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1. Introduction

The works of Golubitsky et al. [1, Chapter XVIII] have shown that rings of identical cells can
lead to many interesting patterns of oscillation, which are predictable based on the theory of
equivariant bifurcations. In a series of papers, Wu et al. [2-4] have extended the theory of
equivariant Hopf bifurcation to delay differential equations. Recently, there has been interest
in applying these results to neural networks, primarily to models related to the Hopfield-
Cohen-Grossberg neural networks with time delays [5-9]. In a series of papers [10-23], the
authors studied the Hopf bifurcation to a network with one or two delays. Particularly, Wu et
al. [24] have investigated the synchronization and stable phase-locking in a delayed network
with three identical neurons:

%i(t) = —xi(t) + af (xi(t = 7)) + B[f (xia (t = 7)) + f(xir1(t = 7))],  i(mod3) (1.1)

where f : R — R is a sufficiently smooth sigmoid amplification function, normalized so
that f(0) = 0 and f'(0) = 1, &, B, and 7 are regarded as parameters. They have shown
that in the region A,y = {(a,f) : |a — p| < 1} of the normalized parameters, system (4.1)
is absolutely synchronous in the sense that every solution is convergent to the set of all
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synchronized phase states independent of the size of the time delay. The w-limit set of a
given orbit can be either a synchronized equilibrium or a synchronized periodic solution,
depending on the connection topology of the network, the strength of the self-connection
and the neighborhood-interaction, and the size of the delay. On the other hand, they have
shown that, in the region a — f < -1, there exists a continuous surface 7 = 7(a, ) where
Hopf bifurcation of either a stable synchronized periodic solution or two stable phase-locked
periodic solutions and six unstable periodic waves take place (more precisely, three mirror-
reflecting waves and three standing waves). A question of mathematical and biological
interest is whether the dynamics of (4.1) are possible for the following neural network model
with 7 elements:

xi(F) = —xi(t) + af (xi(t = 7)) + B[f (xia(t = 7)) + f(xia(t = 7))], i(mod n). (1.2)

The purpose of the paper is to provide a detailed analysis of this question in the case that n
is an odd number. More precisely, we shall extend the main results of Wu et al. [24] to the
system (1.2) with n being an odd number. We are going to regard the delay 7 as a parameter
to investigate the dynamics of (1.2). According to the properties of the function tanh x, we
assume that the transfer function f is adequately smooth, for example, f € C?, and satisfies
the following normalization, monotonicity, concavity, and boundedness conditions:

(C1) f(0)=0, f'(0) =1, and f'(x) >0 for all x € R;
(C2) f"(0) =0, and xf"(x) <0 for all x#0;

(C3) —oo < limy 100 f(x) < 00;

(C4) f"(0) <O.

At first, by analyzing the distribution of the eigenvalues, we give a bifurcation set in an
appropriate parameter space to describe the stability of the equilibrium of the system (1.2) of
how to change as the parameters change. Meanwhile, the equivariant Hopf bifurcations are
found. Then, by employing the center manifold and normal form theory, the direction of the
bifurcation and the stability of the bifurcating periodic solutions are determined.

The rest of this paper is organized as follows. In Section 2, the characteristic equation of
the linearization of system (1.2) at the zero equilibrium is derived. In Section 3, by analyzing
the distribution of the eigenvalues, a bifurcation set is given in the (a, §)-plane. Then by using
the theory of equivariant Hopf bifurcation to ordinary and delay differential equations due
to Golubitsky et al. [1] and Wu [4], respectively, the local equivariant Hopf bifurcation of the
trivial solution is completely analyzed. The appendix contain the detailed calculations of the
normal forms on center manifolds of system (1.2) near Hopf bifurcation points.

We would like to mention that there are several articles on the bifurcation for n-
dimensional neural network models with delays; we refer the reader to [16, 17, 22] and
references therein.

2. The Characteristic Equations

From conditions (C1)-(C4), we know that the linearization of system (1.2) at an equilibrium
0,0,..., O)T is given by

xi(t) = —xi(t) + axi(t — 7) + P[xi1(t — T) + X341 (t —7)], i(mod n). (2.1)
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The characteristic matrix is

M, (0,4) = (A +1)Id — ae™"Id - pe™76, (2.2)

where Id is n x n identity matrix and

/0100-~-01
00\

1010 .-
0101---00
5=(0010---00 ] (2.3)

0001---00

\1000--10/ _

Using a computation process similar to that of Wu et al. [24], Yuan and Campbell [25],
we can obtain the following results.

Let
. . \NT
x=e¥in oy = <1,XJ,X2]/ 3 ~/X("_1)]> (j=0,1,...,n-1). (2.4)
From
=1, Vo, iR (2.5)
it follows that
o + y (Vi
1+ Xz;‘
sv;=| X + X7 = (X] +X‘7>v]- = 2cos<%>vj. (2.6)
1 + x(n_z)j

Hence,

M, (0,M)v; = [/\ +1- (zx+ﬁ(xf +x‘f>>e‘”]v]-
2.7)

D
A+1- (a +2pcos %)e*“] vj,
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and the characteristic equation is

n-1 291
det M,,(0,4) = H [J\ +1- (a +2pcos %)e*”]
j=0

nl (2.8)
j=1
-0,
where
i
Aj(D) =A+1- <a+2ﬁcos %)e’“, (j=012,...,n-1). (2.9)

We observe that (2.7) can be simplified, further elucidating the structure of characteristic
equation.

(I) When n is an odd number, we obtain

(n=1)/2
det M,,(0,4) = Ag() x [T AV
j=1
(2.10)
(n-1)/2 2 2
— _ —AT _ _] AT
= [)L+1 (a+2P)e ] x g [/\+1 <a+2ﬂcos — >e ] :
(I) When 7 is an even number, we obtain
(n-2)/2
det M,,(0,1) = Ag() Ay () x [T ATV
j=1
= [+ 1= (@+2p)e ][ +1- (a-28)e™ 2.11)
(H—Z)/z 2]1'] 2
_ =T\ AT
X H A+1 <a+2ﬂcos - )e ] .

j=1

In the case when n is even, that is, n = 2m, det M,,(0, A) may be further simplified into two
subcases.
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(i) When m is an odd number, we have

(m-1)/2
det M, (0,4) = Ag() A, p() x T AFM)AZ ()
j=1
= [+ 1= (@+2p)e ][+ 1~ (a-28)e™]
(m-1)/2

< T1 I:.)L‘i‘]. - <a+2ﬂcos %j)e‘“]z[)wl— <a—2,6cos %)e‘”]z.

j=1
(2.12)

(i) When m is an even number, we have

(m=2)/2
det My (0,1) = Ao(D)An2()A7,,(1) x TTT AT)AT()
j=1

= [.)L +1-(a+ Zﬁ)e’“] [A +1-(a- Zﬂ)e’“] (A +1- ae’“)z

(m-2)/2 . 2 . 2
x [)L+1— <a+2ﬁcos ﬂ)e’“] [)L+1— <a—2ﬁcos ﬂ)e’“] .
m m

j=1
(2.13)

From (2.8)—(2.13), we obtain the characteristic equation of (1.2) given by the following.

