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1. Introduction

It is known that various problems in fluid mechanics (dynamics, elasticity) and other areas
of physics lead to fractional partial differential equations. Methods of solutions of problems
for fractional differential equations have been studied extensively by many researchers (see,
e.g., [1-11] and the references given therein).

The role played by stability inequalities (well posedness) in the study of boundary-
value problems for hyperbolic partial differential equations is well known (see, e.g., [12-25]).
In the present paper, the mixed boundary value problem for the multidimensional fractional
hyperbolic equation

u(t,x) &
a(t2 ) - Z(ar(x)uxr)x, + Dtl/zu(t/ x) = f(tl x)/
r=1
x=(x1,...,xm) €Q, 0<t<l, (1.1)

u(0,x)=0, u(0,x)=0, x¢€ Q,

u(t,x)=0, xe€8§
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is considered. Here Dtl/ 2= D(l)iz is the standard Riemann-Lioville’s derivative of order 1/2
and € is the unit open cube in the m-dimensional Euclidean space R™ : {Q = x = (x1,..., %) :
0<xj<1, 1<j<m}withboundary S, Q=QuUS, a,(x), (x €Q)and ft,x) (te(0,1), xe
Q) are given smooth functions and a,(x) > a > 0.

The first order of accuracy in ¢ and the second order of accuracy in space variables
for the approximate solution of problem (1.1) are presented. The stability estimates for the
solution of this difference scheme and its first and second ordes difference derivatives are
established. A procedure of modified Gauss elimination method is used for solving this
difference scheme in the case of one-dimensional fractional hyperbolic partial differential
equations.

2. The Difference Scheme and Stability Estimates
The discretization of problem (1.1) is carried out in two steps. In the first step, let us define
the grid space
éh = {x =X, = (hlrl,...,hmrm), r= (T'l,...,Tm), 0 < T]' < N], h]N] = 1’ ] = ],'_‘,m},
QhZQhﬁQ, Sh:éhﬂs.
(2.1)

We introduce the Banach space Ly, = Lz(flh) of the grid functions (ph (x) ={p(hr, ..., hutm)}
defined on Qy,, equipped with the norm

1/2
o] = <Z|9”h(x>|2h1"'hm> : (22)
x€eQy,

To the differential operator A* generated by problem (1.1), we assign the difference operator
Aj by the formula

m

Al ==Y (ar(x)ug) (2.3)

—1 Xr/jr

acting in the space of grid functions u"(x), satisfying the conditions u"(x) = 0 for all x € Sj,.
It is known that A7 is a self-adjoint positive definite operator in L,(£;). With the help of A}
we arrive at the initial boundary value problem

2..h
t
d Udt(Z/X) +szh(t,x) +Dtl/2’0h(t,X) — fh(t,X), 0<t<1, xe Qh,
h (2.4)
v"(0,x) =0, W —0, xed

for an finite system of ordinary fractional differential equations.
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In the second step, applying the first order of approximation formula (1/
V) S (T = m + (1/2))/ (k = m)!) ((u(ti) — u(te))/7/?) for D?u(t) (see [10]) and
using the first order of accuracy stable difference scheme for hyperbolic equations (see [25]),
one can present the first order of acuraccy difference scheme

h h
W) =2+l () 1 E Tk me1/2) ()
T2 h™k+1 ﬁm:l (k—m)! T1/2

= f,i’(x), x € Qy,

fil(x) = f(te,xn), tk =kt, 1<k<N-1, Nt=1,

uy (x) = ug (x)

- =0, uj(x) =0, x €

(2.5)

for the approximate solution of problem (2.4). Here T'(k — m +1/2) = [Jt*m1/2¢ 4t

Theorem 2.1. Let T and |h| be sufficiently small numbers. Then, the solutions of difference scheme
(2.5) satisfy the following stability estimates:

h_ .k
U — U4

T

max
1<k<N

+ max
Lo, 1<k<N

i

h
< C; max ”
1<k<N-1 fe

(),
X Xr,Jr
Lzh] '

7
Loy

Lop

2(. n h h (2.6)
max ||T (u —-2u' +u ) :
1<k<N-1 k+1 k k-1

+ max
Lo, 1sksN4

Lon

<G [||f1h

-1( ¢h h
+ max ”T < - )
L, Fommax (7 (fie - fia

Here Cy and C, do not depend on T, h, and f,i’, 1<k<N-1.
The proof of Theorem 2.1 is based on the self-adjointness and positive definitness of
operator Ay in Ly, and on the following theorem on the coercivity inequality for the solution

of the elliptic difference problem in Ly.

