in Q, and
¥n=0,
onljy.
Let
¥n = @n + 1Ko (wnR'),
where

1 ,
Mo = <”—H> cos(wyz'),

thus ¢, satisfies
Ay, - W%n‘l’n =0,
in Q1, and
¥n = 1. Ko(wyR'),

on Fl .
Using polar coordinates, we have

_ ﬂnKO(WnRe)IO(wnR’)
n = I(w.R)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)
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then
¥n = ¢n — 1Ko (wnR'), (5.84)

and point convergence pressure of point (x’,0,z) is

. , & 7lnI<0((’UnRe)IO (w,R')
P(x,y,zx,0,2") = ; [ T @.R.) — 11,Ko(wnR') | cos(w,z)
(5.85)
-1 — [ Ko(wnRe)Ip(w,R') ' ] )
= _— - K nR n n .
<.ﬂ'H>nZ:1 To(wnRy) 0(wnR") | cos(wyz) cos(wnz")
If the reservoir is with gas cap and bottom water, then
Pl., =0, Pl,_y =0, (5.86)
and recall Formula (5.60), the outer boundary is at constant pressure.
Define
2 g 5.87
fn(z) = T sin(A,z), (n=1,2,3,..), (5.87)
where A, has the same meaning as in Formula (5.8).
Under the boundary condition of (5.86), we have
6(z-2) = fu2) fu(2). (5.88)
n=1
Let
P(x,y,2) = >, ¢u(x,y) sin(A,2), (5.89)
n=1
where ¢, satisfies
2 2 ! : !
Ay, — Ay, = i 6(x—x")6(y) sin(A,2"), (5.90)
in Q, and
0, =0, (5.91)

onljy.
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Let
¥n = Pn + 1, Ko(A4R'), (5.92)
where
Iy = (%) sin(1,2"), (5.93)
thus ¢s, satisfies
Ag, — Vo, =0, (5.94)
in Qq, and
¢ = 1, Ko (A R'), (5.95)
onlji.

Using polar coordinates, we have

R 36
then
¢n = ¢n — nKo(A4R'), (5.97)
and point convergence pressure of point (x',0, z’) is
P(x,y,zx,0,2") = g l"KO(?O"(I;i)IiSA"Rl) - anO()LnR’)] sin(1,z)
(5.98)

-1\ & [Ko(M,R.) (A, R N . ,
= (E)Z o 10()3113:) ) - Ko(AnR )] sin(A,z) Sln()tnz )

n=1
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6. Uniform Line Sink Solutions

For convenience, we drop the subscript D for dimensionless variables. In order to calculate
the pressure at wellbore, assume the observation point r is on the wellbore, and recall Formula
(5.7), R = Ry, and

lp=pol =R, ppo = (po+Ruw)po = pg = Ry (6.1)

The partially penetrating vertical well is taken as a uniform line sink. Recall Formula
(5.9), integrate z' at both sides of Formula (5.58) from L; to L,, if the upper and lower
boundaries are impermeable, pressure at wellbore point (R, z) is

L,
P(Ry,z) = j P(Rw, z; Ry, 2')dz'
L

_( L R - RS 1\ & [Ko(ARe)Io(AuRoy)
B (2:7rH >ln< R.Ry >+ <ﬁ) n_l[ LR RKolaRe)| (62)

Lz !
nirz nrz
x coS( —— cos( —— )dz.
( H )J‘Ll < H >

Recall Formula (5.34), there hold

T _ Ko(x) -2
K ~1/—e* = x 6.3
0(x) Ver , Lo ~ 7 (6.3)
if x > 1, and
Iy(x) = 1.0, (6.4)

if 0 < x <0.5.
Combining to Formulas (3.9), (3.12), (3.13), and (5.8), we obtain

MR, > 1, ARy < 0.5, (6.5)

SO

KO()LnRe) - —2A, R,

m = e , In(A,Ry) = 1.0. (66)
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According to Formula (6.6), we have

