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Let E be a real uniformly convex Banach space, and let{T; : i € I} be N nonexpansive mappings
from E into itself with F = {x € E : Tix = x,i € I}#¢, where I = {1,2,...,N}. From
an arbitrary initial point x; € E, hybrid iteration scheme {x,} is defined as follows: x,,1 =
Xy + (1 = an)(Txp — Ay pA(Tux,)), n > 1, where A : E — E is an L-Lipschitzian mapping,
T, =T;,i=nmodN),1<i<N,u>0,{\,} c[01),and {a,} C [a,b] for some a,b € (0,1).
Under some suitable conditions, the strong and weak convergence theorems of {x,} to a common
fixed point of the mappings {T; : i € I} are obtained. The results presented in this paper extend
and improve the results of Wang (2007) and partially improve the results of Osilike, Isiogugu, and
Nwokoro (2007).

Copyright © 2009 Lin Wang et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let E be a Banach space endowed with the norm || - ||. A mapping T : E — E is said to be
nonexpansive if |Tx - Ty|| < ||x — y|| for any x,y € E. F : E — E is said to be L-Lipschitzian
if there exists constant L > 0 such that ||Fx — Fy| < L||x — y| forany x,y € E.

Let H be a Hilbert space with inner product (-,-) and associated with norm || - ||, A :
H — H is said to be 5-strong monotone if there exists 77 > 0 such that

(Ax - Ay, x-y) 2 ylx-yl?>, Vx,yeH. (1.1)

The interest and importance of construction of fixed points of nonexpansive mappings
stem mainly from the fact that it may be applied in many areas, such as imagine recovery and
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signal processing (see, e.g., [1-3]). Especially, numerous problems in physics, optimization,
economics, traffic analysis, and mechanics reduce to find a solution of equilibrium problem.
The equilibrium problem is to find

x* € C such that f(x*,y) >0, VyeC, (1.2)

where C is a nonempty closed convex subset of a Hilbert space H, f is a bifunction from C xC
to R, and R is the set of real numbers.

It has been shown by Blum and Oettli [4] and Noor and Oettli [5] that variational
inequalities and mathematical programming problems can be viewed as a special realization
of the abstract equilibrium problems. Given a mapping T : C — H, let f(x,y) = (Tx,y — x)
for all x, y € C.Itis well-known that x* € C is a solution of (1.2) if and only if (Tx*, y—x*) > 0
for all y € C. Very recently, Yao et al. [6] find a common element of the set of solutions
of equilibrium problem (1.2) and the set of common fixed points of a finite family of
nonexpansive mappings by using an iterative scheme of a finite family of nonexpansive
mappings. See the references therein for more details. Therefore, the topic on construction
of fixed points of nonexpansive mappings is useful for equilibrium problems in physics,
optimization, traffic analysis, and so forth.

Motivated by earlier results of Xu and Kim [7] and Yamada [8], some authors [9-
14] further extended hybrid iteration method used this method to approximate fixed points
of nonexpansive mappings, and obtained some strong and weak convergence theorems for
nonexpansive mappings.

Recently, Wang [12] introduced an explicit hybrid iteration method for nonexpansive
mappings and obtained the following convergence theorem.

Theorem 1.1 ([12]). Let H be a Hilbert space, let T : H — H be a nonexpansive mapping with
FT)={xeH:Tx =x}#¢,and let A: H — H be a n-strong monotone and L-Lipschizian
mapping. For any given x1 € H, {x,} is defined by

Xp1 = ApXy + (1 - o(n)TA"+1 X, n>1, (1.3)

where T x, = Tx, — Ly pA(Txy,). If {a,} € [0,1) and {X,} C [0,1) satisfy the following
conditions: (1) a < a, < f for some a, € (0,1); (2) SL,Ay < o0; (3) 0< p<2m/L? then,

(1) {x,} converges weakly to a fixed point of T.

(2) {xn} converges strongly to a fixed point of T if only if liminf, _, . d(x,, F(T)) = 0.

Very recently, Osilike et al. [11] extended Wang’s results to arbitrary Banach spaces

without the strong monotonicity assumption imposed on the hybrid operator and obtained
the following result.

