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This paper is concerned with the problem of robust reliable stabilization of switched nonlinear
systems with time-varying delays and delayed switching is investigated. The parameter
uncertainties are allowed to be norm-bounded. The switching instants of the controller experience
delays with respect to those of the system. The purpose of this problem is to design a reliable
state feedback controller such that, for all admissible parameter uncertainties and actuator failure,
the system state of the closed-loop system is exponentially stable. We show that the addressed
problem can be solved by means of algebraic matrix inequalities. The explicit expression of the
desired robust controllers is derived in terms of linear matrix inequalities (LMIs).

1. Introduction

A switched system is composed of a family of continuous-time or discrete-time subsystems
and a rule specifying the switching among them. Switched systems have received increasing
attentions in the past few years, since many real-word systems such as mechanical systems,
automotive industry, aircraft, and air traffic control systems, chemical processes can be
modelled as switched systems (see [1-3]). A large number of results have been reported
for such systems (see [4-8]).

On the other hand, time delay systems have continuously been receiveing considerable
attention over the past decades. The main reason is that many kinds of engineering systems,
for instance, long-distance transportation systems, hydraulic pressure systems, network
control systems, and so on, include time delay phenomena in their dynamics. Many valuable
results have been obtained for switched systems with time delay (see [9-15]). On the other
hand, the actuators may be subjected to failures in real practice, therefore, it is of practical
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importance to design a control system which can tolerate faults of actuators. Several design
approaches to the reliable controller have been proposed for linear and nonlinear systems
(see [16-19]), and these results have been extended to switched systems (see [20-22]).

Recently, the asynchronous switching control problem of switched systems has stirred
renewed research interests, and a varity of switched systems have been investigated by
different approaches [23-26]. However, to the best of the authors’ knowledge, the issue
of reliable stabilization of switched nonlinear systems with time-varying delay under
asynchronous switching has not been fully investigated, which motivated the present
study.

In this paper, we are interested in designing the robust reliable controller for uncertain
switched nonlinear system with time-varying delays and delayed switching. The remainder
of the paper is organized as follows. In Section 2, problem formulation is presented and the
failure model of actuator in switched system is introduced briefly. In addition, some necessary
lemmas are given. In Section 3, based on the average dwell-time approach, controller design
for switched nonlinear system with time-varying delays and delayed switching is developed,
and sufficient conditions for the existence of the controller are formulated in terms of a set of
matrix inequalities. Concluding remarks are given in Section 4.

Notation. Throughout this paper, the superscript “T” denotes the transpose, || - || denotes the
Euclidean norm. Amax(P) and Apin (P) denote the maximum and minimum eigenvalues of
matrix P, respectively, I is an identity matrix with appropriate dimension. diag{a;} denotes
diagonal matrix with the diagonal elements a;, i = 1,2,...,n. The asterisk * in a matrix is
used to denote term that is induced by symmetry. The set of positive integers is represented
by Z*.

2. Problem Formulation and Preliminaries

Consider the following uncertain nonlinear switched system with actuator fault

%(t) = AgnyX(t) + Ado(ryx (t = dow (£)) + Boy ! () + fom (x(t), 1),

x(t) =o(t), te[to—d to],

2.1)

where x(t) € R" is the state vector, u/(t) € R! is the control input of actuator fault, ¢(t)
is a continuous vector-valued function. The function o(f) : [fp,0) — N = {1,2,...,N} is
the switching signal which is deterministic, piecewise constant and right continuous, that is,
o : {(ty,0(ty)), (t1,0(t1)),...}, kK € Z*, where ty > 0 is the initial time, and t; denotes the
kth switching instant. ds ) (t) denotes the time-varying state delay satisfying 0 < dg()(t) <
d, do(t) < 7 for constants d and 7. Moreover, o(t) = i means that the ith subsystem is
activated. N denotes the number of subsystems. f;(x(t),t) (i € N) are nonlinear functions
satisfying

| fix(®), t)|| < IUix ()], (2.2)

where U; are known real constant matrices.
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A;, Agi for i € N are uncertain real-valued matrices with appropriate dimensions, and
have the following form:

[Ai Adi] = [Ai Ag] +HiF;(t)[Eyi Eaxl, (2.3)

where A;, Agi, Bi, Hii, E1i, Eoi are known real constant matrices with proper dimensions, and
Hy;, Eqj, Eo; denote the structure of the uncertainties, F;(t) are unknown time-varying matrices
which satisfy