(1) When n is an odd number,

(n-1)/2

[)L +1-(a+ Zﬂ)e’“] 11

j=1

2] z
A+1- (a +2pcos %)e*}”] =0. (2.14)

(2) When n is an even number and # is not the multiple of 4,

[A +1-(a+ 2[5)6‘“] ("1—2[/4 [)L +1- <zx +2pcos ?)e‘“] ’

j=1

(n-2)/4

" [A+ 1= _2[5)6717] H [)L 1= <“—2ﬁcos ?)e“]z (2.15)

j=1

=0.
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(3) When n is the multiple of 4,

[)L +1-(a+ Zﬁ)e‘“] (nl_i)[M [.)L +1- <a +2p cos ?)e‘”] 2

j=1

(n-4)/4

x[+1-(@-2p)e™] T

j=1

2‘71-] —/\TZ —)LTZ
A+1—<a—2ﬁc057)e ]x()u+1—ae )

= 0.
(2.16)

3. Bifurcation Analysis with n being an Odd Number

In this section, we are going to analyze the distribution of the root of the characteristic
equations given in previous section, respectively.
In this case, the characteristic equation of (1.2) is

(n-1)/2

[V +1-(a+2p)e™ | TT [1+1- (a +2Bcos ?)e_“r = 0. (3.1)
j=1

Clearly, iw (w > 0) is a root of (3.1) if and only if there exists a

je{O,l,Z,...,nT_l} (3.2)
such that w satisfies
. 2]2'j —iwT
iw+1- a+2ﬁcosT e T =0, (3.3)
that is,
1 ) w
COSWT = —, sinwt = - - . (3.4)
a+2pcos(2rj/n) a +2pcos(2rj/n)
This leads to
277\
w;j =\/<cx+2ﬁcos %) -1 (3.5)

This shows that the necessary condition for (3.1) possessing purely imaginary roots is that
there exists j € {0,1,2,...,(n—1)/2} such that |a + 2f cos(27rj/n)| > 1, that is,

20 2]
(x+2ﬁcosT]>1 or a+2ﬁcosT]<—1. (3.6)

From (3.1), conclusion then follows immediately.
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Proposition 3.1. Equation (3.1) has at most (n + 1) /2 pairs of purely imaginary roots when n is an
odd number.

Without loss of generality, one assumes the (3.1) has (n+1) /2 pairs of purely imaginary roots
+w; (j=0,1,2,...,(n-1)/2) exactly. Define

G 1 1 n-1
T 2

1 ck=0,1,2,.... (37
ko wj [arccosa +2pcos(2rj/n) 67

+2k.7r], i=0,1,...,

Then +iw; are purely imaginary roots of (3.1) with T = ¥

« (k=0,1,2,...), respectively. one notes

that wiT.” € (0, (resp., € (or,2or]) when

sin(ij(j)> =- “i - >0 (resp. <0). (3.8)
a +2pcos(2rj/n)

We can obtain the following result with no difficulty.

Proposition 3.2. Let A(T) = o(7) £ iw(T) be the root of (3.1) near T = T,Ej ) satisfying O'(Tlij ) ) =0,
wr) = w; (j=0,1,...,(n-1)/2k=0,1,2,...). Then
do(t)
dr

> 0. (3.9)

_ 0
T=T}

Proof. From (3.1) we have

i
A+1- (a +2pcos %)e‘” - 0. (3.10)

Differentiating both sides with respect to 7, we have

di\™" e\ T
(E) :_)L(cx+2[3cos(27rj/n))_1’ G-11)

Notice that /\(T,Ej )) = iwj, it follows that

dr
Re E

_do(1)
e dT

= ! > 0. (3.12)

= (1 + Tk(j)>2 + (T,Sj)w]-)z

This completes the proof. O
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When 7 =0, (3.1) becomes

(n-1)/2 27['] 2
M+1-(a+28)] T] A+1—<a+2ﬁcosT>] =0. (3.13)
j=1
Its roots are given by
)10 =a+ 2[5 -1,

2
)L1:a+2ﬁcos7ﬂ-—l,

4
)Lz=(x+2[5cos7]r—1,

(3.14)
An-1)/2 = a +2f3 cos @ -1
ar
—a—Zﬂcos;—l.
For convenience, denote
1-a 1-a
S'_{(a’ﬁ)|a<1’2cos((n—1)yr/n) <p< 5 }, (3.15)
-1-a 1-a 1-a -1-a
P= {(a,ﬁ) | 2 <P< 2 " 2cos((n-1)a/n) <P< 2cos((n—1)a/n) }' (3.16)

and let D := S/P. One can find out that the region S is a sector, P is a parallelogram, and D is
the outside of the parallelogram in the sector S. These are shown in Figure 1.

Proposition 3.3. If a + 2f < 1 and a + 2fcos((n — 1)or/n) < 1(a —2Bcos(or/n) < 1), that is
(a,p) € S, then all roots of (3.13) have negative real parts.

From (3.6), Proposition 3, and Corollary 2.4 of Ruan and Wei [19], we have the
following result immediately.

Proposition 3.4. If |a +2p| < 1 and |a + 2B cos((n — 1)z /n)| < 1(|la — 2P cos(or/n)| < 1), that is,
(a, B) € P, then all roots of (3.1) have negative real parts for all T > 0.

From Proposition 2 and Corollary 2.4 of Ruan and Wei [19], conclusion then follows
immediately.