Theorem 2.2. For the solutions of the elliptic difference problem

A;;uh(x) =w'(x), xeQy,

(2.7)
uh(x) =0, x€8y
the following coercivity inequality holds [26]:
< ||, h
; Uy i . < C”w . (2.8)
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Remark 2.3. The stability estimates of Theorem 2.1 are satisfied in the case of operator
2 Fu & ou
Au = —;ﬂak(x)a—%% + ébk(x)a—xk +c(xX)u (2.9)

with Dirichlet condition # = 0 in S and Df = Dy, is the standard Riemann-Lioville’s
derivative of order a, 0 < a < 1. In this case, A is not self-adjoint operator in H. Nevertheless,
Au = Agu+Bu and A is a self-adjoint positive definite operator in H and BA;" is bounded in
H. The proof of this statement is based on the abstract results of [25] and difference analogy
of integral inequality.

Remark 2.4. The stability estimates of Theorem 2.1 permit us to obtain the estimate of
convergence of difference scheme of the first order of accuracy for approximate solutions
of the initial-boundary value problem

2 n n
%—Zar(x)ux,xﬁZb, ()1, + DFu(t, x) = £ (t,x; u(t, %), s (t, %), 1z, (), - .., U, (£, %)),
r=1 r=1
x=(x1,...,xp) €Q, 0<t<l,
u(0,x) =0, a”gi’ ¥) _0, xeq,

u(t,x) =0, xeS
(2.10)

for semilinear fractional hyperbolic partial differential equations.

Note that, one has not been able to obtain a sharp estimate for the constants figuring in
the stability estimates of Theorem 2.1. Therefore, our interest in the present paper is studying
the difference scheme (2.5) by numerical experiments. Applying this difference scheme, the
numerical methods are proposed in the following section for solving the one-dimensional
fractional hyperbolic partial differential equation. The method is illustrated by numerical
experiments.

3. Numerical Results

For the numerical result, the mixed problem

Dju(t, x) = uxx(t, %) + Dy ?u(t, x) = f(t,%),

3T
u(0,x)=0, u(0,x)=0, 0<x<1,

t3/2
f(t,x) = <2 8 + (m't)2> sinorx, 0<t, x<1,
(3.1)

u(t,0) =u(t,1)=0, 0<t<1
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for the one-dimensional fractional hyperbolic partial differential equation is considered.
Applying difference scheme (2.5), we obtain

k+1 k k-1 k+1 _ k+1 k+1 k -1
w = 2wyt U = 2uy T . 1 T(k-m+1/2) [ ul! —ul} _ ok
T1/2 Dnr

72 h? mmzl (k —m)!
ok = f(t,x,), 1<k<N-1,1<n<M-1,

u(,)l =0, T‘1<ui—u2> =0,0<n<M,
(3.2)

We get the system of equations in the matrix form

AU,1 + BU, + CU,1 = Dy, 1<n<M-1,
(3.3)

Uy=0, Um=0,

where
0
0
0
0=1|o ,
0
[ 0] (N+1)x(1)
[0 0 0 O 0 07
0 0 0 O 0 0
0 0 a O 0 0
A=10 0 0 a 0 O ,
0 0 0 O a 0
(00 0 0 -0 O-(N+1)x(N+1)
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"L 0 0 0 0 0
by byo 0 0 0 0
b3,1 b3,2 b3,3 0 0 0
B=] byi by byz  bys 0 0 ,
bni  bn2  bnz  bna bn N 0
[bNs11 bNvi2 bnas DNsia o bNaN DN (v
C=A,
0 0 0O O 0 07
0O 0 0 O 0 0
0O 0 1 0 0 0
D=0 0 0 1 0 0 ,
0O 0 O 1 0
[0 0 0 0 0 11 oy
r UO h
S
u
u:
U,=| u: , s=n-1nn+1,
uNfl
S
N
0 S NI
1 1 1 1
a=-1o bip=1, by = — byy = pr b3, = i —i2
o2 1 12
32 — _ﬁ - MI 32 — ; ml
1 T(k-1+1/2)
b =———* 2<k<N-1,
k+2,1 ﬁ F(k)rl/z
2 1
bk+2,k+1=—§—m, 1<k<N-1,
1 1/ T@E/2) T2\ 1
_ .1/ —  2<k<N-
briok T2+\/E< TQ) T ) o 2<k<N-1,
1 2
bk+2,k+2:7_—2+ﬁ, 1<k<N-1,
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1 / T(k-i+1/2) F(k—(i+1)+1/2)) 1 ,
o= = —_— <k< — <i1<k-
Bz ﬁ( Tk-G-1) " Th-G-n-1) Jor dSksN-Llsisk-2