FI(hFi(t) < 1. (2.4)
The control input of actuator fault #/ (t) can be described as

u/ (t) = Mypu(t), (2.5)

where u(t) = Kypx(t) is the switching controller which will be designed, M; (i € N) are the
actuator fault matrices with the following form:

Mi=diag{mi11mi21'”1mil}l Osmik < mix Smik/ mik 21/ k= 1121--‘11‘ (26)
For simplicity, we introduce the following notation

My = diag{mi1, mi, ..., mi}, Ji = diag{ji, jio, ..., ju}, L; = diag{li, lio, ..., lu},

2.7)
where i = 1/2(mix + my), jik = (Mix — my) /(M + my, ), Lk = (mix — M) / Mik.
From (2.6)-(2.7), we have
M;=Mp(I+L;), |L|<Ji<]I, (2.8)

where |Ll| = dlag{ |li1|/ |li2|, ey |lil| }

Remark 2.1. my = 1 means normal operation of the kth actuator signal of the ith subsystem.
When my = 0, it covers the case of the complete failure of the kth actuator signal of the ith
subsystem. When m,, > 0 and mx #1, it corresponds to the case of partial failure of the kth
actuator signal of the ith subsystem.

The delayed switching of the controller can be shown in Figure 1.
We can see from Figure 1 that the controller K; operates the ith subsystem in [t;_; +
Ak-1,ti), and operates the jth subsystem in [f, fx + Ak).
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Subsystem i Subsystem j

The switching of the system i i i

I I I

1 1 1

1 1 1

I I I

I I I

I I I

The switching of the controller | Controller K; ! ControllerK; | Controller K; !

t-1 + Ak-1 te b + Ag b

Figure 1: Diagram of the delayed switching.

Let 0’(f) denote the switching signal of the controller, the switching instants of the
controller can be described as

tl+A1,t2+A2,...,tk+Ak,...,kEZ+, (29)

where Ay < infrez- (te1—tk), Ak represents the delayed period, and it is said to be mismatched
period.

Remark 2.2. Mismatched period Ay < infiez+(tk1 — tk) guarantees that there always exists a
period that the controller and the system operate synchronously, and this period is said to be
matched period in the later section.

Due to the delayed switching, the real input of actuator fault can be written as

w (t) = Moty Koo X (t). (2.10)

Under switching controller (2.10), the resulting closed-loop system is given by

x(t) = (Aot + Boty Moty Ko (1)) X (1) + Adoyx (t — dop (1)) + fow (x(t), 1),

(2.11)
x(t) =(t), te][to—d,to].
System (2.1) without uncertainties and actuator fault can be written as
x(t) = Ag(t)x(t) + Adg(t)x(t - da(t)(t)) + Bg(t)u(t) + fg(t) (x(t), t), (2 12)

x(t) = (t), te[to—d to].

Definition 2.3 (see [13]). If there exists switching signal o(t), such that the trajectory of system
(2.1) satisfies ||x(t)|| < allx(to)]|,e ¢, then system (2.1) is said to be exponentially stable
with convergent rate , where a > 1, > 0, t > to, [|x(t) |, = sup_gootllx(t + O) |, | (£ + O)||}.
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Definition 2.4 (see [27]). For any T, > T1 > 0, let N;(T1,T;) denote the switching number of
o(t) on an interval (Ty, T,). If

Noy(Ty,T») < Ng + =—=1 L-h (2.13)

a

hold for given Ny > 0, 7, > 0, then the constant 7, is called the average dwell time and Ny is
the chatter bound.

The following lemmas play an important role in the later development.

Lemma 2.5 (see [28]). For given vectors a, b and the positive matrix X > O, there exists the matrix
M with appropriate dimension, such that

e

Lemma 2.6 (see [29]). For matrices X,Y of appropriate dimension and Q > 0, we have

XM
-2a"b < mf {[b] [MTX (MTx+I)X XM +1)

XY +YTX < XTQX +YTQ Y. (2.15)

Lemma 2.7 (see [30]). Let U, V,W, and X be real matrices of appropriate dimensions with X
satisfying X = X, then for all VTV < I,

X+UVW +WTvTuT <0 (2.16)

if and only if there exists a scalar € > 0 such that

X +eUuu? + e 'Wiw <. (2.17)

Lemma 2.8 (see [31]). For matrices Ry, Ry with appropriate dimension, there exists a positive scalar
p >0, such that

RiZ(HR, + RIZT(HRT < pRYURT + p'RIUR, (2.18)

hold, where 3(t) is time-varying diagonal matrix, U is known real-value matrix satisfying |Z(t)| < U.