Proposition 3.5. If there exist j € {0,1,2,...,(n—1)/2} such that a + 2 cos(2orj/n) > 1, that is,
(a, ) is located outside of the sector S, then (3.1) has at least one root with positive part for all T > 0.
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2

a+2pcosQr/n) =1 b

;;Zﬂcos((n—l)ﬂ/n)=—1 172>

a+2fcos((n—1)r/n) =
(a—2pcos(r/n) =1)

-2 -15 -1 -05 0 0.5 1 1.5 2

=

Figure 1: Bifurcation set in (a, f)-plane. The outside of the sector S is unstable region; the parallelogram P
is the absolutely stable region; the outside of the parallelogram in the sector is conditionally stable region.

Proposition 3.6. Suppose that one of the following conditions is satisfied (i.e., (a, ) € D):

(1) |a+2p| <1 and a —2fcos(or/n) <-1;
(2) a+2p<-1and |a-2pcos(xr/n)| <1;
(B) a+2p<-1and a —2fcos(or/n) < -1.

Then there exist at most (n + 1) /2 sequences of critical value

() n-1

n), =01, k=012 (3.17)

defined by (3.7) such that

(1) all roots of (3.1) have negative real parts for all T € [0, 1), where

Tozmil‘l{’['o(j) :OsjsnT_l}; (3.18)

(2) equation (3.1) has at least one root with positive part when T > Ty,

3)att= T,Ej) (j=0,1,...,(n-1)/2; k=0,1,...), (3.1) has a pair of purely imaginary roots
:I:l(,()]

From Propositions 3.1-3.6, we have the following results immediately.

Theorem 3.7. (i) If |a + 2f| < 1 and |a — 2 cos(or/n)| < 1, then the zero equilibrium of (1.2) is
asymptotically stable for all T > 0.

(i) Ifj(G =0,1,2,...,(n - 1)/2) exist such that a + 2 cos(2orj/n) > 1, then the zero
equilibrium of (1.2) is unstable for all T > 0.
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(iii) Suppose that one of the following conditions holds:

(1) |e+2p| <1 and a — 2B cos(r/n) < -1;
(2) a+2p <-1and |a-2pcos(r/n)| <1;
(B3) a+2p<-1and a —2fcos(or/n) < -1.

Then there exist at most (n + 1)/2 sequences of critical value T,ij) (Gj=01...,(n-1)/2,k =
0,1,2,...) defined by (3.7) such that the zero equilibrium of (1.2) is asymptotically stable for T €

[0, 70), where Ty = min{’réj) :0<j < (n—-1)/2}, unstable for all T > 7, and the system undergoes a
Hopf bifurcation with T = TIE]) (j=0,1,...,(n-1)/2; k=0,1,...).

Proposition 3.6 shows that the region D, which is the outside of the parallelogram in
the sector shown as in Figure 1, is a conditionally stable region. This means that the stability
of the zero equilibrium of (1.2) is dependent on the delay. Namely, the distribution of the roots
of (3.1) is dependent on the delay. Particularly, for («, ) € D, (3.1) with some critical value
7 has simple pure imaginary roots or multiply pure imaginary roots. It is well know that the
Hopf bifurcations are different between the simple and multiple pure imaginary roots. So it is
necessary to observe the region D. In fact, we have the following conclusions on occurrence
of purely imaginary roots of (3.1) for (a, ) € D.

(1) In the region

2
E, = {(a,ﬂ) |a+2p<-1; zx—zp’cos% <1 zx+2[5cos7]r > —1}, (3.19)

Equation (3.1) with T,io) has one pair of purely imaginary roots exactly, denoted by =+icwy,

which are simple, where wy = /(a0 + 2[3)2 —1and

o_1 1 _
T, = 070 <arccosa Y, + 2k7r> (k=0,1,2,...). (3.20)
(2) In the region
20 a 4or
Ei=1(a,p) | a+2ﬁcos7 <-1; [x—Zﬂcos; <1; [x+2ﬂcos7 >-1¢, (3.21)

Equation (3.1) has two pairs of purely imaginary roots exactly, denoted by +iwy and +icw;,

when 7 = Tlil) and 7 = TIEO), respectively. Here +iwy are simple, +icw; are double, and w; =

\/(cx +2p cos(2r/n))* -1, T,EO) is defined by (3.20) and

) 1(
Tk = — | arccos

w1

1
a +2pcos(2xr /n) i 2kﬂ_> (k=0,12,...). (3.22)

Furthermore,

o _ 1 1 m_ 1 1
=— =— : 2
7, o <arccosa " 2[3) > T, o (arccosa T 2fcos2n /) (3.23)
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(3) In the region
4or a 6T
E; =4 (a,p) | a+2ﬂcos7 <-1; a—Zﬂcos; <1 (x+2ﬂcos7 >-1t¢, (3.24)

Equation (3.1) has three pairs of purely imaginary roots exactly, denoted by =+iwy, +iw;, and

. 1 2 . . . .
+iw,, when T = TIEO), 7 = 1! ), and T = T,E ), respectively. Here +iwy are simple, +iw; and

+iw, are double, w; = \/ (a + 2P cos(4ar/ n)* -1, TIEO) and T,El) are defined by (3.20) and (3.22),
respectively, and

@_1 1
= 2k k=0,1,2,...). 3.25
Tk wo <arccosa +2f cos(4ar /n) " JT) ( ) (3:25)
Furthermore,
o 0., @_1 1
Ty >T, >T, = o <arccosa T cos(4yr/n))' 626

Naturally, the region E(,—1y/4 (When n—1is multiple of 4) or E(,—3)/4 (When n—1 is not multiple
of 4) can be defined by

-1 2
En-1y/sa = {(a,ﬁ) | a+2ﬁcos% <-1; a—Zﬁcos% <1; a+2ﬁcos% <-1%,
3 ) (3.27)
En-3)a = {(a,ﬂ) | 0{+2ﬁcosu <-1; a—2fcos T 1; a +2pcos i —1}.
2n n n
*A: Obviously, in the region E,_1)/4 (or E(,-3)/4), we have that
R N AN C L)) (328)
(4) In the region
-1 -3
E(n-1y/2) = {(a,ﬁ) | a+2ﬁcos¥ <-1;a+2B<1; a+2pcos (n-3)x > -1
(3.29)

= {(a,ﬂ) |¢x—2ﬁcos% <—1;a+2ﬂ<1;a—2ﬂcos3?ﬂ >—1},

Equation (3.1) has a pair of purely imaginary roots exactly, denoted by +iw,1),2, which are
double, where w,-1),2 = \/(cx +2pcos((n - Nr/n))*-1= \/(a -2p cos(ar/n))* -1 and

