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Following Castillo et al. (2000) and Cockburn (2003), a general framework of constructing
discontinuous Galerkin (DG) methods is developed for solving the linear elasticity problem. The
numerical traces are determined in view of a discrete stability identity, leading to a class of stable
DG methods. A particular method, called the LDG method for linear elasticity, is studied in depth,
which can be viewed as an extension of the LDG method discussed by Castillo et al. (2000) and
Cockburn (2003). The error bounds in L2-norm, H'-norm, and a certain broken energy norm are
obtained. Some numerical results are provided to confirm the convergence theory established.

1. Introduction

This paper is focused on systematically studying discontinuous Galerkin (DG) meth-
ods for the linear elasticity problem. Since the DG method was first introduced in
1970s, these methods have been applied for solving a variety of mathematical-physical
problems including linear and nonlinear hyperbolic problems, Navier-Stokes equations,
convection-dominated diffusion problems, and so on. The DG method may be viewed
as high-order extensions of the classical finite volume method. Since no inter-element
continuity is imposed, such methods can be defined on very general meshes including
nonconforming meshes. Moreover, polynomials of arbitrary degree can be used on
each element, making these methods suitable for hp-adaptivity. We refer to [1] for an
excellent historical survey. As a generalization of the DG method proposed in [2] for the
solution of the compressible Navier-Stokes equations, some local discontinuous Galerkin
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(LDG) methods were introduced and analyzed in [3, 4] for time-dependent convection-
diffusion systems and second-order elliptic problems, respectively. After that, a unified
theory was developed for conducting error analysis for DG methods of elliptic problems
(cf. [5]). And a new framework was proposed in [6] for designing and analyzing
DG methods, where stabilization mechanism frequently used in DG methods was also
investigated. In [7], an important framework was proposed for constructing stable DG
methods.

On the other hand, linear elasticity discusses how solid objects deform and become
internally stressed on prescribed loading conditions, and is encountered extensively in
structural analysis and engineering design. By use of usual displacement-based finite-
element methods for the elasticity equation, we are able to numerically determine the
displacement field directly. However, in many engineering applications, the stress field
is a quantity of more interest. For this, we may apply mixed finite-element methods to
solve the linear elasticity system, from which the aforementioned two physical quantities
can be obtained simultaneously. Over the past four decades, there have been many efforts
along this line. But due to the symmetry constraint on the stress tensor, it is extremely
difficult to construct stable stress-displacement finite elements. In two spatial dimensions,
the first stable finite element with polynomial shape functions is presented in [8]. For
the lowest-order element, the discrete stress space is composed of certain piecewise cubic
polynomials, while the discrete displacement space consists of piecewise linear polynomials.
In three dimensions, a piecewise quadratic stress space is constructed with 162 degrees
of freedom on each tetrahedron (cf. [9]). Another approach in this direction is to use
composite elements (macroelements), in which the discrete displacement space consists
of piecewise polynomials with respect to one triangulation of the domain, while the
discrete stress space consists of piecewise polynomials with respect to a more refined
triangulation (cf. [10-13]). It is mentioned that for solving the previous problem, several
mixed elements with weakly imposed symmetry have also been developed (cf. [14-
16]).

Regarding the complexity of mixed elements given above, the discontinuous Galerkin
method is naturally a suitable alternative for numerically solving linear elasticity problems.
To the best of our knowledge, a local DG method and an interior penalty DG method for
linear elasticity are presented in [17] and [18, 19], respectively. A mixed DG method is given
in [20], which one may find is covered by our general formulation below. Moreover, a mixed
formulation is also extended to the case of nonsymmetric stress tensors (cf. [21]).

In this paper, we are going to look for new DG methods for the linear elasticity
problem. Following [4, 7], we build up a framework to construct our DG methods.
Then a discrete stability identity is established, from which we derive feasible choices
of numerical traces and get a class of stable DG methods for linear elasticity. With a
parameter taken to be zero, namely, C» = 0, we get an LDG method. Following [5] and
using some technical arguments, we get optimal-order error estimates for the LDG method
proposed in a certain broken energy norm, H'-norm, and L?-norm, respectively. It should
be emphasized that in our formulation the symmetry of the stress tensor is preserved
automatically.