()3 [ttt ) o257 Y
i :Ko()t,;ﬁi\)f}){gnlzw): <%> Cos(%> [sin<nalr_ILz> Cin <nJIz:IL1 >] ‘

= —KO()‘nRe)IO()‘an)- H
2| IRy ()‘

i 1 KO()‘nRe)IO()‘an)
n Io(AnRe)

KO ()‘nRe)IO ()‘an)
IO ()LnRe)

4

(1 - e27R/H)

1
ﬂ.(ezyrRe/H _ 1)

=0,
(6.7)
because the value of R./H is very big.
Combining Formulas (6.2) and (6.7) yields
P(Ro2) = (2 Y in(( R RS
(Ru,2) = (251'H) "\ R.R,
1 \& nrzy (2 nrz' ,
+ (E);KO(MRW) cos(?>le cos( I )dz
(6.8)

- <2Lr}1)1 <R12 RR2>
2( >K0(/\ R )Cos<n17_;z> [sin(nyIiIb) —sin(nyIiIh)],
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where we use

[ ()Gl (5E) = (5P)} o

In order to obtain the average wellbore pressure, integrate both sides of Formula (6.2)
with respect to z from L; to L,, then divided by L,, we obtain

L
P,(Ry) = LLJ‘ P(Ry, z)dz
Py Ly
L, R} - R§
- (27[H) 1“( ReRy
= 1 . /nrl, . /nrl; 1 (b nirz
+Z<F>K0(lan)[sm< i )—sm( I )]I:L_pJ‘L1COS<T>dZ]
= <2_ﬂ'H> "\ R.R, (6.10)
H /1 . /nrwl, . [/nrwlq 2
+<7r3Lp>nZ_1<ﬁ>KOM"RW)[Sm< [ )—sm< [ >]
L, R2-R2
- <231'H> ln< R.R,

4H \ &/ 1 . o/ nxL nar(Ly + Ly)
i <.7r3Lp>Z<n2> 0(nRu)sin ( 2H )COS 2H

n=1

Recall Formula (5.59), let R’ = R,,, integrate z' at both sides of Formula (5.72) from L,
to Ly, if the reservoir is with gas cap and impermeable bottom boundary, pressure at wellbore
point (Ry, z) is

L
P(Ry,z) = f P(Ry,z; Ry, 2')dz'
L
' (6.11)
_ -1 — Ko(wnRg)Io(wan) -
= (JTH)E IO(wnRe) KO(wan) =1,
where
L
== sin(wnz)f sin(wyz')dz'
b (6.12)

— sin (2n2—I_1I)Jrz] (2(1;2_1;[))%] {cos[(zn ;Il_I)erZ] B cos[(zn ;Il_I)erl] }
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With a similar procedure in Formula (6.7), there holds

] o e Bl | )
o] ol |
=0,
thus

Pt Pl 10
- () 2Rt sn| 2™ [
{cos| F T2 | - cos [ DT (6.14)
) e ECERR R o

In order to obtain the average wellbore pressure, integrate both sides of Formula (6.14)
with respect to z from L; to L, then divided by L,, we obtain

P.(Ry) = —f P(Ry, z)d

] Ko(w,Ry) {cos [—(Zn ;;I)JrLl] —Cos [—(Zn ;;I)JTLZ] }

L, £ 1[(2" 1)ar?

XJ‘ [(271 1)]Z'Z]d
Ly
<Jr3L >§ 2 1) Ko(wan){Cos[%] —cos[(zn —211_I)JZ'L1]}2
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Recall Formula (5.73), let R’ = R,,, integrate z' at both sides of Formula (5.85) from
Ly to Ly, if the reservoir is with bottom water and impermeable top boundary, pressure at
wellbore point (Ry,, z) is

