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We present a simple proof of the interior approximate controllability for the following broad class
of second-order equations in the Hilbert space L*(Q): i + Ay = 1,u(t), t € (0,7], y(0) = yo,
7(0) = y1, where Q is a domain in RN (N > 1), yo,y1 € L*(Q), w is an open nonempty subset
of Q, 1,, denotes the characteristic function of the set w, the distributed control u belongs to
L2(0,7;L*(Q)), and A : D(A) C [*(Q) — L?*(Q) is an unbounded linear operator with the
following spectral decomposition: Az = 372, \; ZL (z, i) pjk, with the eigenvalues A; given by
the following formula: A; = P, i =1,2,3,...and m > 1 is a fixed integer number, multiplicity
¥j is equal to the dimension of the corresponding eigenspace, and {¢;«} is a complete orthonormal
set of eigenvectors (eigenfunctions) of A. Specifically, we prove the following statement: if for
an open nonempty set w C Q the restrictions 4);",( = ¢jklw of ¢jx to w are linearly independent

functions on w, then for all T > 2/2™! the system is approximately controllable on [0,7]. As an
application, we prove the controllability of the 1D wave equation.

1. Introduction

This paper has been motivated by the work in [1] and the articles [2, 3], where a new
technique is used to prove the interior approximate controllability of some diffusion process.
Particularly in [3], where the authors prove the interior approximate controllability of the
following broad class of reaction diffusion equations in the Hilbert space Z = L*(Q) given by

Z =-Az+1,u(t), te[0,7], (1.1)

where Q is a domain in R”, w is an open nonempty subset of Q, 1,, denotes the characteristic
function of the set w, the distributed control u € L?(0, 7; L*(Q)) and A: D(A) C Z — Zisan
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unbounded linear operator with the spectral decomposition

© Yi
Az = Z)‘72<Z’ Pik)Pik- (1.2)
=1 k=1

The eigenvalues 0 < Ay < Ay < -++ < ---1; — oo of A have finite multiplicity y; equal to
the dimension of the corresponding eigenspace, and {¢;x} is a complete orthonormal set of
eigenvectors of A. The operator —A generates a strongly continuous semigroup {Ta(t)};so
given by

© Yi
Ta()z = 3™ 3 (2, §jx)Pik- (1.3)
k=1

j=1

As a consequence of this result, the controllability of the following heat equation follows
trivially by putting A = -A

zy = Az + 1,u(t,x), in (0,7)xQ,
z=0, on (0,7)x0Q, (1.4)
z(0,x) = zp(x), in Q.

Following [1-3], in this paper, we study the interior approximate controllability of the
following broad class of second-order equations in the Hilbert space L*(Q):

7+ Ay =1,u(t), te(0,71],

(1.5)
yO =vo,  yO0)=un,
where the eigenvalues \; of the operator of A are given by the following formula:
Aj= jzmyrzm, j=1,2,3,..., m>1is a fixed integer number. (1.6)

Specifically, we prove the following statement: if for an open nonempty set w C Q the
restrictions gb;"k = ¢jkl, of ¢jk to w are linearly independent functions on w, then for all

T >2/7™ ! the system (1.5) is approximately controllable on [0, 7]. Moreover, we can exhibit
a sequence of controls steering the system from an initial state to a final state in a prefixed
time (see Theorem 2.8).

This result implies the interior controllability of the following well-known examples
of partial differential equations.
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Example 1.1. The 1D Wave Equation

yu — Ay =1,u(t,x), in (0,7] xQ,
y=0, on (0,7)x0Q, (1.7)
y(0,x) =yo(x), y:(0,x)=yi1(x), x€Q,
where w is an open nonempty subset of Q = [0, 1], 1,, denotes the characteristic function of
the set w, and the distributed control u € L?(0, T; L*(Q)).

Example 1.2. The Model of Vibrating String Equation

wy + A?w = 1,u(t,x), in (0,7] xQ,
w=Aw=0, on (0,7)x 0%, (1.8)

w(0,x) = Po(x), wi(0,x)=go(x), x€Q,

where Q = [0, 1], w is an open nonempty subset of Q, u € L?([0, 7]; L*(Q)), ¢o, g0 € L*(Q).

