Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2010, Article ID 316870, 8 pages
doi:10.1155/2010/316870

Research Article

On Multiple Generalized w-Genocchi Polynomials
and Their Applications

Lee-Chae Jang

Department of Mathematics and Computer Science, Konkuk University, Chungju,
Chungcheongbuk-do 380-701, Republic of Korea

Correspondence should be addressed to Lee-Chae Jang, leechae jang@kku.ac.kr
Received 26 September 2010; Accepted 3 December 2010
Academic Editor: Ben T. Nohara

Copyright © 2010 Lee-Chae Jang. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

We define the multiple generalized w-Genocchi polynomials. By using fermionic p-adic invariant
integrals, we derive some identities on these generalized w-Genocchi polynomials, for example,
fermionic p-adic integral representation, Witt's type formula, explicit formula, multiplication
formula, and recurrence formula for these w-Genocchi polynomials.

1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z, Z,, Q,, C, and C, will,
respectively, denote the ring of integers, the ring of p-adic integers, the field of p-adic rational
numbers, the complex number field, and. the p-adic completion of the algebraic closure of
Q. Let v, be the normalized exponential valuation of C, with |p|, = p™® =p~..

The g-basic natural numbers are defined by

1-gq
1-g

[n], = =l+g+g*+---+g"" (1.1)

for n € N, and the binomial coefficient is defined as

ny n! nn-1)---(n-k+1)
<k> T (n-k)lk! Kl : (1.2)
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The binomial formulas are well known that

L n . L n+i-—
1-b)" = -1)'v, 1.3
a3 s e 13

(see, [1,2]). When one talks of g-extension, q is variously considered as an indeterminate,
a complex number g € C, or a p-adic number q € C,. If g € C, one normally assumes that
|g] < 1.1f g € G,, one normally assumes that |g — 1|, < 1. We use the notation

—g* 1-(-g)*
[X]q=1 7, [x]_q=%2), (1.4)

see [1-13] for all x € Z;,. Note that lim; 1 [x], = x for x € Z, in presented p-adic case.
Let UD(Z)) be denoted by the set of uniformly differentiable function on Z,. For f €
UD(Zy), an invariant p-adic g-integral on Z, is defined as

HU)ffMWA@Jm NZﬂMq> (15)

Thus, we have the following integral relation:

;if}qu (f1) +14(f) = (1 +q) f(0), (1.6)
where fi(x) = f(x + 1), and the fermionic p-adic invariant integral relation:

L) = limEy(F) = [ o), 17

La(f1) +1(f) = 2£(0). (1.8)

Now, we recall that the definitions of w-Euler polynomials and w-Genocchi
polynomials are defined as

wet +1 ZE"W(X)

(1.9)
2t xt

T Zan(x) teR weC,

with |1 —wl, < 1, respectively. In the special case x = 0, E;;1»(0) = Ey, and G,,,(0) = G
are called w-Euler numbers and w-Genocchi numbers (see [2, 9]).
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In [13], Bayard and Simsek have studied multiple generalized Bernoulli polynomials
as follows:

' [ ajt+log(w®) o i (o
H<]—a,1 e = 3B (x; ay,...ar) -, |t +log(Jwl)| < min R
n=0 .

j=1 (wet) —
(1.10)

where ay, ..., a, are strictly positive real numbers.

The purpose of this paper is to define another construction of multiple generalized w-
Genocchi polynomials and numbers, which are different from multiple generalized Bernoulli
polynomials and numbers in [13]. By using fermionic p-adic invariant integrals, we derive
some identities on these generalized w-Genocchi polynomials, for example, fermionic p-adic
integral representation, Witt’s type formula, explicit formulas, multiplication formula, and
recurrence formula for these w-Genocchi polynomials.