Theorem 1.2 ([11]). Let E be an arbitrary Banach space endowed with the norm || -||,let T : E — E
be a nonexpansive mapping with F(T) # ¢, and let A : E — E be an L-Lipschitzian mapping. Let
{x,} be the sequence generated from an arbitrary x; € E by

Xp1 = ApXy + (1 - o(n)T*"+1 X, n>1, (1.4)
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where T x, = Txy — Ay pA(Tx,), p > 0,and {a,} € [0,1) and {X,} C [0, 1) satisfy the following
conditions: (1) 0 <a < a, <1foralln > 1and somea € (0,1); (2) X2 (1—a,) = oo; (3)
Sirody < oo, then,

(1) limy, — o ||, — p)| exists for each p € F(T),
(2) limneoo”xn - Txn” =0,

(3) {x,} converges strongly to a fixed point of T if and only if liminf, , ., d(x,, F(T)) = 0.

Motivated by above work, we obtain the strong and weak convergence theorems for a
finite family of nonexpansive mappings in uniformly convex Banach space by using hybrid
iteration method. The results presented in this paper extend and improve the results of Wang
[12] and partially improve the results of Osilike et al. [11].

2. Preliminaries

Throughout this paper, we denote I = {1,2,...,N}.

A mapping T : K — E is said to be demicompact if, for any sequence {x,} in K
such that [|x, — Txu|| — 0 (n — o0), there exists subsequence {x,, } of {x,} such that {x,,}
converges strongly to x* € K.

For studying the strong convergence of fixed points of a nonexpansive mapping,
Senter and Dotson [15] introduced condition (A). Later on, Maiti and Ghosh [16], Tan
and Xu [17] studied condition (A) and pointed out that Condition (A) is weaker than the
requirement of demicompactness for nonexpansive mappings. A mapping T : K — K with
F(T) = {x € K : Tx = x} #¢ is said to satisfy condition (A) if there exists a nondecreasing
function f : [0,00) — [0,00) with f(0) = 0 and f(f) > 0 for all t € (0,00) such that
llx—=Tx|| > f(d(x,F(T))) for all x € K, where d(x, F(T)) = inf{||x —g|| : g € F(T)}.

A family of mappings {T; : i € I} from E into itself with F = {x e E: Tix =x, i € I} is
said to satisfy condition (B) if there exists a nondecreasing function f : [0,0) — [0, 00) with
f(0) =0and f(t) >0 forall t € (0, o0) such that Zf\zjlﬂx -Tix||/N > f(d(x,F)) forall x € E.

A Banach space E is said to satisfy Opial’s condition if, for any sequence {x,} in E,
x, — x implies that limsup,, _, _ |lx,—x|| <limsup,_, _ [lx, -yl forall y € E with y # x, where
x, — x denotes that {x,} converges weakly to x.

A mapping T with domain D(T') and range R(T) in E is said to be demi-closed at p
if whenever {x,} is a sequence in D(T) such that {x,} converges weakly to x* € D(T) and
{Tx,} converges strongly to p, then Tx* = p.

In the coming Lemma we will use the following well-known results.

Lemma 2.1 ([18]). Let {a,} and {t,} be two nonnegative sequences satisfying

a1 < (1+ay)a,+b,, Vn>1. (2.1)

If ¥ a, <ooand X7 b, < oo, then limy, _, ,a, exists.
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Lemma 2.2 (see [19]). Let E be a real uniformly convex Banach space and let a, b be two constant
with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real sequence and {x,}, {y,} are two sequences in
E. Then the conditions

lim ||ty + (1 - t)ya| =4, lim sup||x,|| < d, limsup||y.| <d, (2.2)

n— oo n— oo

imply that imy, ., o ||x, — yull = 0, where d > 0 is a constant.

Lemma 2.3 (see [20]). Let E be a real uniformly convex Banach space, let K be a nonempty closed
convex subset of E, and let T : K — K be a nonexpansive mapping. Then I — T is demiclosed at zero.