3/2
ok = <2 - 8(:% + (yrk"r)2> sinar(nh)),
r'(PO-‘
(Pl
on=|¢n
*-(prly-* (N+1)x1

(3.4)

So, we have the second-order difference equation with respect to n matrix coefficients. This
type system was developed by Samarskii and Nikolaev [27]. To solve this difference equation
we have applied a procedure of modified Gauss elimination method for difference equation
with respect to k matrix coefficients. Hence, we seek a solution of the matrix equation in the
following form:

U; = ajnlj + Pjs, (3.5)

n=M-1,...,2,1, wherea; (j=1,..., M) are (N + 1) x (N + 1) square matrices and f; (j =
1,...,M) are (N + 1) x 1 column matrices defined by

a1 =—(B+ Can)_lA/

(3.6)
Bui1 = (B+Cay) " (D, -CB,), n=12,...,M-1,
where
_ 0 o 07
0 0 0 0
a=]0 0 0 --- 0 ,
0 0 0 0
L 4 (N+1)x(N+1)
(3.7)
"0
0
pr=10
0

LY 1 (N+1)x1
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Table 1: The difference scheme.

M =80 M =80 M =80
N =20 N =40 N =80
The values of Cy 1.0379 1.0667 1.0800
The values of Cp, 0.6265 0.6186 0.6140

Now, we will give the results of the numerical analysis. First, as we noted above one can

not obtain a sharp estimate for the constants C; and C; figuring in the stability estimates of
Theorem 2.1. We have

Cy = n}ax(Cﬂ),

(3.8)
Cy = max(Cp),
fu
where
-1
Cy = max |uh + max |T_1< Z—u;{ﬂl) max ”f,i’ ,
1<k<N Ly, 1<k<N Lon \1<k<N-1 Lon
Cp = | max ||T72 <uZ+1 - ZuZ + ”Zq) + max <u’,§+1>7 (3.9)
1<k<N-1 Lon  1<k<N-197 XrXrsjr || Ly,

-1
L2h>

The constants Cy and Cy; in the case of numerical solution of initial-boundary value problem
(3.1) are computed.

The numerical solutions are recorded for different values of N and M, uX represents
the numerical solutions of this difference scheme at (t,x,). The constants C;; and Cy, are
given in Table 1 for N = 20,40, 80, and M = 80, respectively.

Recall that we have not been able to obtain a sharp estimate for the constants C; and C,
figuring in the stability estimates. The numerical results in the Tables 1 and 2 give Cy = 1.00
and Cp = 0.62, respectively. That means the constants C; and C, figuring in the stability
estimates in the case of numerical solution of initial-boundary value problem (3.1) of this
difference scheme is stable with no large constants.

Second, for the accurate comparison of the difference scheme considered, the errors
computed by

, \ 2
h> ,

k-1
n

“1( fh _ ¢h h
- +
X <2snkg}\)f(—1HT <fk fk—1> ||L2;, ”f1

M-1
= k
EO a 151126}\)1(_1 < ; 'u(tk/ xn) -—Uu,
2 1/2 (310)

h

M-1
E; = max Z
1<k<N-1

n=

w2yl +u
g (b, Xn) —

T2
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Exact solution

Figure 1: The exact solution.

The difference scheme solution

Figure 2: Difference Scheme.

Table 2: The difference scheme.

Method M =80 M =80 M =80

N =20 N =40 N =80
Comparison of errors (Ep) for approximate solutions 0.0452 0.0235 0.0125
Comparison of errors (E;) for approximate solutions 0.2702 0.1452 0.0779

of the numerical solution are recorded for higher values of N and M, where u(f, x,)
represents the exact solution and uﬁ represents the numerical solution at (t, x,). The errors
Ey and E; results are shown in Table 2 for N = 20,40, 80 and M = 80, respectively.
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