The objective of this paper is to design a reliable controller for system (2.1) with
delayed switching such that the resulting closed-loop system is robust exponentially stable.
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3. Main Results

To obtain the main results of this paper, we first consider the stability of the following
nonlinear delay system

x(t) = Ax(t) + Aax(t - d(t)) + f(x(t),1), (3.1)
x(t) =), tel[to—d, tol, (3.2)
where x(t) € R" is the state vector, ¢(t) is a continuous vector-valued initial function, A, A4

are real-valued matrices with appropriate dimensions, f(-,-) : R* x R — R" is unknown
nonlinear functions satisfying

If ), 0l < |[Tx) (3.3)
where U is known real constant matrix.

3.1. Stability Analysis

Lemma 3.1. Consider system (3.1)-(3.2), for given positive constant a, p1, pa, €1, 41, if there exist
positive definite symmetric matrices P, S, Q, R, and any matrices G, W with appropriate dimensions,
such that

Q<ml, P<pal, (3.4)
B GT WTA;, ATQ 0 d(WT+P) ATQ 0 O]
* —-(1-1)e™R-G-GT -G  AlQ 0 0 0 Al 0
x * dleQ 0 AlS 0 0 0 0
* * x 41Q 0 0 0 0 0
* * % x  —d?S 0 0 0 0 | <0,
x * * * x -S 0 0 0
* * * * * * -d7'eQ 0 0
* * * * * * * -d'mQ 0
g * x * * * * x O |

(3.5)

holds, then for Lyapunov functional candidate

t t

0
xT(s)e’”(t’s)Rx(s)ds+f ' (1) e Qx(r)drdo, (3.6)
—d J t+60

V(x(t)) =xT(t)Px(t)+I

t-d(t)



Mathematical Problems in Engineering 7

along the trajectory of system (3.1), there holds the following inequality:

V(x(t)) < eV (x(k)), (3.7)

where X = (A+ Ag) ' P+ P(A+ Ag) + (@+1)P+R, ®=—[tp1(1+&1+m1) +p2] 'L

Proof. Let Vi(x(t)) = xT(HPx(t), Va(x(t)) = | tt—d(t) T (s)e-a -9 R (s)ds, Va(x(t) =
ﬁ)d jtt+9 1T (r)e 1 Qx(r)dr de.
Notice that x(t) — x(t - d(t)) = ftt_d(t) x(r)dr, (3.1) can be written as

t

xX(t) = (A+ Ag)x(t) + f(x(t),t) — Aa J‘t_d(t) x(r)dr. (3.8)

Along the trajectory of system (3.1), the time derivative of V;(x(t)) is given by
_ t
Vi(x(t)) = 2xT () P{(A + Ag)x(t) + f(x(t),t)} - f 2xT (H)PAyx(r)dr. (3.9)
t-d(t)

Leta = Agx(r), b = Px(t), from Lemma 2.5, we can obtain

“2xT(H)PAgx(r) < T (r) ATX A (r) + 257 (r) ALX MPx(t)
(3.10)
+ xT(t)P(MTX + I)X-l(XM + D)Px(t).

Substituting (3.10) into (3.9) leads to

Vi (x(t) < %7 (t) { (A+Ax)"P+P(A+ Ag) + d(t)P<MTX + I)X-l(MX + I)P}x(t)

+xT(H)Pf(x(t),t) + fT(x(t),t)Px(t) + 2xT () PMT X Ay Jt x(r)dr
t=d(t)

t
+ f xT(r)AgXAdx(r)dr
t-d(t)

< xT(t) { (A+Ag)"P+P(A+ Ay + TP<MTX + I>X’1 (XM + I)P}x(t)

t t

x(r)dr + f J'cT(r)AgXAdx(r)dr.