3. Main Results

Theorem 3.1. Let E be a real uniformly convex Banach space endowed with the norm || - ||, let I
{1,2,...,N}, {T : i € I} be N nonexpansive mappings from E into itself with F = {x € E : Tjx
x,i € I}#¢,andlet A: E — E be an L-Lipschitzian mapping. For any given x1 € E, {x,} is
defined by

Xpt1 = ApXy + (1 - vcn)T)‘"+1 X, n>1, (3.1)
where T 1 x, = Tyxty — Aps1ffA(Tpxn), p > 0, T, = Ti, i = n(mod N), 1 < i < N. If {a,} and
{A.} € [0,1) satisfy the following conditions:

(1) a<a,<bforalln>1andsomea,be (0,1),
(2) Ziodn < oo,
then
(1) limy, —, o ||, — q|| exists for each q € F,
(2) limy, —, oo ||y — Tixy|| = 0 for each i € I,

(3) {xn} converges strongly to a common fixed point of {T; : i € I} if and only if
liminf, . ,d(x,, F) = 0.

Proof. (1) For any g € F, we have

(0 = ) + (1= ) (T2, - q) |

< auflxn =gl + @ = an)[lon = gl| + dnia (@ = @) pl ATwxn) |

< llen = all + (@~ ) bna | ATon) = A@) || + (A = @) bna ] A(9) |
< [L+ A -apLdwa]|lxn -4l + 0 - @) dnap| Alg) ||

l|xne1 = gll =

(3.2)

Since 3775\, < oo, it follows from Lemma 2.1 that lim,,, o, ||x,, — g|| exists.
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(2) Since lim,, _, o, ||x,, — g|| exists for any g € F, {x,} is bounded. So are { A(T,x,)} and
{T,.x,}. Thus we may assume that lim,, _, ||x, — g|| = d, that s,

ay(xn—q)+(1- orn)<T)‘"+1 X, — q> ” =d. (3.3)

lim
n—oo
Since limy, ., oo ||xn — gl = d, lim,, —, x A, = 0 and

||T)Ln+1 Xy — q” = ||Tnxn - )Ln+1#A(Tnxn) - q”

(3.4)
< llxn = gll + A pll A(Tuxn) |,
we have
limsup||T**'x, — g < d. (3.5)
Thus, it follows from Lemma 2.2 that
lim [|x, — T'1x,]| = 0. (3.6)
In addition,
[l = TV 20|l = N30 = TpXn + Lnst AT ) |
(3.7)
2 [|on = Tuxnl| = Ania pl| A(Txn) |,
so
1262 = Tutull < 16w = T 20| + Lpsr pell AT || (3.8)
Therefore, it follows from (3.6) that
lim [lxc, = Tooxa|| = 0. (3.9)
On the other hand, since
X1 = A + (1= ) [TnXn = L1 pA(Tyxn) ], (3.10)

we have

Xpi1 = Tnxp = (X — Tuxy) — (1 — ay) Aps1 pA(Trxy). (3.11)
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Thus, it follows from (3.9) that

nhjr;o”xnﬂ = Tuxall = 0. (3.12)

From (3.9) and (3.12), we can obtain

nli_lzrgollxn-#l = x|l = 0. (3.13)

Further, for any positive integer k, we also have

lim ||k — 24]| = 0. (3.14)
n—oo
Foreachiel,
| = Traixnll = |Xn = Xnsi + Xnti = TnsiXnei + TnwiXnei — TnviXnl| (3.15)

< 2||xn - xn+i|| + ||xn+i - Tn+ixn+i||~

It follows from (3.9) and (3.14) that lim, _, oo ||xs — Ty+iXx|| = 0. This implies that lim,, _, oo ||, —
Tixy|| = 0 for each i € I.

(3) Suppose that {x,} converges strongly to a common fixed point g of the mappings
{T; : i € I}, then lim,_|lx, — g = 0. Since 0 < d(x,,F) < |x, — gll, we have
liminf, ., d(x,, F) = 0.