2. Multiple Generalized w-Genocchi Polynomials and Numbers

Let r € N and ay,...,a, be strictly positive real numbers. The multiple generalized w-
Genocchi polynomials fozu (x;ay,...,a,) are defined as

L 2t)" . t"
l_ll(wét)—”)/#l ZG( ) w(x;ay,... )E' forte Rw e€C, (2.1)
]=

where |logw + t| < minicj<,{or/a;j}. The values of fozu (x;a1,...,a,) at x = 0 are called the
multiple generalized w-Genocchi numbers: whenr =1, w =1,and a; =0 (j = 1,...7r), the
polynomials or numbers are called the ordinary Genocchi polynomials or numbers.

It is known that

f wzet(ux)d# 1(z) = Zan(x)

2t t

r 2142042 pt (21442, +X) =(—- —
tfz,, pr ‘ Apa(z) g (z0) < et+1> ZG <
(2.2)

In fact, let ustaket € R, w € C, and we apply the above difference integral formula
(1.8) for f(z) = w%e', then we obtain

(wet) " 1 f w%e taz+x)d//l 1(2) (23)
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By (2.3), we easily see that

i (we')¥ +1 z, Jz,
e
= ZJ. walzl+“'+arzr(alzl +...+arzr+x)n (24:)
n=0" Lp Ly
tn+r
xdp(z1) - d#—l(zr)jl
Gg;](x; A ...,r) == Gr(:)l,w (x;a1,...,a,)) =0. (2.5)

By (2.4) and (2.5), we obtain the following fermionic p-adic integral representation
formula for these numbers.

Theorem 2.1 (p-adic integral representation). Let r € N and ay, ..., a, be strictly positive real
numbers. Then one has a fermionic p-adic invariant integral representation for the multiple generalized

w-Genocchi polynomials Gf{/;,(x; ai,...,ay) as follows:

Gf;),,w(x; ai,...,a;)

= J‘ .. J‘ walzl+"'+ar2r(alzl +-ota,z, + x)nd‘l/l_l (Zl) ce d‘l/l_l (Zr)
Zyp Zyp

P
(2.6)
forn >rand
Gy (xa,...,a) = =G, (xa...,a,)) =0. (2.7)
We remark that if we set ¥ = 1 and a; = 1, then we have the following equation:
G\ w(x1 G (%)
n+r, J(rl ) _ n+l, — En,w(x)- (28)
(™) n+1
The generalized w-Genocchi polynomials are given by
2t .z tn
= Guw(x;a)—,
(wet)? + 1° nZ:o wo(* a)n!
(2.9)

J. w™e! @ dy | (z) = Z f w(az + x)"dp_1 (2)t".
Z, n=0"Zp
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By comparing the coefficients on both sides in (2.9), we obtain the following identity on the
generalized w-Genocchi polynomials

Grw(x; a)

n! - J.Zp w(az + x)"dp1(z). (2.10)

Similarly, from (2.4), we can obtain the following Witt's type formula for the multiple
generalized w-Genocchi polynomials.

Theorem 2.2 (Witt’s type formula). Let r € N and ay, ..., a, be strictly positive real numbers.
Then one has

GOy(x;a1,...,a

oy r) = J‘ walzl+"'+arZr(alzl + -+ Az, +x)nd#71(zl)...d‘u71(zr).
. Zp Zp

(2.11)
From (2.4), we can directly calculate the following:

GUl(x;ai,...,a,)

[ [ e a0 dpa(zn) - du 2
Zp Zy
1 n . .
= . xn_lf f w“lzl+"'+ﬂrzr X (alzl + oo+ arzr)zd‘u_l(zl) ...d//l_l(zr)n!
i=0 1 Zyp Zyp

2
n n .
- Z< > (n-i)x""G) (ay, ..., a).
i=0 \'!

(2.12)

From (2.12), we get the following explicit formula.