+2xT(H)Pf(x(t),t) +2xT (t)PMT X A, f
t—d(t)

t-d(t)
(3.11)
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Differentiating V,(x(t)) and V3(x(t)) along the trajectory of system (3.1), we have
t

Va(x(t)) < —a ft_d(t) e %7 (s)Rx(s)ds + xT () Rx(t)

—(1-71)e®xT(t—d(t))Rx(t - d(t)),

Vs (x(t)) = dxT (1) Qx(t) -f_d 2T (r)e I Qux(r)dr — af f 2T (r)e " Qux(r)dr dO

t+6

< dxT (H)Qx(t) — e f T (r)Qx(r)dr - af 2T (r)e " Qux(r)dr do
t—d(t

t+6

= dx” (1) ATQAX(r) + 2dx” (¢ - d(1)) AJQAX(1) + dx (1~ () AZQAx(t ~ ()
t
—e™ il xT —a(t-r) )+
e ft_d(t) (r)Qx(r)dr - af L+9 (r)e Qx(r)dr do

+d2xT (D ATQS (x(), £) + 2x (£ = d(H) ATQF (x(8), ) + T (x(H), HQS (x(1), 1)
(3.12)

By Lemma 2.6, we have
2xT () Pf(x(t)) < x" () Px(t) + fT (x(t))Pf(x(t)),

2xT () ATQf (x(t), 1) < e7'xT () ATQAX(t) + 1 fT (x(t), )Qf (x(E), 1),

22" (= d(D) AZQf (x(b), £) < 7' x" (= d(8) AgQAax(t = d(1)) + 1 fT (x(£), HQF (x (1), 1).
(3.13)

Therefore
V(x(t)) +aV(x(t))
= Vi(x(t)) + Va(x(t)) + aV (x(t))
< xT(t) { (A+A)TP + P(A+ Ag) + dP(MTx + 1)x-1 (XM +I)P
+a+1)P+ d<1 + g;l>ATQA}x(t)

+2dx"(t - d(t) ATQAx(t) + d(1 + q;l)xT(t — d(H) ATQAx(t - d(t))

t
+2xT(t)PMTX A, f x(r)dr
t-d(t)

+ f % (r) (AEXA,,, - e""dQ>5c(r)dr +d(1+e +m)fT(x(®),b)
t-d(t)

x Qf (x(b), ) + fT(x(H) Pf(x(t))
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< xT(t) { (A+Ag)P+P(A+ Ay + dP<MTX + 1>X‘1 (XM +I)P
Ha+ DP+d(1+e)ATQA+d(1+e + U QU + ETPE}x(t)

+2dxT (t - d () ATQAx(t) + d(l + q;l)xT(t —d(t) ATQAx(t - d(t))

t t

+2xT (1 PMTX Ay f " i (r) (AfX Aq - eQ)5(r)dr.
t—d(t

x(r)dr +I

t-d(t)
(3.14)

Notice that 2xT (t — d(t))G[x(t) — x(t — d(t)) - f:_d(t) x(r)dr] = 0, where G is any matrix with
appropriate dimension, we have

t
V(x(t)) + aV (x(t) < —— f () ZE(t, P)dr, (3.15)
dat) Jiaw
where ¢T(t, ) = [«7() «"(t-d) 57 (r) ],
¥ oU TATQA, +GT AHWT Ay
Z=|1ATQA+G TATQA - (1-1)e™R-G-GT —d(HG . (3.16)
A(HATW —d(HGT d(t) (r ATS A, - Q)

where ¥ = (A + Ag)" P+P(A+Aq)+dP(MTX+1) X (XM+I)P+(a+1)P+R+d(1+e;') ATQA.
Let W = XMP,S = 17X, by Schur complement lemma, (3.5) is equivalent to the
following inequality:

o JATQA+ G WTA, e

dAJQA+G dAJQAs - (1-T)e™ -G-GT -G o <o (3.17)
AW el d2ASAs-d7eQ 0

L u 0 0 ® )

Using diag{I,I,d(t)I, I} to pre- and post- multiply the left term of (3.17), respectively, we can

obtain Z < 0. Therefore, V (x(t)) + aV (x(t)) < 0.
The proof is completed.

O
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Lemma 3.2. Consider system (3.1)-(3.2), for given positive constant f, p1, pa, €1, 11, if there exist
positive definite symmetric matrices P,S,Q, and any matrices G, W with appropriate dimensions,
such that

Q<pl, P<poI, (3.18)
[~ @ WTA;  ATQ 0 d(WT+P) ATQ o u]
« -G-G' -G AlQ 0 0 0 AT 0
x o« —dlemQ 0 AlS 0 0 0 0
x * Q0 0 0 0 0
* * * x  —d?S 0 0 0 0|<0 (319
x x x . -s 0 0 0
* * * * * * -d'e1Q 0 0
£ x " " * * «  —d'mQ 0
| * * * * * * * D |

holds, then for Lyapunov functional candidate
0
V(x(t)) = xT (£) Px(t) + f f T (r)e " Qux(r)dr db, (3.20)
—-d Jt+0

along the trajectory of system (3.1), there holds the following inequality

V(x(t)) < PV (x(ty)), (3.21)

where X = (A+ Ag)"P+ P(A+ Ay) — (B-1)P.