2. Main Results

In this section, we will prove the main result of this work; to this end, we consider by X =
U = L?(Q) and the linear unbounded operator A : D(A) C X — X can be written as follows.

(a) For all x € D(A), we have

Ax = > \iEj, (2.1)
j=1
where
Yi
Ejx = Y (& djx)Pjk- (2.2)
k=1

So, {E;} is a family of complete orthogonal projections in X and x = 372 Ejx, x €
X.

(b) The semigroup {Ta(t)} generated by —A can be written as follows:

Ta(t)x = Y e ™V'Ejx. (2.3)
j=1
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(c) The fractional powered spaces X" are given by

n=1

X" =D(A") = {x €X: DAY Epx|? < oo}, r>0, (2.4)
with the norm

o 1/2
[l = [|A"x]| = {Z)tffllEnxllz} , xeX’,
" 2.5)

>
A'x = ZA;Enx.
n=1

Also, for r > 0, we define Z, = X" x X, which is a Hilbert space endowed with the

norm given by
Y
v

Proposition 2.1. The operator P; : Z, — Z,, j >0, defined by

E; 0 . 0
j = 7 2 7 .
Pi 0 E; J

2

= ly]I? + ol (2.6)
Z,

is a continuous (bounded) orthogonal projections in the Hilbert space Z,.

Proof. First we will show that P;(Z,) C Z,, which is equivalent to show that E;(X") ¢ X". In
fact, let x be in X" and consider E;x. Then,

o]

ST NEEx||” = | Ejx|* < oo, (2.8)

n=1

Therefore, Ejx € X", forall x € X".
Now, we will prove that this projection is bounded. In fact, from the continuous
inclusion X" C X, there exists a constant k > 0 such that

x|l < k||x]l,, VxeX". (2.9)

Then, for all x € X", we have the following estimate

=
IEjx; = AT NERE x||” = A5 Ejl* < A7 [lxl® < A7 K2 7. (2.10)

n=1
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Hence, ||E;x|| < J\;k||x||r, which implies the continuity of E; : X" — X". So, P; is a continuous
projection on Z,. O

Hence, with the change of variable y' = v, the system (1.5) can be written as a first-
order system of ordinary differential equations in the Hilbert space Z;,» = X'/2x X as follows:

Z =Az+Bou, z(0)=2zy, z€Zipn, te(0,7], (2.11)

z=[y], sz[o], 4:[0 IX] (2.12)
v 1o “A 0

is an unbounded linear operator with domain D(«#) = D(A) x D(A'/?).
The proof of the following theorem follows in the same way as [4, Theorem 3.1], by
putting ¢ = 0 and d = 1 or directly from [5, lemma 2.1] or [6, Lemma 3.1].

where

Theorem 2.2. The operator o4 given by (2.12) is the infinitesimal generator of a strongly continuous
semigroup {T (t)},cp given by

T(t)z=>eY"Pz, z€Z t>0, (2.13)
j=1

where { P; }].2 is a complete family of orthogonal projections in the Hilbert space Z; , given by

1

Py = diag[Ej Ej], j=21,

- RD R 0 1 (2.14)
i = Rt A
Also,
A*=R'P, R [0 _1] (2.15)
L= 1, L = . .
] ] ] ./\] 0

Moreover, /i = e®i* P; and the eigenvalues of R;j are \/Aji and —4 /i

Now, before proving the main theorem, we will give the definition of approximate
controllability for this system. To this end, for all zy € Z;» and u € L?(0,7;U), the initial
value problem

Z =Az+B,u(t), zeZ te(0,7],
(2.16)
z(0) = zo,
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where the control function u belongs to L*(0,7;U), admits only one mild solution given by
t
z(t) = T(t)zo + f T(t-s)Byu(s)ds, te]0,7]. (2.17)
0

Definition 2.3 (Approximate Controllability). The system (2.16) is said to be approximately
controllable on [0, T] if for every zog, z1 € Zis2, € > 0 there exists u € L*(0,7;U) such that the
solution z(t) of (2.17) corresponding to u verifies

z2(0) =20,  |lz(7) —zi <& (2.18)

Consider the following bounded linear operator:
T

G:IL*0,1;2) — Z, Gu = f T(t - s)B,u(s)ds, (2.19)
0

whose adjoint operator G* : Z — L?(0,7; Z) is given by

(G*z)(s) =B,,T*(t-s)z, Vse[0,7], Vze Z (2.20)

The following lemma is trivial
Lemma 2.4. The equation (2.16) is approximately controllable on [0, T] if, and only if, Rang(G) = Z.
The following result is well known from linear operator theory.