(n=1)/2) _
Tk =

Win-1)/2 (arccosm + 2kJr> (k=0,1,2,...). (3.30)
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(5) In the region
3o 5ar
E(n-3)/2 = { (a,B) | a =2 cos - <-L,a+2f<1;, a-2pcos - >-1%, (3.31)

Equation (3.1) has two pairs of purely imaginary roots exactly, denoted by =+itw,-1)/2 and

+itw(u-3)/2, when T = T}E(n—l)/Z) and T = T,E("_W 2)), respectively, and the two pairs of purely

imaginary roots are all double. Here

2
Wn-3)/2 = \/((x +2pcos @) -1= \/(a —2pcos ?’n—ﬂ->2 -1, (3.32)

Tli("_l)/ % is defined by (3.30), and

((n-3)/2) 1 >
T, = arccos + 2kar k=0,1,2,...). 3.33
k W(n-3)/2 < a —2fcos(3xr/n) ( ) (333)
Moreover,
0 Wn-1)/2 a—2p cos(r/n) 0 Wn-3)/2 a—2f cos(3x/n)

(3.34)

Naturally, the region E;+3)/4 (When n—1 is multiple of 4) or E(;+1)/4 (wWhen n—1 is not multiple
of 4) can be defined by

2
E(ni3)/a = {(a,ﬂ) |a+2ﬂcos7][ <-lLa+2f<l;a+2p>-1¢,

) (3.35)
E(ni1)/4 = {(a,ﬂ) | a+2ﬂcos77r <-lL,a+2f<1l;a+2p> —1}.
*B: Obviously, in the region E ;43,4 (0 E(4+1)/4), we have
DD (B2 (9D o <Or Té(””)“)). (3.36)

To carry out our work we need some background from the theory of functional
differential equation. Let C = C([-T, 0], R") denote the Banach space of continuous mappings
from [-7,0] into R" equipped with the supernorm. Let x(t) be a solution of (1.2) and define
x¢(0) = x(t+0), -t < 0 < 0. If x(t) is continuous, then x;(0) € C. With this structure, we may
write the model as the following functional differential equation:

%(t) = Fxy), (3.37)
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where F : C — R" is defined via
Fi(¢) =-¢i(0) + af (¢i(-7)) + B[f (¢pi=1(-7)) + f(pixa(-7))], i(modn). (3.38)
Similarly, the linearization of (3.37) at equilibrium (0,0, ..., O)T may be written as
u(t) = L(T)u, (3.39)
where the linear operator L(7) : C — R" is defined via
L(1)¢ = -1d¢(0) + aldp(-7) + p6(-T). (3.40)

It is well known that a linear functional differential equation such as (3.39) generates a
strongly continuous semigroup of linear operators with infinitesimal generator A given by

Ap=¢, ¢ecDom(A), (3.41)

where Dom(A) = ¢ € C, ¢(0) = L(7)¢.

To explore the possible (spatial) symmetry of (1.2), we need to introduce three
compact Lie groups. One is the cycle group S!; another is Z,, the cyclic group of order n,
which corresponds to rotations of 2or/n, denoting the generator of this group by p, then
action on R" is given by (px); = xi.1; the third is the dihedral group D, of order 2n, which
corresponds to the group of symmetries of an n-gon. It can be shown that D,, is generated by
p and x, where « is the flip of order 2 or reflection, and it acts on R" by (kx); = Xp12-i.

Definition 3.8. Let F : C — R" and I' be a compact group. The system (3.37) is said to be
I'-equivariant if F(yx;) = yF(x;) forall y € T

Proposition 3.9. The nonlinear system (3.37) and linear system (3.39) are D,, equivariant.

Proof. We begin with (3.37); that is, we let F be as in (3.38) and ¢ € C. We need only check
the equivariant condition on the generators, p, x, of D,,:
Fi(p) = =(p$);(0) + af ((p),(=7)) + PLf ((ph); 1 (=7)) + f ((p) ;1 (-7)]
= =¢i1(0) + af (¢ir1 (-7)) + B[f ($i(-7)) + f(¢is2(-7))]
= Fii (9)
= pFi($),
Fi(xg) = =(x4),(0) + af ((x§),(-7)) + B[f (k)1 (=7)) + f((x) .1 (-7))]
= ~Pni2-i(0) + af (Pri2-i(=7)) + B[f (Pns3-i(=7)) + f(Pni1-i(-7))]
= Fuo-i(9)
= xFi()-

(3.42)

Thus (3.37) is D, equivariant.
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From (3.39), we begin by noting that L may be written componentwise as follows:
Li(t)$ = -¢i(0) + adi(-7) + B[pi-1(-T) + pina(-7)], i(modn). (3.43)

The rest of the proof is similar to that for (3.37). This completes the proof. O

In the case where (a, p) € Ey, we can apply the standard Hopf bifurcation theorem of
delay differential equations to obtain a Hopf bifurcation of synchronous periodic solutions.
In the case where (a,f) € E; (1 < j < (n-1)/2), the aforementioned standard Hopf
bifurcation theorem does not apply since +iw; are double eigenvalues. On the other hand,
the considered system is equivariant with respect to the D,-action where the Z, subgroup
acts by permutation (sending x; to x;.1) and the flip acts by interchanging (sending x; to
Xn+2-i). This allows us to apply the symmetric Hopf bifurcation theorem for delay differential
equations established in [4] (as an extension of the well-known Golubitsky-Stewart Theorem
[1] for symmetric ordinary differential equations) to obtain 2(n+1) branches of asynchronous
periodic solutions. More precisely, we have the following theorem.

Theorem 3.10. Assume that (a, ) € D (D = S/ P, where the regions S and P are defined by (3.15)
and (3.16), resp.). Then

(1) in case (a,p) € Eo, near T = TSO) there exists a supercritical bifurcation of stable
synchronous periodic solutions of period p, near (2t / wy), bifurcated from the zero solution
of system (1.2);

(2) in case (a,p) € E; (1 < j < (n-1)/2), near T = To(j) there exist 2(n + 1) branches

of asynchronous periodic solutions of period p, near (2ot /wj), bifurcated simultaneously
from the zero solution of system (1.2), and there are

(a) two stable phase-locked oscillations: x;(t) = xi+1(t £ (pr/n)), for i(modn) and t € R,
(b) n unstable mirror-reflecting waves: x;(t) = Xp42k—i(t) for i(modn) and t € R, where
k=1,2,...,n,

(c) n unstable standing waves: x;(t) = Xysok-i(t — (pr/2)) for i(modn) and t € R,
wherek =1,2,...,n.