The rest of this paper is organized as follows. The basic framework of DG methods
and the determination of numerical traces are presented in Section 2. An error analysis for
the LDG method is given in Section 3. And in Section 4, some numerical results are included
to confirm our theoretical convergence orders.
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2. The DG Method for Linear Elasticity
2.1. Basic Framework for the DG Method

Assume that Q ¢ R (d = 2,3) is a bounded polygon or polyhedron. Let o = (0ij) .4 be
the stress, letu = (uy, ..., ud)t be the displacement, and let f = (f1,... ,fd)t be the body force.
Denote by £(u) := (&;;(u)) 4,4 the linearized strain tensor with ¢;;(u) := (0u;/0x;j+0u;/0x;)/2,
tr the trace operator, and V- the divergence operator. Then, the mathematical model of linear
elasticity reads (cf. [22])

Ao —-e(u) =0 in Q,
-V-o=f inQ, (2.1)
u=0 on 0L,

where o is the fourth-order compliance tensor defined by

1 A

where 6 := (6;j) 4.4 is the Kronecker tensor, and the positive constants A and y are the Lamé
coefficients of the elastic material under consideration.

For defining our DG methods for problem (2.1), we introduce some notations first of
all. For any Banach space B, the subspace of symmetric matrix-valued function is denoted by
(B)$xq- Given a bounded domain G € R and a nonnegative integer m, let H™(G) be the usual
Sobolev space consisting of all functions in L?(G) whose weak derivatives up to degree m are
also L?(G)-integrable (cf. [23]). The corresponding norm is denoted by || - ||,c- Let H{"(G) be
the closure of C°(G) with respect to the norm || - ||,,,c. Moreover, we simply write || - ||, for
I -

Let {Th}50 be a regular family of triangulations of Q (cf. [23, 24]); h := maxkec, hk
and hg := diam(K). Let &;, be the union of all faces (edges) of the triangulation Tj, and & the
union of all interior faces (edges) of the triangulation Ty. For any e € &, h, is set to be the
diameter of e. Based on the triangulation Cy, let

2= {re(BP@)  milk e H(K), VKeTy, iyj=1,...,d},

p (2.3)
V= {v € (LZ(Q)> ; vilg € HY(K), YK € Ty, i = 1,...,d}.
The corresponding finite element spaces are given by
5 ={re <L2(Q)>Z J Tilk € 51(K), VK €Ty, i j = 1,...,d},
(2.4)

d
Vi = {ve <L2(9)> ; ik € 8(K), VK €T, i = 1,...,d},



4 Mathematical Problems in Engineering

where, for each K € T, $;(K) and S,(K) are two finite-dimensional spaces of polynomials
in K containing P;(K) and Px(K), respectively, with k,I > 0. Here, for a nonnegative integer
m, P, (K) stands for the set of all polynomials in K with the total degree no more than m.

To guarantee uniqueness of the solution to the LDG method to be proposed, we always
assume that

E(Vh) C Xy, AX, C Xy, (2.5)

For a function v € L*(Q) with v|gy € H™(K) for all K € Ty, let ||v]|,,; be the usual broken
H™-type norm of v defined by

172
0l = <Z ||v||3n,1<> : (2.6)

KeT,

If v is a vector-valued or matrix-valued function, the corresponding term ||v||,, , is defined
in a similar manner. For a vector or a matrix v, denote by |v| the quantity (v - v)l/ Zor (v:
v)!/2. Here the symbol : stands for the double dot product operation of matrices. Throughout
this paper, we use the notation “< ---” to indicate “< C---”, where C is a generic positive
constant independent of h and other parameters, which may take different values at different
appearances.