Proof. Similarly to the proof line of Lemma 3.1, we can obtain Lemma 3.2. O

3.2. Stabilizing Controller Design

In this subsection, we will design a stabilizing controller for system (2.12) with delayed
switching.

In our design approach we only require the subsystems to be stable during matched
period, and the subsystems are allowed to be unstable during mismatched period. Under
delayed switching controller u(t) = Ky x(t), the corresponding closed-loop system is given

by

x(t) = (Ao + Boy Kory) x(t) + Adonyx (t — dowy (1)) + for (x(£),1), (3.22)

x(t) = (), te[ty—d, k] (3.23)
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Let T*(to, t) denote the total mismatched period during [to, t), T (t,t) denote the total
matched period during [fo,t), then we have the following result.

Theorem 3.3. Consider system (2.12), for given positive constants a, f, €1, M1, €2, N2, P1, P2, P3, P4
if there exist positive definite symmetric matrices X;, Z;, Si, Pij, Qij, Sij, and any matrices Y;, Gij, Wij
with appropriate dimensions, such that, fori,j € N, i#]j,

Zi>pi'l, Xi>py'l, Qij < psl, Pij < pal, (3.24)
T, Xi  AaZi Z 0 2d4S; ZE 0 Xun
x =27, -Z; ZAL 0 0 0 Z AL, 0
x« x —dlez; 0 ZAT 0 0 0 0
% x -d'z; 0 0 0 0 0
 x * P ST 0 0 0 | <0, (3.25)
x x * * x =S 0 0 0
* * * * * x  —dleZ; 0 0
* * * * * * * —d’lmzi 0
| * * * * * * * * @ ]
[ Ay GL WiAy =z 0 d(WI+p;) = 0 Ul
Gj  Gy-G -G; ALQ; 0 0 0 AEQij 0
ALW, -G -d'Q; 0  ALS; 0 0 0 0
i QA4 0 -d'Q; 0 0 0 0 0
0 0  SijAy 0 -d’S; 0 0 0 0| <0
T(Wij+Pj) 0 0 0 0 -S;; 0 0 0
=5 0 0 0 0 0 -d'e,Qi; 0 0
0 Qij Ay 0 0 0 0 0 —-d'mpQy 0
LU 0 0 0 0 0 0 0 @]
(3.26)

holds, then under the switching controller u(t) = Ky x(t), K = Yinfl, and the following average
dwell-time scheme:

. T_(to, t) ‘B+ A " 11’1([/[1[12)
> = =7
N D Zax T v

(3.27)

the corresponding closed-loop system is exponentially stable, where 0 < \* < &, p1, pp > 1 satisfying

X' < by, Py < X', Z7 < pQij, Qij < wZ', @1 = ~[dpi(L+e1+m) +pa] ', Zi =

XIAIT + YiTBiT, Hi = (Al + Adi)Xi + Xi(A,' +Adi)T + (a + 1)X, + BlYl + YiTBlT + R,’, @, =
7 o BN

—[dp3(1 + &+ le) +p4] 1I, Sij = (A] + B]lez 1) Qij/ A,‘]' = (A] + Ad])TPl] + R](A] + Ad]) -

(B-1)P;j + P;BY:X;" + X;'Y] B/ P;.
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Proof. Suppose that the ith subsystem is activated at the switching instant t;_;, the jth
subsystem is activated at the switching instant ¢, then the corresponding switchings of the
controller occur at the switching instant tx_; + Ax_1 and tx + Ay, respectively.