Proof. (1) The existence is an immediate application of the standard Hopf bifurcation theorem

for functional differential equations. Let 7* = Téo), U=T-— Téo). According to the calculations
in Part 2 of the appendix, the normal form of (1.2) on the center manifold can be written in
polar coordinates as

p=(aip+bip?)p+0(pp) +0(p"), (3.44)

where

wo Téo)

(1 + T(O)>2 +w? w0
0 0

ay =
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~ fm(o) Téo) (1 + Téo) + wOTéO)>

2 <1+Té0)>2+a)(2) <0

by
(3.45)

Conclusion (1) then follows immediately.
(2) Let* = Té] ), u* = wj/ Té] ), U=T- Té] ). We obtain from the calculations in Part 1 of
the appendix the normal form of (1.2) on the center manifolds that is given by

w1 L[ w2 . Im(a™)w; +Re(a™)w,
=u't + pu
<w2> <—w1> <— Re(a™)w; + Im(al)w2>
Re(a™'(1-iu*))w; —Im(a (1 - iu*))w,
br* 2 2
+obr <P1 ' 2'02) <Im(a‘1(1 —iu*))w; + Re(a™'(1 - iu*))w2>
+0(plwl) +0(Iwl*),
ws Az ./ Im(a)w; +Re(a™)wy
=u'tT + pu
<a')4> <—w3> <— Re(aws + Im(a‘l)w4>
o/ o\ /Re(a™ (1~ iu))ws —Im(a ' (1 - iu*))ws
b <P2 " 2[71) <Im(a‘1(1 —iu*))ws + Re(a™' (1 - iu*))ws

+0(glwl) +O(Jel'),

(3.46)

where

—af 2 2
p1 =\ wi +w;,
—a/p2 2
p2 =\/w5 + wy,

a=1+71"-iu'r*,

(3.47)

1 n
b= gf (0).

Introducing the periodic-scaling parameter w and letting

z1(t) = wi(s) +iwa(s),
(3.48)

Zo(t) = w3 (8) + iwy(s)

with

s=[(1+w)yut 't (3.49)



16 Mathematical Problems in Engineering

and using a computation process similar to that of Wu et al. [24], we obtain the normal form

(1+w)z = —izy —ip(r") 'azy + 3bw*) a (1 - iu*)(|z1|2 + 2|z2|2)z1,
(3.50)
(1+w)zy = —izp — iﬂ(T*)_107122 +3bw*) a1 - iu*)<|22|2 + 2|zl|2>zz.

Letg:CeCao R — CaC be given so that —g(z1, z2, ) is the right-hand side of (3.50). Then
(3.50) can be written as

(1+w)z+g(z,pu) =0. (3.51)

Note that

D.g(0,0)(z1,22) =i(z1,22), z=(z1,22) €CaC. (3.52)

Also note that g(-,p) : Ce& C — Ce Cis D, x S'-equivariant with respect to the following
D,, x S*-action on C & C:

p(z1,22) = (ei(ZkJr/n)zlle—i(ZkJr/n)22>, Zy = (p) <D,
x(z1,22) = (22, 21), Z; = (k) <D, (3.53)

e (z1,2,) = (eiezl,eiezz>, e e Sl
Using a computation process similar to that of Wu et al. [24], we obtain

Ao =i () a ! - iw,
AN = —6bu*) a7l (1 - i), (3.54)

By = 3b(u*) a7l (1 - iu*).

By the results of [1, page 376], we know that the bifurcation of phase-locked oscillation is
supercritical (resp., subcritical) and depends on whether Re(Ax + By) > O (resp., Re(An +
By) < 0), and these are orbitally asymptotically stable if Re(An + By) > 0 and Re By < 0.
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Note that

Re(An + Bo) = Re (—3b(u*)*1a-1(1 - iu*))

:—3b(u*)_1 Re 1+7'2+1u T . _ i)
1 +7)° + (u*t*)
. 1+7"+ (u*)ZT*

1+ T*)2 + (u*T*)2

= 3b(u*)

3.55
S0, (3.55)

Re(Bo) = Re(3b(u*)*1a-1(1 - iu*))

o 1+ + (u)r

=3b(u*) Aot ()

<0.

Consequently, the bifurcation of phase-locked oscillations is supercritical and orbitally
asymptotically stable.
Note also that

Re(2An + By) = Re(—%(u*)'la-l(l - iu*))

1 1+ + (u)°t*
(1+7)% + (u)? (3.56)

= —9b(u*)

>0,

Re(By) < 0.
We infer from the results of [1, page 376] again that the bifurcations of mirror-reflecting
waves and standing waves are supercritical and unstable. This completes the proof. O

Using a proof process similar to that of Yuan and Campbell [25], by using Liapunov’s
second method we can obtain the followings.

Theorem 3.11. If |a| + 2|B| < 1, then the trivial solution of (1.2) is global asymptotically stable.

4. Computer Simulations

To demonstrate the properties of the Hopf bifurcation in Section 3, we carry out some
numerical simulations for a particular case of (1.2) as in following form:

X;(t) = —x;(t) + a[tanh(x;(t — 7))] + pltanh(x;_1 (f — 7)) + tanh(xi1 (t — 7))], i(mod3). (4.1)
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-0.1 -0.1

Figure 2: Simulations for the asymptotically stable equilibrium to system (4.1) with 7 = 0.5 < 7y = 0.955185.

Clearly, the origin (0,0,0) is a fixed point to (4.1). Choosing & = -2 and f = 1/3 we
obtain that 7\ = 2.73273 and 7. = 0.955185, thus 7) = 0.955185.

From Theorem 3.7(iii), it follows that the zero equilibrium is asymptotically stable if
T € [0,7), it is unstable if T > 7y, and the system undergoes a Hopf bifurcation with 7 =
T,i]) (j=01,...,(n-1)/2; k=0,1,...). Simulate the solutions of system (4.1) for 7 = 0.5 and
1.0. In Figure 2, it is shown that the zero equilibrium is asymptotically stable for 7 = 0.5 <
7o = 0.955185. In Figure 3, for the data 7 = 1.0 > 79 = 0.99185, it is shown that there exists a
periodic orbit which is orbitally asymptotically stable.