Let K* and K~ be two adjacent elements of Tj. Let x be an arbitrary point of the
set e = OK* N 0K~, and let n* and n~ be the corresponding outward unit normals at that
point. For a vector-valued function v smooth inside each element K#, let us denote by vE
the trace of v on ¢’ from the interior of K*. Then we define averages and jumps at x € €' as
follows:

1
(pt=50"+p), [pl=pn"+pn,
{vl= %(VJr +v7), [v]=v'-n"+v -n’, (2.7)

(T} = %(T++T_), [t]=7'n"+77n".
If x is on an edge/face e lying on the boundary 0Q, the above terms are defined by
{pt=p, [l =pn,

{vi=v, [v]=v-n, (2.8)

{r} =7, [r]=7n,
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where n is the unit outward normal vector on 0Q. We define a matrix-valued jump [-] of a
vector v as follows:

1 .
[[V]]:E(V*@n*+n+®v++v’®n’+n’®v’), ifxeeeg,
1 (2.9)
[[v]]:z(v®n+n®v), ifxeee &, NoQ,

where v ® n denotes the matrix whose (i, j)th component is v;n; for two vectors v and n.

Now, we are ready to introduce a framework to derive DG methods for problem (2.1).
Following [4, 7], we first derive a variational formulation for problem (2.1). Taking a double
dot product with a matrix-valued function T on both sides of the first equation of (2.1) and
integrating by parts over K, we have

f Ao Tdx = —I u-(V-1)dx +f u- (Tn)ds. (2.10)
K K oK

Multiplying the second equation of (2.1) by a vector-valued function v and integrating by
parts over K yields

f o:e(v)dx = f v-(on)ds +f f-vdx. (2.11)
K oK K

Motivated by the above two identities, we may define our DG method as follows. Find
an approximate solution (o, uy) € Zj, x Vj, such that

f Aoy Tdx = —f u, - (V-1)dx +J Uy - (Tn)ds, (2.12)
K K oK
I o e(v)dx = J‘ v (opn)ds + f f-vdx, (2.13)
K oK K

for all (7,v) € Z; x V, and all K € Tj. Note that any function with the hat superscript
is only defined over all faces of the triangulation Tj, which is called a numerical trace.
Since oy, is symmetric, it is natural to choose &), as a symmetric matrix-valued function.
Moreover, we only consider the case where the numerical traces are single valued over all
faces (conservation).

2.2. Numerical Traces and the LDG Method

We begin by producing a stability identity for the continuous problem (2.1), a crucial step
in constructing feasible numerical traces to get a stable DG method from (2.12)-(2.13). For
this, taking a double dot product with o on both sides of the first equation of (2.1) and then
integrating over 2, we have

f Jozadx—f g(u) :0dx =0. (2.14)
Q Q



6 Mathematical Problems in Engineering

Multiplying the second equation of (2.1) by u and then integrating over Q again, we find
from the homogeneous boundary condition of u that

J g(u):odx = f f-udx. (2.15)
Q Q
Now adding these two equations gives

f e40':0'dx=f f-udx. (2.16)
Q Q

This is the stability identity corresponding to the continuous problem (2.1).

Next, we mimic the above derivation to get a discrete analogue of the stability identity
(2.16) for the DG method (2.12)-(2.13). Taking T = o}, in (2.12) and summing over all K € Ty,
we have

[ o onax- 3 (- fKuh-<V-oh>dx+faKah-<ohn>ds> “0. @)

KeTy,

Similarly, summing up (2.13) over all K € T, with v = u,, we come to

Z (f oy e(uy)dx - f uy - (6'hn)ds> = j f-uydx. (2.18)
KeT, VWK oK Q
Adding the last two equations gives
f Aoy, opdx + 0Oy, = ’[ f-uydx, (2.19)
Q Q

where

Oi= 3 [ (i (V-on+on:etdr- 3 [ (@ (o) ~wi- @m)ds. (220)
KeT, Y K Keg, ¥ 0K

Lemma 2.1. Assume oy, and Gy, are both symmetric, and the numerical traces &y, and Uy, are single
valued over all e € &;,. Then

f w, - (opn)ds = 3 | [on] - {(wn) + (o0} : [un]ds, (2.21)
KeT, Y 0K\oQ eeé;{ e
f G- (opn)ds = D, | [o4] - Gnds, (2.22)
KeT, Y 0K\oQ ectl Ve
uy - (6pn)ds = o : [uy]ds. 223
KeT, IBK\BQ eg;;l e ( )
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Proof. We only prove the first identity, and the other two ones can be obtained in the similar
manners. The left-hand side of (2.21) can be rewritten as