P(Ry, z) = IEZP(Rw/Z} Ry, 2')dZ’
_ (=1 \ & [Ko@nRe)lo(@,Re) - o1
(eS| Ty o2
where
=) = cos(wyz )ILZ cos(wy,z')dz'
_ [@n-1rz][ (2H) [@n-Dxly] . [@n-DxL, ©17
‘“’S[ H(zn 1)ar]{sm[ 2 ] Sm[ 2H ]}
With a similar procedure in Formula (6.7), there hold
‘( x__Ili ) i Ko(w;loliziﬁz(sanlew)] COS[(znz— hll)yrz (Zn 1)I]| -
{51 [(Zn Z;I)erz] _Sin[(zn;{)ﬂl] H 0
P(Ry,,z) = J‘zzP(Rw,z; Ry, 2')dZ
= () Sty cos |2 |5
y {m[%] _Sin[%]} (6.19)

i[(Zn O 2]K0(wn w) COS %]

n=

) {sin[(2” ;;I)JrLz] _sin[(Zn;;I)yz'Ll] }
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In order to obtain the average wellbore pressure, integrate both sides of Formula (6.19)
with respect to z from L; to L, then divided by L,, we obtain

L,

P(Ry) = - f P(Ry, 2)dz
P

Ly

- 1,3 G oo {sin| B o B

xfc
Ly

[ 4H \ & 1 . [@n-DxLl] . [@2n-1)xL,
= <7r3L >Zl(2n 7 Ko(wan){sm[—ZH ] sm[—ZH

2n - 1).71'2] d=

;

_ <16H>§ 1 . 2[(2";2”LP]C082[(Zn—l)ﬂ'(Lz+L1) |

2Ko(wan)sm 1

(6.20)

Recall Formula (5.86), let R' = R, integrate z' at both sides of Formula (5.98) from L;
to Ly, if the reservoir is with bottom water and gas cap, pressure at wellbore point (R, z) is

L
P(Ry, 2) =J‘ P(Ry, z; Ry, 2')dz'
Ly

(6.21)
1\ & [Ko(AuRe)Io(AsRy) -
= <.71‘_H>Z IO()LnRe) KO(Aan) =3
where
Ly
=5 = sin(x\nz)f sin(A,z")dz'
b (6.22)
= sin(—mrz> <£> [Cos<nﬂL2) — Cos<mz-L1 )]
- H /\ nx H H /|
With a similar procedure in Formula (6.7), there holds
<—_1>i Ko(AuR.) Ip(Ay Rw)] nyrz < H>
7H )<~ In(AnR,) nir
- (6.23)

X

[cos(mrLz) - cos(mz-L1 )] =0
H H -
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thus

L,
P(Ry,z) = I P(Ry,z; Ry, 2")dz
L,

(257 St sin (22 (22 (2 -con(2)] 28
g( >Ko()L Ry) sm<nflz> [Cos(ny;IL2> —cos(nJIEIL1 )]

In order to obtain the average pressure, integrate both sides of Formula (6.24) with
respect to z from L; to L, then divided by L,, we obtain

1 (b
Pa<Rw>=L—j P(Ry, 2)dz
pY Ly

-4 5 e s (57) e (5 o
- (75 £ s (57) - cos<"ﬁl>r

(5 B e (2 o 520

7. Partially Penetrating Vertical Well Productivity

(6.25)

Note that Formula (6.10) is in dimensionless form, substitute Formulas (3.14) and (3.15) into
Formula (6.10), then rearrange and simplify the resulting formula, the productivity formula
for a partially penetrating vertical well is obtained:

27K, H (P, - Py)/ (uB)

7.1
ln(ReD/RwD) + Sps ’ ( )

Qw:FD

where P, is average wellbore pressure, Sy is pseudo-skin factor due to partial penetration:

8HZ \&/1 niw o/ 7LD 2 [nor(Lop + Lip)
S = <Jr2L;D>nZ_1<n )5l (755 )R] (e oot [ 5202

However, (7.1) is only applicable to a circular cylinder drainage reservoir has both
impermeable top and bottom boundaries, and has constant pressure lateral boundary.

If the well is fully penetrating, (L, = L = H,) then S,s = 0, and if the reservoir is an
isotropic permeability reservoir, that is, K, = K, = K, = K, then Formula (7.1) reduces to
Formula (2.1).