When t € [ti_1 + Ak_1, tk), system (3.22) can be written as

x() = Akix(t) + Agix(t - di(t)) + fi(x(b), 1), (3.28)

where AKi = Ai + BiKi.
Consider Lyapunov functional candidate as follows:

t

0 t
xT(s)e * I Rix(s)ds + f J xT(r)e " Q,x(r)dr de.
) -d J t+0
(3.29)

Vi(x(t)) = x" () Px(t) +I

t—d(t

For given positive constants a, p1, p2, €1, 11, if there exist positive definite symmetric
matrices P;, §i, Q;, ﬁi, and any matrices G;, W; with appropriate dimensions such that the
follows matrix inequalities (3.30)-(3.31) hold, then from Lemma 3.1 we have V;(x(t)) +
aVi(x(t)) <0:

Qi<pl, P < pol, (3.30)
[O; G! WIA;  ALQ: 0 dW!+P) ALQ; 0 ul
+ —(1-1)e™R~G;-GI  -G; ALQ; 0 0 0 ALQi 0
x * ~dle™Q; 0 ALS 0 0 0 0
* * * -d'Q; 0 0 0 0 0
x * * x  —d?S; 0 0 0 0
x * x * * -5 0 0 0
* * * * * * -d'e1Q; 0 0
* * * * * * * -d'mQ; 0
| * * * * * * * * @ |
<0,
(3.31)
where

O; = (Aki + Aai) P+ Pi(Axi + Aai) + (@ + 1) P + R;
: (3.32)
®, = —[dpl(l +é&1+ 111) +p2]_ 1.

Using diag{P;!,Q;*,Q;', 0%, S;%, 51, Q%, Q;1, I} to pre- and postmultiply the left term of
(3.31), and denoting P! = X;, KiP7'=Y;, Q' =2Z;, §;' =S, W; = P, Gi = Q;, Ri = 0, we
have that (3.31) is equivalent to (3.25).
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Therefore, we have
Vi(x(t)) < eV, <x <t0>> (3.33)

where £ represents the initial value of the ith subsystem.
When t € [t tk + Ak), system (3.22) can be written as

x(t) = AK,']'x(t) + Ad]'x(t - d] (t)) + f] (x(t), i’), (334)

where AKij = A] + B]K,
Consider Lyapunov functional candidate for system (3.34) as follows:

0 t
Vij(x () = xT () Pyjx(t) + f L , xT(r)eP"Qyix(r)dr do. (3.35)

For given positive constants 3, p3, ps, €2, 12, if there exist positive definite symmetric matrices
P;j, Sij, Qij, and any matrices G;j, W;; with appropriate dimensions such that the follows
matrix inequalities (3.36)-(3.37) hold, then from Lemma 3.2 we have V,] (x(t)) = pVij(x(t)) <0

Qij < psl, Pij < p4l, (3.36)
[ o, GL  WlAg AlQy 0 t(WEePy) AL,Q; o ul]

Gj  -Gy-Gf -Gy ALQ; 0 0 0 ALQ; 0
ALWy  -GI —rQy 0 ALSy 0 0 0 0
QijAxi  QjAy 0 -T'Q; 0 0 0 0 0

0 0  SjAy 0 -1 0 0 0o o [<o

T(Wy+Pj) 0 0 0 0 -Sy; 0 0 0
Qi Axij 0 0 0 0 0 -'&Q; 0 0

0 QijAs4 O 0 0 0 0 -7pQ; 0
U 0 0 0 0 0 0 0 @

(3.37)

where ©;; = (Axij + Ag)) Py + Pj(Axij + Agp) = (B~ 1)Pyj, @3 = —[dps(1 + &2 + 1m2) + pa] 'I.
Denoting K; = YiXi‘l, we know that (3.37) is equivalent to (3.26). Thus, we have

Vi (x(t)) < PV <x(tf{'>), (3.38)

where tg represents the initial value of the jth subsystem.
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Let tg, t1,...,tx denote the switching instants in [to, ), from (3.33) and (3.38), for t >
tr + A, we have

V(t) < e 20V (1 + Ag)

< (‘ulﬂz)ke_“[(t_tk_Ak)"'(tk_tkfl_Ak—l)+"'+(t2_t1_Al)+(t1_t0_A0)]+ﬂ(Ak+Ak—l ++A1+A) V(to) (3.39)

= (papia) e NPT O (1),

By Definition 2.4, we have

k < No+ t;ato. (3.40)
From (3.27), it follows that
=T (tg, 1)L~ + T* (to, )L™ < =\*(£ - tp). (3.41)
Substituting (3.40) and (3.41) into (3.39), we have
V() < (up) T e OV (1)
(3.42)
= () eltr) IO Y (1),
Thus
lx®)l < \/% (i) " N (1) ), (3.43)

where a = mini,jeﬂ,i#]-{)me(Xi‘l),)Lmin(Pij)}, b= maxi,jeﬂ,i#]-{)tmax(Xi‘l) + (TZ/Z))LmaX(Zi_l),

Amax (Pl]) + (TZ/Z))Lmax(Qij) }
The proof is completed. U

Remark 3.4. When py = pp = 1, we have T, = 0, which implies that switching signals can be arbitrary.