j wi- (emds = 37 [ (u} - (oin*) + ;- (o3n7))ds. (2.24)
KeT, 0K \0oQ eeé; e

On the other hand,

3 [ ton)- tunds = 3 [ 35 (o) +ui - (007) +1; - (070) + w7 (0707) s,

eeéi, eeéil
1 + + .+ - +— + -+ - —
Z '[ {on} : [up]ds = Z j §(n -(opu) +n” - (ojuy) +n* - (o,u)) +n” - (o},u;,))ds.
eeé;l e eeéil e
(2.25)
Hence, the identity (2.21) is a direct consequence of (2.24)-(2.25). O
By Lemma 2.1 and using integration by parts twice, we see that
On= > (f V. (ahuh)dx—f ty, - (ohn)ds—f uh~(6'hn)ds>
KeT, VWK oK oK
= > (f n- (opuy)ds —I 4y, - (opn)ds —f wy, - (ahn)ds>
KeT, oK 0K oK
(2.26)
= > | (lon]- (un} —n) + ({on) = 64) : [un])ds
ec& ” €
“f - (@@n-owm) - - (um)ds,
oQ
Thus, if e € &}, we take
oy = {on} = Cinun],
(2.27)
uy = {up} — Co[on],
and if e € &, N 0Q, we take
oy = o — Cipug],
(2.28)
u, =0,
where Cy; and Cyp are two nonnegative continuous functions on e. When Cp = 0,

the corresponding method is called the LDG method for linear elasticity, viewed as a
generalization of the LDG method for second-order elliptic problems in [4, 7].
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For the above choice of numerical traces, we have by some direct manipulation that

0= j (Calonl* + Cufw)ds + | Cunfw]ds 20. (2.29)
ee&, €

Then, the combination of (2.19) and (2.29) allows a discrete stability estimate:

lowllf < J; f-uy,dx, (2.30)

which is essential in constructing a reliable DG method (cf. [7]).

Let us further show the unique solvability of problem (2.12)-(2.13) with the numerical
traces given by (2.27) and (2.28), whenever Cy; > 0 and the finite element spaces X; and Vj,
satisfy condition (2.5). In fact, it suffices to verify that this DG method only has zero solution
when f = 0. By setting f = 0, the stability identity (2.19) gives

J Aoy, opdx + Z J <C22[0‘h]2 +Cn [[uh]]2>ds ds +f Cll[[uhﬂz ds =0, (2.31)
Q eeé; e oQ

which implies that o5, = 0in Q, [u,] = 0 on 6;1, and u, = 0 on 0Q, provided that Cy; > 0.
Therefore, from (2.12) the definition of u; (cf. (2.27) and (2.28)), and Lemma 2.1, we know
that

I T:e(up)dx =0, VTeXx, (2.32)
K

which, due to (2.5), implies that £(u;) = 0. By Korn’s inequality (2.34) on the discontinuous
finite element space, given below, it is easy to see that ||uy||; ;, = 0. Then with u;, = 0 on 0Q
and [uy] = 0, we conclude that uj, = 0in Q, as required.

Remark 2.2. The standard Korn's inequality states that (cf. [25])

IVIF < lellg + LQ vi*ds, ¥ve H'(Q)". (2.33)

The following Korn's inequality on the discontinuous finite-element space is given in [26]:

IVIE, S e 5+ M IIVIIG., Vv € Vi (2.34)

ecéy

As in [4, 7], the DG method (2.12)-(2.13) with the numerical traces (2.27)-(2.28)
can also be written in a mixed formulation (cf. [27]). After some direct manipulation, the
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approximate solution (o, uy) can be characterized as the unique solution of the following
variational problem. Find (o, uy) € Zj, x V), such that

a(op, ) +b(uy,T)=0, (2.35)

_b(vl O'h) + C(uhl V) = P(V)/ (236)
for all (T,v) € X, x V},, where
a(o,T) = I Ho:rdx+ | Cxlo]-[r]ds,
Q &

b(v,T) = Z J‘Kv- (V-1)dx - L" {v}-[T]ds,
Kea " (2.37)

c(u,v) = L Ci1[u] : [v]ds,
F(v) := J‘Qf‘vdx.