Appendix

A. The Calculation of Normal Forms on Center Manifolds with 7 being
an Odd Number

In this appendix, we employ the algorithm and notations of Faria and Magalhaes [26] to
derive the normal forms of system (1.2) on the center manifolds.

We first rescale the time by ¢ — (t/7) to normalize the delay so that (1.2) can be written
as

x(t) = F(xt, 7) (A1)
in the phase space C = C([-1,0]; R"), where for ¢ = (¢1, 2, ..., (j)n)T € C, we have

(F(¢,7)); = =7¢i(0) + azf($i(=1)) + fT[f ($i-1(=1)) + f (s (-1))] (A2)
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1

Figure 3: Simulations for an orbitally asymptotically stable periodic orbit to system (4.1) with 7 = 1.0 >
7o = 0.99185.

with i(modn). We also assume that

f(x) =x+bx®+ho.t. (A.3)
with
1 "
b= §f (0). (A4)
The linearized equation at zero for system (A.1) is
x(t) = L(7)xt, (A5)

where

L(7)(§) = -7¢(0) + Tap(-1) + 75 (P(-1)),

/0100 01\
1010--00
010100

s5=|0010--00 (A.6)
0001--00
\1000 10/
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The characteristic equation of (A.5) at (0,0, ..., 0)7 is det M,,(0,1/7) = 0, that is,

1 N (m1)/21 ) 27\ _,]?

;+1—(a+2p)e ] g [;+1—<a+2ﬁc057>e ] =0, (A7)
where det M,,(0,A) = 0 is the characteristic equation of the linearization of (1.2) at
(0,0,...,0).

Part 1.

Case 1 ((a,p) € Ej(1 < j < (n-1)/2). In this case, at T = 7" the characteristic equation of

(A.5) has imaginary zeros +iu*7* which are double, where 7* = Téj ) and

27\ ?
Ut = wj = \/<a+2ﬂcos %) -1 (A.8)

Since

2 .
M, (0,iu")v; = [iu* +1- <a +2p cos %)e_”’ T ]Ui =0, (A9)

the center space at 7 = 7* and in complex coordinates is X = span(¢1, ¢z, ¢3, P1), where

$1(0) =%, 0€[-1,0],
$2(0) =e ™%, 0€e[-1,0],
$3(0) =™ "%;, 0€[-1,0], (A.10)
$1(0) =™ %;, 0€[-1,0],

v = (116(271'1'/11)]" 6(271'1‘/71)2]" B _Ie(ZJri/n)(nfl)])T, ji=12,...,n-1

Let
D = (¢1, P2, P3, Pa). (A11)

Note that

T n i=j,
0, i#j, i,j=12,...,n—1. (A.12)

Z)]' = v”’l"
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It is easy to check that a basis for the adjoint space X* is

¢1(5) (@) le T 5p]
-1 jiu*t*s,, T
S a e 0.
v = | PO Y e (A.13)
(s) n| (a) Lp-iutt*sy,)T
@3 i
(P4(S) al eiu*-r*sg]?w

with (¥, ®) = Id (the 4 x 4 identity matrix) for the adjoint bilinear from on C* x C defind in
[27], where

a=1+7"—iu'r" (A.14)
It is useful to note the following:

@ 'v;

a ol

W®=% @ﬂ;" (A.15)
]

=T
alo

and for x € C*, we have

(D(O)x = [vj,ij,ﬁj,vj]x = (x1 + X4)’U]' + (JCz + X3)6j,

O(-1)x = <e‘"‘ Txp+e™? x4>v]~ + <e“‘ Txp+e T x3>6]-, (A.16)

- . - - _ 2]
5(D(-1)x) = <e"” Txy+e™’ x4>6vj + <e"‘ Txo+e ™7 x3>5vj = 2cos %(D(—l)x.
Introducing the new parameter
U=1-7° (A17)

we can rewrite (A.1) as

z(t) = L(t*)zt + G(z1, ), (A.18)
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where
Z(t-1) Z(t-1)+z(t-1)
zg(t—l) z?(t—1)+z§(t—1)
G(zi,p) =L(p)zi +ba(t" +p)| | +bp(t" +p) ‘ ‘ ~ | +hot
Z2(t-1) Z(t-1)+z_(t-1)
(A.19)
Define the 4 x 4 matrix
B =iu*r* diag(1,-1,1,-1). (A.20)
Using the decomposition z; = ®x(t) + y;, we can decompose (A.18) as
% = Bx +¥(0)G(Dx +y, p),
(A.21)

y=Agy+ I -m)XoG(Dx +y, )

with x € C*, y € Q. Here and throughout this appendix, we refer the readers to [26] for
explanations of several notations involved. We will write the Taylor expansion

YOG +y, ) = 3 5f (1), (A.22)
= I

where f].l(x, y, 1) are homogeneous polynomials of degree j in (x,y, ) with coefficients in
C*. Then the normal form of (1.2) on the center manifold of the origin at y = 0 is given by

X = Bx + %gzl (x,0,p1) + %g& (x,0,u) +hoot, (A.23)

where g and g; will be calculated in the following part of this section.
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First of all, using 6(®(-1)x) = 2cos(2xrj/n)d(-1)x, we find that

S (x0,0) = ¥OL (k) (@x)
= W(0)pu[-D(0)x + a®(~1)x + pE(D(~1)x)]
= 1}‘(0)/4{ [~ (o1 + x4)0; — (x2 + x3)T;] + <¢x +2f cos ?)
X [(e"””*xl + ei”*T*x4>v]~ + <ei”*7*x2 + e‘i”*T*xg,)E]-] } (A24)
= pi*W(0) [(x1 — x4)0; + (—x2 + x3) 7]
@) (1~ x3)

L] a xtx)
=1uu o
@) (~x2 + x3)

a ™ (x1 — x4)

These are the second-order terms in (4, x) of (A.22), and following Faria and Magalhaes [26],
we have the second-order terms in (y, x) of the normal form on center manifold as follows:

29 (0.0, 4) = Proji 5.2 (60,10, (A25)
Here we recall that
M (p)(x, ) = Dap(x, p)Bx = Bp(x,p), j22. (A.26)
In particular,
M]1 (uxler) = iu*T*y(ql —qo+qs—qa+ (—1)k>xqek, lgl=7-1, (A.27)

where j > 2,1 < k <4,and {ej, es,e3,e4} are the canonical basis for C*. Therefore, if |g| = 1,
then

ker<M%) Nspan{uxie; : |q| =1, k =1,2,3,4}
= span{pxier, pxse, pxaes, Pxses, PXies, Pxses, pxsey, pxses ),

(@) "'x (A.28)
1, N !
58 (x,0,p) =ipu"|

2 (@) 'xs3
—atxy
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To compute g31 (x,0, u), we first note that from (A.26) it follows that

83 (x,0, 1) = Projie,(any f3 (x, 0, 1)
- (A.29)
= PrOjj (1) f3(x,0,0) + O (421,

since px7e; is not in Ker(Mé), for|gq| =2, j=1,2,3,4. Next, we define

73 0,m) = £ 0,0+ 5 [(Deft )t = (Dotd) ] (v 0,) + 5[ (Do) ] 0,0,
(A.30)

where U] is the change of variables associated with the transformation from f, to g, and
h is such that M3(h) = g3, that is, h = Uj is the change of variables associated with the
transformation of the second-order terms in the second equation of system (A.21). For u = 0,
le(x, 0,0) = g% (x,0,0) =0, and we have simply

%f_ﬂx/ 0,0) = %fé (x,0,0) = br"¥(0) [ 6 ((®(-1)x)*) + a(D(-1)x)°], (A31)

where we utilized the following notations:

(®(-1)x),)’

(®(-1)x),)°

(@(-1)x)° = (A.32)

(®(-1)x),)’
Let

Aj=e™T x1+e™7 xy, Ary=e"Txr+e™™7 xj. (A.33)
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We have
/ (A1 + A2)3 \
(e@milmi A, + 6.—(2”1'/")1'142)3
(e@i/m2 A 1 =i/ w2 )
(@(-1)x)° =
(e@mi/M-D] A, 4 g~ Cilm)n-1)j A2)3
= A}} +3A7 Ayv; + AJD) +3A1 AT,
[ (B Ay + e CTimi Ay)? 4+ (e@Ti/mD] Ay 4 =G/ M1 Ay)*\
(A1 + A2)3 + (e(zm/")szl + 67(2m/n)2jA2)3
@ri/n)j —Quri/n)j 3 (27i/n)3j —(27i/n)3j 3
sy | A ALY (BTN A G )

(A; + A))> + (e@ri/mm-2j Ay 4 e—(ZJri/n)(n—Z)jAz)3

(A.34)

Then, we have

@ 'v;

-1,,T

3 1 a-v; 3.3 2 3=3 2=

PO)(@(-1)x)° = ~ - <Alv].+3A1szj+A2vj+3A1szj>
]

1=
a U]

(@) AA,
alA1A}
(@) ' A A2
alAZA,

¥O5(@(-1)x)° = [(#(0)6)"] @(-1)x)°

= [502©0)"] (@(-1)0)°



26 Mathematical Problems in Engineering

- [15((5)-15‘ a v, (@) v; a"15»>]T(CD(—1)x)3
n ]’ ]’ Ik ]

. T
= [%Ros?‘%((a)‘l@, a'vj, (@) 'v;, a-laj)] (@(-1)x)’

@ 'v;
=Ly 0s 2 il A3 + 342 A0, + AYT + 3AAZD
= ; COs T (E)_lvT < 1'0]~ + 1 Zvj + Qvi + 1 Zv]>
j
a‘lﬁlr
(@) 'A2A,
2rj atA A
=6cos—| | )
n (a) A1A2
Ll_lA%Az
(A.35)
Then, we have
1 1 * 3 3
5 £1(6,0,0) = br®(0) [5 ((@(-1)%)°) + a(@(-1)x)
(5)_11‘\%1‘\2
27j aA, A% (A.36)
= bT*3<a+2ﬂcos—> .
n (a)” A1A§
a_lA%Az
Note that
A2A, = < —2iu*T* 2 2iut T 2>< i —iutT )
1Ay = (e x]+2x1x4 +e x5 )(e Xy +e X3 ),
(A.37)

A1AL = <e‘”‘ Txp+e? x4> <ez“‘ T X3+ 2xpx3 + 72T x%)

Also note that

M;(x%e;) =0, with |q|=3iff g1—go+qs—qa+ (-1 =0, j=1,2,3,4. (A.38)
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Then

1 . 1
ggé (x,0,0) = Projy, p) 3 fa(x,0,0)

(@) e (xxs + 2x1203%4)

Vi a le™ ™ (x1x2% + 2x0x3x
=3bT*<a+2ﬂcosﬂ> ) (1 g )
n (@) e ™™ (x3xy + 221 %2X3)
ate™ ™ (x3x] + 2x1x2%4) (A.39)
@) (1 + iu*)x; (1% + 2X3X4)
a ' (1 - iu*)xp (x1% + 2x3X4)
=3bt” )
(@) (1 +iu*)x3(x32x4 + 221X2)
a ' (1 - iu*)xg(x324 + 2x1%2)
Consequently, the normal form on the center manifold becomes
1 00 0 (@) 'x
) 0 -1 0 0 _ —alx,
X =it x+iput|
0 01 0 @) 'x3 (A40)
0 00 -1 —alxy
1
+5:83(x,0,0) + O(4Ix]) + O(Ixl*)
for x € C*. Changing to real coordinates by the change of variables
1 -1 0 0
1 i 0 0
x=Sw, withS-= (A.41)
0 01 —i
0 01 i
and letting
p% =X1X2 = w% + w%, (A 42)