Lemma 2.5. Let W and Z be Hilbert spaces and G* € L(Z, W) the adjoint operator of the linear
operator G € L(W, Z). Then,

Rang(G) = Z < Ker(G") = {0}. (2.21)

As a consequence of the foregoing Lemma, one can prove the following result.

Lemma 2.6. Let W and Z be Hilbert spaces and G* € L(Z, W) the adjoint operator of the linear
operator G € L(W, Z). Then, Rang(G) = Z if, and only if, one of the following statements holds:

(a) Ker(G*) = {0},

(b) (GG*z,z)>0,z#0in Z,

() limy_g+a(al+GG") 'z =0,

(d) sup,olla(al + GG*)'| < 1.

The following theorem follows directly from (2.20) and Lemmas 2.4 and 2.6.

Theorem 2.7. The equation (2.16) is approximately controllable on [0, T] iff

B.T*(Hz=0, Vte[0,7], = z=0. (2.22)
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Now, we are ready to formulate and prove the main theorem of this work.

Theorem 2.8 (Main Theorem). If for an open nonempty set w C & the restrictions (j);"k = Pikl,

of pik to w are linearly independent functions on w, then for all T > 2/x™ " the system (2.16) is
approximately controllable on [0, T]. Moreover, a sequence of controls steering the system (2.16) from
initial state zo to an e neighborhood of the final state zq at time T > 0 is given by

uy(t) = BLT* (T — t) (al + GG*) ™ (z1 - T(7)z0), (2.23)
and the error of this approximation E, is given by
E, = a(al + GG*) (21 = T(1)z0). (2.24)

Proof. We will apply Theorem 2.7 to prove the controllability of system (2.16). To this end, we
observe that the adjoint of operator B,, is by

B, =0 1,],
O (2.25)
T"(hz=>e"'Piz, z€Z t>0.
j=1
Therefore,
B,T*(t)z = > BLe"i'P;z. (2.26)
j=1
On the other hand, we have that
1
cosq /At ——=sin4 /At o 1 .
Rt = \/7 \/)T] \/7 _ cos j™a™t _]'mﬂ-m sin j™or™t . )
\/)T,- sin \/)T]-t cos \/)T]-t jmo™ sin jMor™t cos j™ar™t
Suppose for all z € Z; , that
B.T*(t)z = Z{]myrm sin(j"x"™t) (1,Ejz1) + cos(j"x"™t) (1,Ejz2) } =0, Vte[0,7]. (2.28)
j=1

Then, if we make the change of variable s = ™, we obtain that
> {j"x™sin(j™s) (1wEjz1) + cos(j™s) (1wEjz2) } =0, Vs € [O,JFkT]. (2.29)
=1
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Since 7 > 2/x™ ! we get that

Z{]myrm sin(j™s) (1wEjz1) + cos(j™s) (1wEjz2) } =0, Vs € [0,2:r]. (2.30)
-1

-

On the order hand, it is well known that {1, cos(ns),sin(ns) : n =1,2,3,...} is an orthogonal
base of L?[0,2sr], which implies that {cos(j™s),sin(j™s) : j =1,2,3,...} is an orthogonal set
in L2[0,2sr], and therefore

(10Ejz1)(x) =0, (1.Ejz)(x) =0, Yx€Q, j=1,23,..., (2.31)
that is,
(Ejz1)(x) =0, (Ejz2)(x)=0, Vxew, j=1,2,3,..., (2.32)
that is,
¥ ¥i
D (z1, 9k bik(x) =0, D (z2,§ipik(x) =0, Vxew, j=1,2,3,.... (2.33)
k=1 k=1

Since the restrictions ¢;"k = ¢jkl,, of ¢jk to w are linearly independent functions on w, we get
that

<Zl,gb]',k> = 0, <Zz,¢]‘,k> = 0, ] = 1,2,3,. vey k= 1,2,. - (2.34)

Therefore,

E]‘ (21) 0
o= [7]-[1] -

Hence, z = 3172, Pz = 0, and the proof of the approximate controllability of the system (2.16)
is completed.