Remark 2.3. If we take C1; = 0 and Cyp = ahs, the mixed formulation (2.35)-(2.36) will be
reduced to the one adopted in [20].

3. Error Analysis for the LDG Method

In this section, we provide an error analysis for the DG method (2.35)-(2.36) in the case Cx, =
0, which is named as the LDG method in the last section. For this purpose, we are going to
derive a primal formulation for the approximate method. First we introduce a global lifting
operator r : (L?(£1,)) g — i defined by

IQ t() : Tdx = —Lh §:lTds, Vrex, ¢pe (Lz(ah));d. (3.1)

Moreover, for each e € &, we introduce a local lifting operator r, : (L?(e))},; — Zn defined

by

fQ r.(§) : Tdx = —L $:(r)ds, VreZ, pe (Lz(e)>; : (3.2)

d

Then it is easy to check that r.(¢) is only nonzero in the triangles with e as one edge, and
there holds the identity

(@)= D@l ve (L) (3.3)

ecéy
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Now we express o, in terms of uy,. From the first equation in Lemma 2.1 and (2.35), it follows
that

J.QJoh tTdx = - Z J‘Kuh . (V-T)dx+J; {up} - [T]ds

KeT, i
= KZC J‘Ke(uh) crdx - Lh [un] : {r}ds (3.4)
= th:h J;( e(uy) : Tdx + J‘Q r([uy]) : Tdx,

for all T € Xj,. Then by (2.5), we get

Aoy = g(uy) +1([ug]), (3.5)

that is,
on =2p(e(up) +r([up])) + Atr(e(un) + 1([ux]))o. (3.6)

Substituting oy, from the last equation into (2.36), we get a primal formulation for the LDG
method as follows. Find uj, € V}, such that

ap(up, v) = J f-vdx, VYvevVy, (3.7)
Q

where

)= 3 [ 2p(eton) + WD) s 6(9) 4 (VD))
KeT,
(3.8)

+ Z J‘K Ar(e(w) +r([w])) tr(e(v) + x([v]))dx + f Cuw] : [v]ds.

KeTy, &n

Next, we consider the consistency of the method (3.7). Assume that (o,u) €
(H*H(Q))5, 4 x H (Q)?, where s > 0is some nonnegative integer, and u is the exact solution
of (2.1). It is easy to see that [u] = 0 on &;,. Therefore, for any v € Vj,, we have

ap(u,v) = Z J;( (2ue(u) : (e(v) +x([v])) + A tr(e(u)) tr(e(v) +x([v])))dx
KeTy,
(3.9)

= Z J;( o (e(v) +r([v]))dx.

KeTy,
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From (3.9), the definition of lifting operator r (see (3.1)), and the fact that {o'} = o, we further
find that

ap(u,v) = d(u,v) +f [v] : {oc - Pro}ds + Z J (o —Pyo) : r([v])dx, (3.10)
En Ketg,” K
where
a(u,v) = Z f o:e(v)dx —I [v] : ods. (3.11)
KetT, ' K én

Noting that [o] = 0 in &} and using integration by parts and the same technique for deriving
(2.21), we deduce from (2.1) that

ﬁh(u,v)=—z IKV-adx=fo-vdx. (3.12)

KeT,

Hence, we know that the LDG method (3.7) is not consistent with respect to the bilinear form
ap(-,-), but it admits the following identity:

ap(u—-uy,v) = L [v]: {o -Prolds+ D, J‘K(U - Pyo) :x([v])dx, VveVi  (313)
h KeTy,

It is worth noting that the LDG method does not contain any parameter which needs
to be quantified a priori. In what follows, we choose Cq; = qghgl on each e € &, with {7, }
having a uniform positive bound from above and below.