2 2 2
Py = X3Xy = W3 + Wy,
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we obtain

w1 wy Im(a)w; +Re(a!)ws
=u'T" + pu*
tW» —w -Re(aMw +Im(a)w,

Re(a'(1-iu*))w; —Im(a (1 -iu*))w
+3bT*<p%+2p§) (a”i( Ner (a”X( )z
Im(a'(1-iu*))w; +Re(a™ (1 - iu*))w,
+ O<y2|w|> + O(|w|4>,
(A.43)
w3 wy Im(a")ws +Re(a!)ws
=u't + pu*
W —w; —Re(aMws +Im(a™")wy
Re(a™ (1 -iu*))ws - Im(a' (1 -iu*))w
+3bT*<p§+2p%> (a™( ))ws (a'( ))ws
Im(a(1-iu*))w; + Re(a (1 - iu*))ws
+0(4l) + O<|w|4>.
If we use double polar coordinates
w1 = P1COS X1,
wy = pysin x1,
(A.44)
w3 = Pr COS X2,
wy = Py sin xa,
then we find
p1= <111,H +bipt + 2b1P§>P1 + O<#2| (p1.p2) |> + O<| (p1,p2) |4>,
pr = (@p+bipd +26102) o2+ O (42| (p1,p2)|) + O(I (o1, p2)[*),
(A.45)
jor = —w'r + ek diph +2dip2 + O (412 (pr, p2)]) + O(I (o1, p2) 1),
! - 2 2 2 4
X2 =—w'T +cip+dipy +2dipy + O<# |(P1IP2)|> + O<|(P1/P2)| )
with
a; = Im(a‘1>u*, b, = Re(a‘l(l - iu*)>3bT*,
(A.46)

c =-u’ Re<ai1), d; = 3bT*Im<a*1(1 - iu*)).
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As

4 1+t +iu'rt
1 +7%) + (wr)’

(A.47)

we have

(u*)ZT*

b a1+ T*)2 + (u*T*)ZI

1+ 7+ (u*)*r*
(1+7%)2 + (wr*)?
w(l+7%)

1+ ()

bl = 3bt*

(A.48)

M*T*
(1 +7%) + ()

di =-3b

Part 2.

Case 2 ((a, p) € Eyp). In this case, at 7 = 7* the characteristic equation of (A.5) has imaginary

. . . 0
zeros +iu*7* which are simple, where 7* = Té ) and

Wt =wy =\ (a+2p)* -1 (A.49)

are given by (3.5) and (3.7), respectively. Since

M,,(0, iu*)vg = [iu* +1-(a+ 2p)e-iu*f*]v0 =0, (A.50)
where vy = (1,1,...,1)T, the center space at T = 7* and in complex coordinates is X =
span(¢i, ¢2), where

4)1 (9) — eiu*T*GUO,
L 0 € [-1,0]. (A51)
$2(6) = e 00y,
Let

@ = ($1,d2). (A52)

From v} vy = n, it is easy to check that a basis for the adjoint space X* is

— -1 —iu*r*s,,T
Y(s) = <<P1(S)> = 1<(a) € U0>, s € [0,1] (A.53)

-1 iu*t*s,,,T
(P'2(5) n a e”‘”vo
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with (¥, @) = Id (the 2 x 2 identity matrix) for the adjoint bilinear from on C* x C defined in
[27], where

a=1+7"—iu'r". (A.54)
It is useful to note the following:
—-1_T
a) v
woy =19 Y, (A55)
n\ alv}

and for x € C2, we have

@(0)x = [vo,v0] x = (x1 + x2)v0,
d(-1)x = (e-f”*f*xl + e"“*f*xz)vo, (A.56)

6(D(-1))x = 2<e*i“*T*x1 + ei“*T‘x2>vo.

For the new parameter y = 7 — 7% and decomposition z; = ®x(t) + y;, x € C2, y € Q!, and
with

B = diag(iu*7*, —iu*t"), (A57)
the normal form of (1.2) on the center manifold of the origin at y = 0 is

% =Bx+ %gzl (x,0,p1) + %g& (x,0,4) +hoot, (A.58)

and we will compute the second- and third-order terms, that is, g, (x,0, 1) and g3 (x,0, y), as
we have done above for Case 2 of Theorem 3.10 We have

S (00, k) = ¥O)L (k) @)
=P0)u[-D(0)x + a®d(-1)x + &(D(-1)x)]
= lP(O)‘u[—(xl +x7) + (a+2P) (e*i"wxl + ei“*T*x2>]UO (A.59)

=WO)u[-(x1 +x2) + (L +iu*)xg + (1 — iu*)x2]vo

. <(5)_1(xl - x2)>
= ipu .
al(x; - x2)
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Since

1 . 1
582(%,0, 1) = Proj sy 5.f2 (%, 0, 1),
M]1 (uxex) = iu*T*y<q1 - g+ (—1)k>x"ek, lg|=j-1, k=12,j2>2
for the canonical basis {e, e,} for C?, then

ker<M;> Nspan{uxle; : |q| =1, k =1,2} = span{uxieq, pxses},

1, R (E)_lxl
5& (00, p) =ips( " ).

—a " Xp

As for the previous case and for similar reasons,

g31 (x,0,pu) = Projker(M;)fsl (x,0,p)

= Projy () f1 (x,0,0) + O (I,

where
l 1 _ * _ 3 _ 3
5/3(6,0,0) = br"¥(0) [6((@(-1)x)°) + (@ (1))
P s 3
= br"¥(0) (a +2P) <e‘”‘ Tx1+e"’ x2> o
b *( 2[3)( —iu*T* iur* >3 (a)_l
=br*(a+ e x1+e T x .
1 2 -
Also note that
M; (xej) = iu"t* <q1 —q+ (—1)j>xqe]-, lq| =3,7=1,2,
which implies that

ker(M%) Nspan{x7e;: |q| =3,j=1,2} = span{x%xzehaqx%ez}.

We can then derive

@'+ iu*)x%x2>

Lo
—g3(x,0,0) = 3bt*
315 a (1 —iu*)x1x3

31

(A.60)

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.66)
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Consequently, the normal form on the center manifold becomes

. (1 0 > . <(E)‘1x1>
X =iu't* X +ipu’*
0 —ax (A.67)

+ %g; (x,0,0) + Oyl + O(jl*)

for x € C2. Changing to real coordinates by the change of variables

1 —i
x=Sw, with S= <1 ) >, (A.68)

i
and letting
pz =X1Xy = w% + w%, (A.69)
we obtain
W wy Im(a!)w; +Re(a!)ws
=u't* + pu*
Wy —w -Re(aMw; +Im(a™)w,

\ 3 Re(a(1-iu*))wr —Im(a (1 - in*))w, (A.70)
' Im(a'(1-iu*))w; + Re(a™(1 - iu*))w,

+ O<y2|w|> + O<|w|4>.
If we use polar coordinates

w1 = pcosy, (A71)
wy = psiny, .

then we find that

p=(arp+bip?)p+ 0 (i) +O(p*),

X =t +cip+dipt + O<y2p> + O(p4>,

(A.72)

where ay, by, ¢1, and d; are as in (A.48).
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