3.3. Robust Reliable Controller Design

Now, we are in a position to present sufficient conditions for the existence of robust reliable
controller for system (2.1) with delayed switching.
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Theorem 3.5. Consider system (2.1), for given positive constants a, B, €1, 11, p1, 01, €2, H2, P2, O2,
p3, 63, pa, O4, if there exist positive definite symmetric matrices X;, Z;, R;, Pij, Qij, Sij, and any
matrices Y;, Gij, Wi; with appropriate dimensions, such that, fori,j € N,i# j,

Zizpi'l,  Xizpy'l,  Qij<psl,  Pj<pil (3.44)
Q O @
« ¥ 0] <0, (3.45)
x % I

hold, then under the reliable switching controller u(t) = Kopx(t), Ki = Y:X;!, and the following
average dwell-time scheme:

. Ti(t(), t) ﬁ+ A* ln(//ll//lz)
f > ST = 2 47
%30 T+ (tOI t) - o — )'* 4 Ty > Ta .)L* (3 )

the corresponding closed-loop system is exponentially stable,where 0 < \* < a,uq1, po > 1 satisfying
X' <Py, Py < po X', Z7' < 1 Qyj,

Qi Xi AuiZi

Qij < wZ;', Q=1 * =27 -Z; ,
* * _d—le—adzl_
Qill = (Al + Adi)Xi + Xi(Ai + Adi)T + (vc + 1)X1 + B1Y1 + YZTBIT + 61H1H1T + 62Bi]iBlT,
[X;AT+YIBl 0 2dR; X;AT+YTBI 0o xu’
O = Z AL 0 0 0 ZAL 0 |,
| 0 ZAL 0 0 0 0
[Xi(Eyi+Ex)" 0 XEL+YIEL X:EL+YIEL 0 YIM;J!?
®; = 0 Z:EL, ZEL, 0 0 0 ,
ZiEL, 0 0 0 ZiEL, 0
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IPI' = diag{—d‘lzi + 61H1H1T + 62Bi]iB1Tr —dzRi + 51HiHiT, -R;,
—d_lé‘lzi + 61H1HlT + 62Bi]iBlT, —d‘lmzi + 61HiHiT, - [dpl (1 +é1+ 711) + PZ] _11},

Fi = diag{—61[, —611, —611, —61[, —611, —621},

Qiﬂ Gl-T]. WgAdj
Qij = * —Gi]' - GZ + 262E§].E2]' —G,']' ,
* * —T_lQi]' + 63E§jE2j

Qij1 = (Aj + Ag) Py + Pj(Aj + Ag) = (B- 1) Py + PyB X" + XY B/ Py

+ 363E1T].E1j + 64Piij]iBjTPij/

_INT _\T
(A] + B]YIXI 1) Qij 0 T(Wg + Pl]) (A] + B]YlXI 1) Qij 0 LI]T
Oy = AL Qij 0 0 0 AyQi 0|,

0 ALS, 0 0 0 0

PiH; 0 0 0 WIH;
®;j=| 0 000 0 |, A= ,

0 000 O

Wi = diag{_d_lgij +64QiB; JiB] Pyj, =d*Sij, =Sij, —d ' e2Qij + 64Qi; B; JiB] Qij, —d~'12Qjj,
~ [dps(1+ &2+ 1) +pa] 1,

Ty = diag{-651, —651,~631,~631,~631, 641 ).
(3.48)
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Proof. Consider the following inequalities (3.49) and (3.50):