Next, we present a useful estimate for the local lifting operator r.. For this, let V(h) :=
Vi +H} (Q)? and define the mesh-dependent energy norm for v € V (k) by

ecéy,

VI = lle)lG s + > B ITVING,- (3.14)

eeéy
Lemma 3.1. For any v € V(h) and e € &, one has

llte (VD155 < H IIVIIG- (3.15)

Proof. Since v € H) (Q)? implies that [v] = 0, it suffices to verify the result for v € Vj. Taking
¢ = [v] and T = r.([v]) in (3.2), we get

lee (IvD)ll5, = —f [v] : {re([v])}ds < 1[v]llo,el{xe(TVI) Hig,e- (3.16)
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On the other hand, by the scaling arguments, the trace theorem, and the inverse inequality,
e (VDG S he e (VDG + helre (VDI S e ([0 5 (3.17)

Therefore, (3.15) is a direct consequence of (3.16) and (3.17). O

Lemma 3.2 (boundedness). For any (w,v) € V(h) x V(h), it holds that

an(w,v) < |Iwllvlll- (3.18)

Proof. According to the Cauchy-Schwarz inequality and the basic properties of r and r., we
have

ay (W, V)

< 3 (f tetwr s xtwiac [ e cetdias) s f ol vl

KeT,

< (el + DI (R + DI, + ekt fw] - ids

1/2 1/2
< <||s<w)||§,h + Z||re<[[w]])||é,h> <||s<v>||§,h + > ||re([[v]]>||§,h> +L neh, [w] : [v]ds,

eeéy e€éy
(3.19)
which, together with (3.15), yields
an(w,v) S |lIwllHlivil + Lh neh [wl : [vds < [Iwlll[IvIll (3.20)
as required. O

Lemma 3.3 (stability). Forany v € Vy, it holds that

an(v,v) Z IVl (3.21)
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Proof. Using the Cauchy-Schwarz inequality and (3.15), we get
v, v) > 24 ) + (DI + [ ek v
h

> 2ulle W)l + 21l (VDI + 4 Y, IK (v) s x([vl)dx + 1o L ' [v]Pds

KeTy,
(3.22)

> 201 - e+ 2u(1- D) IDIE o | i Dvifes

2uC
> 21 - O)le)f+ (2uCi+m- 22 ) [ h P,
h

Here 179 = minee¢,1e, 0 < € < 1, and C; is the constant in (3.15). Therefore (3.21) is true if we
choose € such that 2uCy + 179 — 2uCy /€ > 0, that is, 2uC1/(2uCi + 1) < e < 1. O

Now, we are in a position to give error analysis for the LDG method (3.7). The main
idea of our derivation is based on the framework on error analysis of DG methods for second-
order elliptic problems (cf. [5]). Let Q) be an L?-projection operator from V onto the finite-
element space V). Let P, denote the usual L?-orthogonal projection operator onto Xj. For
simplicity, we still write Qy, (resp., Py) for Qu|x (resp., Py|x). Using the standard scaling
arguments (cf. [24]), we can easily obtain error estimates for the operators Qj and Pj,.

Lemma 3.4. Let ve H*2(K)?, o € (H**(Q))S,, with s > 0. Then for all K € Ty, one has

i 1,k}+1
IV = Quvllgx + hilv - Quv]y g S hE™sHA

”V”s+2,K/
in{s+1,k}+1/2
v - QhVHo,aK S h}?m ° ’ ”V”s+2,K'
(3.23)

i 1,1+1
lo = Prollox < HE™ ol ks

i 1,1+1
hY?\o = Proloe S HE™ M 0] ke

~

Theorem 3.5. Let (o, u) € (H1(Q))5,, x H 5+2(Q)d, where s is a nonnegative integer and u is the
solution of (2.1). Let uy, € Vy, be the solution of (3.7). Then one has

lllw = wp][| B | (3.24)

5+2°
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Proof. From the stability (3.21), the identity (3.13), the boundedness (3.18), and Lemmas 3.1
and 3.4, it follows that

1Qnu - upl|* < an(Quu - up, Qru — uy)