Conversely, suppose that liminf, _, .d(x,, F) = 0. Since {x,} is bounded, there exists
constant M > 0 such that ||x, — g|| < M. From (3.2), for any g € F, we obtain

”xn+l - q” < [1 + (1 - a)/"L)‘n-ﬂ] ”xn - 11|| +(1- a))‘n+1,u||A(q)” < ”xn - q” + A6, (3-16)
where 6 = (1 - a)u[LM + ||A(g)||]. Furthermore, we have

(%1, F) < d(xn, F) + A1 6. (3.17)

It follows from Lemma 2.1 that lim,,_, d(x,, F) exists. Since liminf, ., d(x,, F) = 0, we
obtain that lim,, _, .d(x,,, F) = 0. We now show that {x,} is a Cauchy sequence.

For arbitrary € > 0, there exists positive integer Ny such that d(x,, F) < ¢/4 forall n >
Nj. In addition, since >, ,1, < oo, there exists positive integer N, such that Z]?in)t]' < ¢e/46
for all n > N,. Taking N = max{Ny, N}, for any n,m > N, from (3.16), we have

(o)
I =l < [l = g1l + 16— qll < 2llex - gl #2635 Ay (3.18)
j=N
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Taking the infimum in above inequalities for all g € F, we obtain

llo6n = 2mll < 2d(xn, F) +26 D\ Aju <& (3.19)
=N

This implies that {x,} is a Cauchy sequence. Therefore there exists p € E such that {x,}
converges strongly to p. Since lim,, _, oo ||x, — T;x,|| = 0 for eachi € I, it follows from Lemma 2.3
that p € F. This completes the proof. O

From Lemma 2.3 and lim,, _, . ||x,, — T;x,|| = O for each i € I, using routine method, we
can easily show the following weak convergence theorem, whose proof is omitted.

Theorem 3.2. Let E be a real uniformly convex Banach space satisfying Opial’s condition, let {T; :
i € I} be N nonexpansive mappings from E into itself with F = {x € E : Tx = x} #¢, and let
A:H — H bean L-Lipschitzian mapping. For any given x1 € E, {x,} is defined as in Theorem 3.1,
and {a,} C [0,1) and {A,} C [0,1) satisfy the conditions appeared in Theorem 3.1. Then {x,}
converges weakly to a common fixed point of the mappings of {T; : i € I}.

Example 3.3. Let E = R be endowed with standard norm || - || = | - |, where R is real number
set. Define Ty : [0,00) — [0,00) and T> : [0,00) — [0,00) by Thx = 1/2 + x/(1 + x) and
Tox=1/2+x%?/(1+x) for all x € [0, ), respectively. Obviously, T1 and T, are nonexpansive
mappings, and 1 is a common fixed point of T; and T>. Let A : [0, 0) — [0, o0) be defined by
Ax =2x + 1 forall x € [0,00). We now chose parameters {a,}, {A,} and pu as follows:

YRS DV B
(n+1)

>1; =1. .
o n>1, pu=1 (3.20)

It is easy to see that A is a 2-Lipschitzian mapping and {a,}, {1,}, and p satisfy the conditions
of Theorem 3.2. Then {x,} is generated by

1 1 1
w1 = (08— =— )x, 2+ — )Tyxy, — (1 - ay) ———— A(Tpxy), >1, 21
Xp+1 <08 2n>x +<0 +2n> X, — ( a)(n+1)2 (Tuxy), n (3.21)

where T»,-1 = T1 and T, = T5. It follows from Theorem 3.2 that {x,} converges strongly to
the common fixed point 1 of T; and T,. As x; = 2, by using Mathematical 5.0 to compute {x,},
we know that x19 = 0.82893, xp = 0.935807, x50 = 0.994619, and x99 = 0.999272. This example
shows that the algorithm is efficient for approximating common fixed points of nonexpansive

mappings.

Remark 3.4. By using Theorem 3.1 and Lemma 2.3, we can easily prove that {x,} converges
strongly to a common fixed point of the mappings of {T; : i € I} if one of the mappings
{T; : i € I} is demicompact or {T; : i € I} satisfies condition (B). Therefore the results
presented in this paper improve and extend the results of Wang [12] and partially improve
the results of Osilike et al. [11].

Remark 3.5. We do not know how to overcome the constraint condition >, || Ty x, — Tye1%n|| <
oo when we try to extend Theorem 3.1 to arbitrary Banach spaces.
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