Theorem 2.3 (explicit formula). Let r € Nand ay, ..., a, be strictly positive real numbers. Then
one has

2
n n .
Gu(x;ai,...,a,) = Z( > (n-i)x" G (a1, ..., a). 2.13)
l ,

i=0
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Next we discuss the multiplication formula for the multiple generalized w-Genocchi
polynomials as follows:

Gflrlzl,(x; ai,...,ar)

J. s | MBI (@ zg -+ apze + x)" dpci (1) - dpea (240!
Zp Zp

mpN -1

im > w1z 4 apz, + x)" (1)
Nﬂoozl,...,z,:O

m-1 pN-1

=m" Z wa1t1+~-~+a,t,(_1)t1+-~-+t, lim Z (_1)m(y1+-~-+y,)
N — o
t1,...t,=0 Y1,y =0

(2.14)
X+ aty + -+ at,

n
x (wm)a1y1+~-~+aryr< + a1y o4 aryr) n!

m

m-1
m" Z wa1t1+~-~+a,t, (_1)t1+-~-+t,n! J‘ . (wm)a1y1+-~-+ury,
ty,etr =0 Lp Zp

<x+a1t1 + -+ at,
X

n
p- tagyr o+ ar%) dp1(y1) -+ dp-a1 (yr)

m-1

—— P () (x+aiti+---+art,

=m" Z wiht +llrr(_1)1 rXGn,'iu"( - ,at, ..., a4, ).
t1,eesty=0

Thus, we obtain the following multiplication formula for the multiple generalized w-
Genocchi polynomials.

Theorem 2.4 (multiplication formula). Let r € Nand ay, ..., a, be strictly positive real numbers.
For any m € N, one has

GS{,“BU (mx/ ay,..., ar)

m-1 (2.15)
- m" Z wa1t1+-~-+a,t,(_1)t1+._.+t, % Gizr,zx;" (x +mtb + + artr; ay,..., ar)-
f =0 m
Corollary 2.5. (1) If one sets w = ay = --- = a, = 1l and r,n € N, then one obtains Raabe type

ormula for multiple Genocchi polynomials fo) (x) as follows:
P poiy

G\ (mx) = m" nf G x+iE (2.16)
n n m 4

t,enty=0 i=1

where (2t/ (et +1)) e = 32, G (x) (£ /).
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(2) If one sets w = 1 and r,n € N, then one obtains Carlitz’s multiplication formula for the
multiple generalized Genocchi polynomials G,(f) (x;ai,...,a,) as follows:

G (mx;ay,...,a,) = m" Z f)<x+Za1 —,a,...,4 >, (2.17)

where ((2t)" /(T}y (€% + 1)))e™ = 32, Gy (max; ay, ..., a,) (" /).

Finally, we discuss the recurrence formula for the multiple generalized w-Genocchi
polynomials as follows. Let r € N and ay, ..., a, be strictly positive real numbers. For any
k=1,...,r, we can directly derive the following equation:

S (™0 tr
SIS )Ghoxlan,. .. a0G ) (ak, .. a) )
n=0 \ 7=0 \J n

i
ZG(k)(xlalz e, aK)= Gr_],i’(ak_',l, .,,ar)—.>
(n-j)!

g
/\

k tm k tl
Z G,(n,l,,(xlal,...,ak)% . )(ak+1/ . /ar)ﬁ

m+l=n,m,1>0

o r tl
=<%G;’;{,,(x|al,. ak)—> <ZG k)(ak+1,...,a,)ﬁ>

S TCORA VAR S OIS W o A O M
<]]:1[ (wet) + 1° ;‘1:4!1 (wet)i +1 - g (wet) + 1°
tTl

[ee)
- ZG,([)(mx | al,...,ar)m.

n=0

Il
1M
7~ N\

(2.18)

By comparing the coefficients on both sides in (2.18), we obtain the recurrence formula for
the multiple generalized w-Genocchi polynomials.

Theorem 2.6 (recurrence formula). Let r € Nand ay, ..., a, be strictly positive real numbers. For
anyk=1,...,r, one has

" n
GV (mx | ai,..., a) = Z( _>G§2(x lay,...,a) G (aka, ... ar). (2.19)
j

j=0
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