= ap(Qpu—-u, Quu —uy) + ap(u —uy, Qpu —uy)

= a;,(Quu - u, Quu - uy) + . [Quu~up] : {o - Pro}ds (3.25)

+ > JK(G—PhG) :1([Qpu - uyp])dx

KeTy,

S Qru — || 1Qnu — wpf| + H™™* M ]| o [[|Qpu — wpll,
that is,

1Qnu — wpnll| < [11Qnu — ul]| + K™ | (3.26)
Therefore, using the triangle inequality and Lemma 3.4, we further have

[ITw = upll] < lllu - Quul]| + [[|Qru — up]|

< lllu = Quulf| + ™ ]l o (3.27)

< hmin{s+1,k,l+1} ||u||s+2 o

O

Theorem 3.6. Let (o,u) € (H1(Q))5, ,x H 5+2(Q)d, where s is a nonnegative integer and u is the
solution of (2.1). Let uy, € Vy, be the solution of (3.7). Then one has

llw=wplly , S B . (3.28)

Proof. By the triangle inequality and Korn’s inequality over V}, (cf. (2.34)), we know that

lw—wplly ) S llw=Quully j +[1Qru —ully,
S llu=Qrully j, + [1Qnu — uyll] (3.29)

S llu=Quulfy ; + [llw = Qpull] + [[lu - uy|].

The desired result then follows from the above estimate combined with Lemma 3.4 and
Theorem 3.5. O
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Theorem 3.7. Suppose that Q is a convex bounded polygon or polyhedron. Let (o,u) €

(H51(Q)) %, . x H¥2(Q)?, where s is a nonnegative integer and u is the solution of (2.1). Let u, € V,
be the solution of (3.7). Then one has

||11 _ uh”o < hmin[l,k]+min[s+l,k,l+1] ”u” (330)

5+2°

Proof. The proof relies on the usual duality argument. Let (o,1) be the solution of the
auxiliary problem

A —e() =0 in Q,
-V.-6=u-u; inQ, (3.31)

u=0 on 0Q.

Formally, (3.31) is problem (2.1) with f replaced by u — uy,. Since Q is a convex bounded
polygon or polyhedron, we have an H?-regularity estimate (cf. [28])

[ally < [l = ugllo. (3.32)

Therefore, applying an elementwise integration by parts to the second equation of
(3.31) with a test function u — u;, and using the definitions of r (cf. (3.1)) and ay(-, ), the first
equation of (3.31), and the technique to derive (2.21), we get

T fK(u Cw) - (V- &)dx

KeTy,

Z f ﬁ':s(u—uh)dx—f G : [u-uy]ds
K &n

KeTy,

=ap(U,u—uy) - Z J;(b‘ cr(fu —uhﬂ)dx—f 6 : [u-uy]ds (3.33)

KeT, &n

= ap(u—uy, ) —J {6 —Pyo} : [u—uy]ds

-y IK(E; - Py6) : r([u—uy])dx,

KeT,
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and with the identity (3.13), we further have
u—uplf3 = an(u—up, @ — Qpil) + ay(u — uy, Qpil) - J‘ {6 —Py0} : [u—uylds

- J‘K(ﬁ - Py0) : r([u—up])dx

KeTy,

= ap(u—up, U - Qpl) + L [Qnu-1u] : {o-Prolds (3.34)

+ Z IK(G—Pha) cr([Qpu —u])dx

KeTy,

_J‘ (6 - PG} : [u—uy]ds — Z IK(&—PhB) cr([u—uy])dx.

En KeTy,

Therefore, it follows from the boundedness (3.18), the regularity (3.31), and Lemmas 3.1 and
3.4 that

2 ~ ~ ~
llu=unlly < [l =l [ = Qrull] + Allu - un|l[ &1l

1/2
' _ ~ ~12
" hmm{s+l,l+1] ||u||s+2 < Z hel “ [[Qhu - ll]] “O,e>

eeéy

(3.35)

S R (= ]+ B ) 6]

S B (= iyl + B ) = o,
This, along with Theorem 3.5, immediately leads to

”u _ uh”() S hmin{l,k} <|||ll _ llh||| + hmm{s+1,l+1} ”u” ) S hmin{l,k}+min[s+1,k,l+1} ||u||s+2' (336)

O

5+2

We would like to end this section with some results on the optimality of our estimates
derived. If we choose S;(K) and S,(K) to be P,(K) and Px(K), respectively, it is easy to check
that the first condition of (2.5) implies k — 1 < I. Therefore, we can obtain the following result
from the previous theorems directly.