L Xi  AwZi g 0 2dR; E 0 XU’
x =27;  -Z  ZAL 0 0 0 ZAL 0
« o« —dle™z; 0 ZAL 0 0 0 0
£ * -d'z; 0 0 0 0 0
Ti=1% = * x  —d’R; 0 0 0 0 | <0
x * * + -R 0 0 0
% * * * x  —dlgZz; 0 0
* * * * * * * —d’lqlzl 0
| * * * * * * * * (O]
(3.49)
(A G WIAy 2 0 a(wi+p) g 0 ul]
+ -Gyj-G -Gyj ALQ; 0 0 0 ALQ; 0
* +  =d'Q; 0 ALSy 0 0 0 0
* * «  —dlQ; 0 0 0 0 0
Tij= | % * * *  —d’S; 0 0 0 0 | <0
x * x * * -S;; 0 0 0
* * * * * * ~d'eQ; 0 0
* * * * * * * —d‘lrlei]- 0
E * x * * * * * D, |
(3.50)

where ®; = —[dpl(l +€1+ 7’[1)]_1 ’ éi = XIAT + YiTMiBiT, 1:[1' = (Al + Adi)Xi + Xi(Ai + Adi)T +
_ = ~ 1\.T -~
(lX + 1)XI + B;M;Y; + YiTMiBiT, o, = —[dpz(l +é& + 712)] 11, Sij = (A] + B]'MiYiXi 1) Qii’ Ai]' =
—~ ~ T —~ —~
(A] + Ad]) Pi]' + Pl](A] + Ad]) - (ﬂ - 1)R] + PIJBIMlYle_l + Xl_lszMlB]TPl]
Substituting (2.3) and (2.10) into (3.49), we can obtain

T; =Ty + T, (3.51)
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where
[T X AuiZ; = 0 2dR; Z; 0 XUl
* =27 -Z ZAL 0 0 0 ZAL 0
x o« —dlez; 0 ZAL 0 0 0 0
* % * -d'z; 0 0 0 0 0
Tu=|* = * * -d’R; 0 0 0 0 |, @352
% * * * -R; 0 0 0
*x % * * * x —dleZ 0 0
* * * * * * * —d‘lmzl 0
| * * * * * * * * @,
[Y; 0 x; ¢ 0 0 ¢ 0 O]
* 00x 000 %0
* » 0 0 xF 00 00
* « x 0 0 0 0 00
Ti=|* = = = 0 0 0 0 0f, (3.53)
* * * x x 0 0 00
x * x x x x 0 00
* % % *x x x % 00
[« % % % % % % % 0

where IT; = (Ai+Adi)Xi+Xi(Ai + Adi)T+(lX+1)Xi+BiMi0Yi+YiTMioBiT, Y; = HiFi(E1i+E2i)X,'+
Xi(Eyi + Ezi)TFiTHiT +B;MyL;Y; + Y LiMoB!, «; = HiF;ExiZ;, ¢; = H;FiE1;X; + BiMjoL;Y;.

By Lemma 2.7, Lemma 2.8, and Schur complement lemma, we know that (3.49) is
equivalent to (3.45). Similarly, substituting (2.3) into (3.50), we can obtain that (3.50) is
equivalent to (3.46).

From Theorem 3.3, we know that Theorem 3.5 holds.

The proof is completed. U

Remark 3.6. In actual operation, the condition (3.27) or (3.47) is difficult to check. Let Apayx
be a known positive scalar that represents the maximum delayed period, a simple condition
of the average dwell time is proposed, that is to say, (3.27) or (3.47) can be reduced to the
following condition:

ln(mﬂz), (ﬁ +4

A a— A + 1>Amax}/ O<AN<a. (354)

Ty > Th = max{
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Proof of (3.54): According to (3.27), we have

T(ot)  p+d (=t =Tty t)  p+
T(to, ) ~ a— A" T (to,f)  —a—-A*

A*
=t—t> ﬁ J_r = T (to, t) + T* (to, 1) (3.55)

+ ¥
=t—ty> (i—l* +1>T+(t0/t)-

On the other hand

+ A + A
<ﬁ — 1)T+(to, t) < (i — + 1>No(t) (to, t) Amax

A’*
(3.56)
< <ﬂ+)t +1>t_tOAmaX.
a— A\ T
Obviously, if the following inequality (3.57) is satisfied, then we have that (3.55) holds
p+A > -ty
—ty > 1 Amax- 57

t tO_((X—.)L*+ P (3.57)

From (3.57), wehave 7 > ((f+ A*)/(a = A*) + 1) Apax.
The proof is completed.

4, Conclusion

In this paper, we have investigated the robust reliable stabilization problem for switched
nonlinear systems with time-varying delays and delayed switching. The average dwell-time
approach is utilized for stability analysis and controller design. Our future work will focus on
extending the proposed design method to H,, performance analysis for switched nonlinear
time-varying systems with delayed switching.
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