(7.2)




32 Mathematical Problems in Engineering

Substituting Formulas (3.14) and (3.15) into Formula (6.15), then rearranging and
simplifing the resulting formula, we obtain the productivity formula for a partially
penetrating vertical well in a reservoir with impermeable bottom boundary and constant
pressure top boundary (gas cap):

3Ky L2(P, - Py)/ (uB)
- 4 7.3
Qu =Fp 16HO;, ’ 73

where

N (2n-1)r
,é (2n 1)2 { 2Hp

2n—1)orL
@n-Dxlpp] . o

Hp

RwD }

(2n-1)ar(Lop + Lip)
4Hp ’

(7.4)

X sin

Substituting Formulas (3.14) and (3.15) into Formula (6.20), then rearranging and
simplifing the resulting formula, we obtain the productivity formula for a partially
penetrating vertical well in a reservoir with impermeable top boundary and constant pressure
bottom boundary (bottom water):

3Ky L2(P, - Py)/ (uB)
- 4 75
Qu = Fp 16HO, ’ 7.5

where

i (2n - D”]RwD}

n=1 (21’[ 1) { 2Hp

’ (Zn—l)JFLPD] 2[(2n—1)]T(L2D+L1D)
— | COS .
4Hp

(7.6)

Hp
Substituting Formulas (3.14) and (3.15) into Formula (6.25), then rearranging and

simplifing the resulting formula, we obtain the productivity formula for a partially
penetrating vertical well in a reservoir with both bottom water and gas cap:

w3KyL2(P, — Py)/ (uB)

Qu = P 7.7
w=Fp 4HO; ' 77
where
,/nrLpp\ ., nyr(LZD+L1D)]
- 7 — = . 7.
Q5 = E KO[( >R ]sm < 2Hp >sm [ 2Hp (7.8)
It must be pointed out that N = 500 in the summation of the series in the

aforementioned formulas is sufficient to reach engineering accuracy.
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8. Conclusions and Discussions

Comparing Formulas (7.1), (7.3), (7.5), and (7.7), we can reach the the following conclusions.

If top and bottom reservoir boundaries are impermeable, the radius of the cylindrical
system and off-center distance appears in the productivity formulas; if the reservoir has a gas
cap or bottom water, the effects of the radius and off-center distance on productivity can be
ignored.

Because the pay zone thickness H is very small compared with the circular cylinder
drainage radius R,, when the reservoir has gas cap or bottom water which provides the
main drive mechanism, the lateral boundary has little influence on productivity, the well
is producing as if the reservoir is infinite. The performance is the same for a centered well
and an off-center well, even the reservoir is with an edge water boundary (constant pressure
outer boundary). The effects of drainage radius and off-center distance on productivity are
negligible, thus R, and Ry do not show up in Formulas (7.3), (7.5), and (7.7). However, (7.3),
(7.5), and (7.7) are applicable to both centered and off-center wells.

If both top and bottom boundaries are impermeable, then R, and R, play important
roles in well productivity, as indicated by Formula (7.1).

Formula (7.2) for pseudo-skin factor is obtained by solving three-dimensional Laplace
equation, thus it is more reliable than semianalytical and semiempirical expressions of
pseudo-skin factor, that is, Formulas (2.4) and (2.7).

Field data will be provided in forthcoming papers in the near future, which can show
that the proposed formulas are reliable and accurate, they are fast analytical tools to evaluate
well performance.

In this paper, we always assume the lateral boundary is at constant pressure, so
the proposed formulas are only applicable for steady-state, this study can be improved by
considering:

(1) pseudo-steady-state productivity formulas for an oil reservoir with impermeable
upper, lower, and lateral boundaries;

(2) steady-state productivity formulas for an oil reservoir with impermeable lateral
boundary, but constant pressure upper or lower boundary;

(3) productivity formulas for a partially penetrating vertical well in a box-shaped
reservoir, and the corresponding equation of pseudo-skin factor due to partial
penetration;

(4) non-Darcy flow effect on an oil well productivity.
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