Corollary 3.8. Let (o,u) € (H"1(Q))5,; x H** (Q)d, where s is a nonnegative integer and u is
the solution of (2.1). Let uy, € Vy, be the solution of (3.7) with S1(K) = Pi(K) and S>(K) = Pc(K)
for all K € Ty,. Then one has the following optimal error estimates:

Iha = wpl| < B ),
(3.37)

lu—upll; p, S pminlstLk) llullso-
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Figure 1: |[u — uyl|o in the In-In scale for several choices of k and I.
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Infu—upfip

In(1/h)
- k=1,1=1
—+— k=1,1=0
—*— k=0,1=0

Figure 2: |[u — uy,

1,n in the In-In scale for several choices of k and 1.

In addition, if Q is a convex bounded polygon or polyhedron,

lu =yl S RN g (3.38)



18 Mathematical Problems in Engineering

|
o
G

In|[ju = wll
|
AN
;

-1.51

oL

=251

0.5 1 1.5 2 2.5 3 3.5
In(1/h)

- k=1,1=1
—+— k=1,1=0
—*— k=0,1=0

Figure 3: |||u — up||| in the In-In scale for several choices of k and 1.

4. Numerical Results

In this section, we report a numerical example to illustrate the theoretical results. Let Q =
(-1,1) x (-1,1), A = 0.3, u = 0.35, and

t
f(x1,x) = 2y<3 - xi‘ - 2x§ —2x1%x7,3 — 2x% - x% - 2x1x2>

(4.1)
t
+ )L<2 - 2x§ —4dx1x7,2 — Zx% - 4x1x2> .

It is not difficult to check that the exact solution of (2.1) is

u(xy, x2) = <<1 - x%) <1 - x%), <1 - x%) <1 - x%))t. (4.2)

We use a quasiuniform triangulation Ty, over Q. For any K € Ty, we take S1(K) = P,(K) and
S5»(K) = Pr(K) where k,I > 0. On each edge e, 7, is set to be 1. The numerical results of the
LDG method for a few choices of k and I are shown in Table 1 and Figures 1, 2, and 3. We
observe that, when k = 1, the numerical convergence rates of |[u—ullo, [u—up|1,5, and ||[u—uy||
are O(h?), O(h), and O(h), respectively. However, there is no convergence when k = 0. These
phenomena agree with theoretical results in Theorems 3.5-3.7. When k = 1, accuracies of the
numerical results are nearly the same as those for I = 0 and [ = 1. It goes without saying that
it is more convenient to simulate for [ = 0 than for [ = 1.
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Table 1: Numerical errors of LDG method for several choices of k and I. The theoretical convergence rates
of [lu—uylly, [u - upl 5, and [|[u — up||| are O(RF™n(LK))  O(K¥), and O(KF), respectively.

k1 h 2! 22 23 24 25
k=1,1=1 l[u = wpllo 0.11271 0.03173 0.00827 0.00205 0.00050
u = wpl 1.04389 0.52475 0.26098 0.12990 0.06477
1w~ wl 0.97179 0.48304 0.23833 0.11806 0.05872
k=1,1=0 l[u = upllo 0.09448 0.02371 0.00570 0.00128 0.00026
u — wyl 1.03341 0.51585 0.25644 0.12773 0.06373
llu — wgl 1.04905 0.51847 0.25572 0.12673 0.06305
k=0,1=0 l[u = wpllo 0.77564 0.70692 0.67276 0.65756 0.65067
u — uplyn 337310 337310 3.37310 3.37310 3.37310
1w = wll 3.24274 3.22244 3.21906 3.21822 3.21790
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