Now, given the initial and the final states zp and z;, we consider the sequence of
controls

U (") = BET* (1 — ) (al + GG*) (21 — T (1) 20)
(2.36)
= G*(al + GG*) Y(z1 - T(1)z0), a>0.
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Then,

Guy = GG*(al + GG*) (21 - T(1)z0)
= (al + GG* — al)(al + GG*) ™ (z1 — T(7)z0) (2.37)

=21 - T(1)z0 — a(al + GG*) ' (z1 - T(7)z0).

From part (c) of Lemma 2.6, we know that

Jim a(al + GG*) Nz = T(7)z0) = 0. (2.38)
Therefore,
}EIORG”“ =z1 - T(7)zo, (2.39)
that is,
alijr&+{T(T)zo + J.: T(t- s)Bwua(s)ds} =z]. (2.40)
This completes the proof of the theorem. O

The following basic theorem will be used to prove an important consequence of the
foregoing theorem.

Theorem 2.9 (see [7, Theorem 1.23, page 20]). Suppose Q C R" is open, nonempty, and
connected set, and f is real analytic function in Q with f = 0 on a nonempty open subset w of
Q. Then, f =0in Q.

Corollary 2.10. If ¢;x are analytic functions on Q, then for all open nonempty set w C Q and all
T >2/7™ 1 the system (2.16) is approximately controllable on [0, T].

Proof. It is enough to prove that, for all open nonempty set w C Q the restrictions ¢;"k =ikl

of ¢; x to w are linearly independent functions on w, which follows directly from Theorem 2.9.
O

3. Applications
For the applications, we will use Corollary 2.10 and the following fact.

Theorem 3.1 (see [3]). The eigenfunctions of the operator —A with Dirichlet boundary conditions
on Q are real analytic functions in Q.
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In this section, we will prove the approximate controllability of (1.7) and (1.8).
Specifically, we will prove the following theorem.

Theorem 3.2. For all open nonempty set w C Q = [0, 1], we have the following statements.

(a) For all T > 2 the system (1.7) is approximately controllable on [0, T].
(b) For all T > 2/r the system (1.8) is approximately controllable on [0, T].

Proof. Let X = L?(Q) and consider the linear unbounded operator ~A : D(-A) ¢ X — X
with D(-A) = Hj(Q)NH?*(Q). In this case, the eigenvalues and the eigenfunctions of A = —-A
are given, respectively, by

A =%, ¢i(x) =V2sin(jrx), j=1,2,3,...,

Ax = -Ax = g)‘i<x/ )i = 2j2”2<x, $;)9- .
Then, m =1 and 7 > 2. So, (a) follows from Corollary 2.10.
To prove (b), we consider the operator
A= 0 = S0y = 35 ) 62)
Then, m =2and 7 >2/ar. So, (b) follows from Corollary 2.10. O

4, Final Remark

The result presented in this paper can be formulated in a more general setting. Indeed, we
can consider the following second-order evolution equation in a general Hilbert space X:

7+ Ay =Cu(t), te(0,7],
(4.1)
y(0) =y,  y(0)=u,

where, A : D(A) ¢ X — X is an unbounded linear operator in X with the spectral
decomposition given by (1.2), the control u € L?(0,7;X) and C : X — X is a linear and
bounded operator (linear and continuous). In this case, the characteristic function set is a
particular operator C, and the following theorem is a generalization of Theorem 2.8.

Theorem 4.1. If the vectors C*¢; x are linearly independent in X, then for all T > 2/ 7™ the system
(4.1) is approximately controllable on [0, T]. Moreover, a sequence of controls steering the system
(2.16) from initial state zy to an € neighborhood of the final state z1 at time T > 0 is given by

ux(t) = BT*(1 - t)(al + GG*) (21 — T(1)z0), (4.2)
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and the error of this approximation E, is given by
E, = a(al + GG*) (21 - T(1)z0), (4.3)

where the operator B is given by B = [2].

The novelty of this result is based on the fact that, it is general, rigorous, applicable,
and easily comprehensible by those young mathematician who are located in places away
from majors research center.
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